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PREFACE TO THE THIRD GERMAN EDITION 

W HEKEAS the second edition (September, 1920) differed 
essentially only in the mathematical notes from the first 
edition, the third edition is a complete revision. 

My aim was, above all, to promote order in the general series 
spectra. In the earlier editions these, together with the hydrogen 
spectrum, received mention rather through incidental comparisons 
in the argument of the fourth chapter: now they have been set 
out in detail in Chapter VI. I attach particular importance to 
the inti'oduction of the inner quantum numbers (Chap. VI, § 5), 
and to the systematic arrangement of the anomalous Zeeman 
effects (t!hap. VI, § 7). The regularities that here obtain through- 
out are primarily of an empirical nature, but their integral character 
demands fJoin the outset that they be clothed in the language of 
quanta. This mode of explanation, just like the regularities Jthem- 
selves, is fully established and is unique. Even at the present 
(^arly stage it has shown itself in many respects to be fruitful and 
suggestive. Doubts can arise only with respect to the interpreta- 
tion in terms of tlie models. This interpretation has been attempted 
in Cdiapter VI on the basis of Paschen’s thesis that the term- 
multiplicities arise from an intra-atomic magnetic field. “ The 
Law of Displacement ” and “ The Law of Exchange ” or “ Cross 
Law” {these terifis arc used synonymously in the English text) 
have been carried further in the new account (§ fi) than before. 
The explanation of the various series terms by means of the intra- 
atomic electric field (§2), of course, constitutes as before the 
foundation of the theory. 

The band-spectra, too, which before were sketched only in the 
notes, are now treated, with due regard to their importance, in 
Chapter VII. Following on them are the continuous emission 
and absorption spectra (Chap. VII, § 7). 

Fortunately the systematic structure of Kontgen spectra has 
recently been investigated both experimentally and theoretically 
so far that the possible energy levels and the rules of selection 
that govern them have been made quite clear. Various gaps and 
errors in the second edition have been removed. Here, too, the 
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account is developed along quantum lines, but it is essentially 
empirical and culminates in an attempt to sketch a complete table 
of all BSntgen terms (Chap, VlII, §6) which would in a certain 
sense represent the consummation of practical Eontgen spec- 
troscopy. As before, the general and the more siin:)le questions 
are treated first in the third chapter, and the finer questions in 
§§ 5 and 6 of the eighth chapter. For the present, however, the 
interpretation of the Eontgen spectra on the basis of models has 
been left out almost entirely. Whatever the further researches of 
Bohr may reveal to us concerning the shell structure of the atom, 
I feel certain that nothing will be changed in the laws of Ecmtgen 
spectra here described. 

The last chapter of the previous edition, “ Wellentheorie und 
Quantentheorie,” has now become tlu^ dfth chapter. This was 
done to make the rules of selection and polarisation a .ailahle for 
the sequel, and in order to allow tht‘ use of the nonual Z('eman 
effect of the Balmer lines as a model for the anomalous Zeeman 
effects of the doublet- and triplet-systems. The line structure and 
its relativistic basis, which was formerly treated m (diapter V, 
has now been placed at the conclusion of the book to^ crown the 
whole. 

Will the view-point of the classical wave theory adopted in 
Chapter V and the idea of the continuous spherical wave stand 
the test of time? It is possible that we are ev(ui now passing 
through a critical period in the history of the wave theory. Yet 
in this as in other scientific revolutions we sliall certainly take 
much of the older view over into the new one. 

Tlie following changes of detail deserve special mention. Tii 
order not to introduce the quantum theory too late the photo- 
electric effect and hhnstein’s law for its maximum velocities hav(‘ 
been included in the first chapter on introductory facts. Through 
this the chief doctrine of the quantum theory is first introduced 
purely empirically. In Chapter II the former discussions of 
molecular models and atomic volumes have been thoroughly 
pared down. To balance this, § () on nuclear physics and §§ o 
and 7 on isotopes and sub-atomic chemistry have been added. 
In Chapter III the crystal structures so far known have been 
tabulated. . The last section of Chapter IV, which deals with 
spatial quantising, also broaches the still rather involved (piestion 
of the magneton. In Chapter V we have added § 7 on the 
adiabatic hypothesis, its historical origin and its manifold ap- 
plications. As the most direct confirmation of the general 
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foundations of Bohr’s theory we have appended in § 3*of Chapter 
VI the method of electronic collision so far as present results take 
us. The manuscript of this part was kindly checked by Messrs. 
J. Franck and H. Eau. In Chapter VIII, § 4, in dealing with the 
pictures of the fine structure of X = 4686, I am happily able to 
make known for the first time a curve obtained by photometry 
which still further strengthens the final conclusions here to be « 
drawn. The mathematical addenda have in part been reduced 
and in part been reinforced (contact transformations, principle of 
correspondence, adiabatic invariance of phase integrals). 

The object of the book remains the same as before, namely, to 
give a comprehensive account, not however too difficult, which 
will also allow the non-academic reader to enter into the new 
physics of the atom and to grasp the meaning of spectral lines. 
Hence inordinately abstract mathematical developments had to be 
avoided or left to the notes at the end. An endeavour ha<s been 
made to render the account throughout as vivid as possible. I 
hope that the rather more systematic points of view developed by 
Bohr in latter yc^ars (degenerate systems, etc.) have not been 
pushed too fa\’ into the background^ 

All things considered, I have a somewhat easier conscience in 
presenting this edition than when the first appeared. At that time 
much still seemed unripe and uncertain. F.ven now the subject 
matter is still in a state of violent fei’iiient, but in the course of the 
years that have elapsed since the first edition much has already 
separated out as a definite residue. In particular, the way in which 
the facts of Kontgen spectra, of term multiplicities, of Zeeman 
effects, have been put together, half empirically and half by means 
of the cjuantum theory, will presumably remain unaffected by later 
developments. Bohr’s recent far-reaching ideas will, indeed, add 
much that is new', but wdll not throw' doubts on wdiat now appears 
to be established. 

In this edition, too, my collaborators have rendered friendly 
and valuable assistance, A. Kratzer in the band spectra and in 
reading the proof sheets generally, W. Pauli in the mathematical 
addenda and in reading a great part of the manuscript, G. Wentzel 
in the Echitgen spectra, and in making the index. How much of 
their own ideas has passed over into my account is not manifest in 
the text. My hearty thanks are due to them for their help as well 
as to the publishers. 


Munich 

Januanjy 


A. SOMMEKFELD 



EXTRACT 1 ROM THE PREFACE TO THE 
FIRST GERMAN EDi riON 


A FTi'’/H the discovery of spectral-analysis no one trained in 
physics could doubt that the problem of the atom would 
he solved when physicists had learned to understand the 
language of spectra. So manifold was the enormous amount of 
material that had been accumulated in sixty years of spectroscopic 
research that it seemed at first beyond the possibility of disen- 
tanglement. An almost greater enlightenment has resulted from 
the seven years of Kbntgen spectroscopy, inasmuch as it has 
attacked the problem of the atom at its very root, and illuminates 
the interior. What we are nojv^days hearing of tlve language of 
spectra is a true “ music of the spheres ” within the atom, chords 
of integral relationships, an order and harmony that becomes ever 
more perfect in spite of the manifold variety. The theory of 
spectral linos will bear the name of Bohr for all time. But y(d 
another name will he permanently associated with it, that of 
Planck. All integral laws of spectral lines and of atomic theory 
spring originally from tlu; quantum theory. It is the mysterious 
or(jan<»i. on which Nature plays her music of the spectra, and 
according to the rhythm of which she n'gidates the structure of 
the atoms and nuclei. 


1919 



TRANS LATOK’S NOTP: 

T he En^^lisli rendering of Professor Sommerfeld’s book 
departs from the (Jerman original of the third edition only 
in minor details. Tt was the expressed wish of the author 
that the translation should not be too literal, and that omissions 
and alterations were to be left to the discretion of the translator. 
It is hoped that the exercise of this privilege has caused no change 
in sense whilst conferring freedom of idiom. I wish to take this 
opportunity of thanking Professor Sommerfeld for his repeated 
assistance and courtesy. No physicist can fail to be grateful to 
him for embodying the most important of recent developments in 
spectroscopy \ud atomic physics i« this easily intelligible form. 
He, himself, and his collaborators have contributed no mean share 
to these results, indeed more than is outwardly apparent in this 
book. 

Sinc(i the appearance of the last German edition — on which 
this translation is modelled — new important facts have been dis- 
covered tending to contirm certain ideas put forward here. Chief 
among these is tlie confirmation of the magnetic moment of the 
silver atom by Gerlach and Stern (Zcitsrhrift fiir Physik). It is 
strong evidence in favour of the theory in Chap. IV, § 7 concerning 
directional quanti/ing in the magnetic field, and opens up new 
regions of research which may lead to undreamed-of consequences. 
From their measurements Gerlach and Stern have deduced that, 
within the limits of error of their experiments, the magnetic 
moment of the normal silver atom in the gaseous state is one 
J3ohr magneton (see page ‘249). In a recent issue of the Zeitschrift 
filr Physik Einstein and Ehrenfest have discussed the important 
question as to how the magnetic atoms of silver can alter their 
directions at all under the influence of a magnetic field. Difficulties 
appear to arise akin to that of the “time of accumulation’' of 
energy quanta for Rontgen rays (see page 44). 

The experiment itself consisted in sending a stream of silver 
atoms in a high vacuum (10 * to mm. of Hg) very closely past 
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the edge of the wedge-shaped polo of an el(ictr()-inagn(it, that is, 
the silver atoms wore mado> to pass through a very strong hetero- 
geneous magnetic field. They were finally deposited as a thin 
invisible layer on a glass ])late. This layer was dev(do))ed photo- 
graphically, and it was then found that the silver atoms wore 
separated into two discrete rays, showing that some of the atoms 
had been attracted towards the polo and others repc'llcd from it. 

Another new result is the proof of the exishmce of N-radiation 
(see Coster, Phil. ^fag.). Then there is the discovery of Hafnium 
(Atomic Number 72). 

It is perhaps not inappropriate to add a fi!w words about th(! 
English equivalents of certain German terms. In eases where a 
suitable English expression has not readily snggi'sfed itself, I have 
considered it advisable to quote the German original (both in tlu' 
text and in the index). It was felt that this wonld he of service 
to those who wish to pursue the subject further in original papesrs. 
In doubtful or difficult cases I have conferred with other physicists 
and have adopted whatever was favoured by the consensus of 
opinion. Only in two instances have expressions been used 
synonymously and indiscrimiijately : (1) the Law/of Exchange 
= the Cross Law {Wechsclsatz), page d79 et seq.-, (2) the zero 
line = the null line (NuH-linie), page 419. It is hoped that con- 
fusion will be averted by mentioning them here specifically. 

Much help in reading and correcting the proofs and in offering 
fruitful suggestions was rendered, above all, by Mr. H. 0. Newboult, 
B.A. (Scholar of Balliol College), also by IMr. H. F. Biggs, M.A. 
(Trinity College), and Mr. V. A. Bailey, M.A., D.Phil. (Queen’s 
College), to whom I here wish to tender warm thanks. No effort 
has been spared to make the text accurate, and it is hoped that 
there will at least bo no errors such as would make the reading 
irksome. 

HENBY L. BEOSE 

Chrisi Chl’kch, Oxford 
Mnrch lOfUi 
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A rOMl(T'-S4i«t^eTURE AND 
SPECTRAL LINES 

CHAPTER I 
INTRODUCTORY FACTS 

§ 1. Retrospect of the Development of Electrodynamics 

I N the first half of the nineteenth century Electrodynamics consisted 
of a series of disconnected elementary laws formed analogously to 
Newton’s Laws of Gravitation ; they asserted the existence of 
direct action at a distance, which, starting from the seat of an electric 
charge or of iwignetism and leaping oyer the intervening space was sup- 
posed to act at the seat of a second electric or magnetic charge. 

Opposed to this there arose in the second half of the nineteenth Cen- 
tury a view which followed the course of the continuously extended 
electromagnetic field from point to point and moment to moment ; it 
was called the “ Field Theory ” in contradistinction to the “ Theory of 
Action at a Distance.” It was propounded by Faraday, worked out by 
Maxwell, and completed by Heinrich Hertz. According to this view 
the electromagnetic lield is represented by the course, in space and time, 
of the electric and magnetic lines of force. Maxwell’s equations teach 
us how electric and magnetic lines of force are linked with one another, 
how magnetic changes at any point of the field call up electrical forces, 
and how electric currents are surrounded by magnetic forces. The inter- 
vening inediuiu, even if non-conducting, is supposed to have a certain 
transparency (permeability) and receptivity (dielectric capacity) towards 
magnetic and electric lines of force ; hence it acts at every point of 
space on the distribution of the electromagnetic field according to its 
constitution at each point. 

The greatest triumx)h of this view occurred when Hertz succeeded in 
connecting lujht, the phenomenon of physical nature with which we are 
most familiar, with clectrom4xgnetism, which was at that time the most 
perplexing phenomenon, x^fter Maxwell had already surmised that light 
was an alternating electromagnetic field (he succeeded in calculating the 
velocity of light from purely electrical measurements made by Kohl- 
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raiisch), Hertz produced his “rays ot* electric force,” which, just like 
light, are reflected, refracted, and brought to a focus l)y appiopiiate 
mirrors, and which are propagated in space with the velocity of light. 
The electric waves produced by Hertz had a wave-leugth of several 
metres. From them an almost unbroken chain of pluinomena leads 
by way of heat rays and infra-red rays to the triu‘ light rays, wlioso 
wave-lengths are no more than fractions of /x. The greatest' link in 
this chain came later as a direct result of Hertz’s experiments, namely 
the waves of wireless telegraphy, whose wave-lengths have to be reckoned 
in kilometres. (Nauen sends out waves having a wave-length of 12 kilo- 
metres, or 7-J miles) ; the smallest and most delicate link is added at the 
other end of the chain, as we shall see, in the form of Rontgen rays, and 
the still shorter y-rays which are of a similar nature. 

Hertz died on 1st Jan., 1894, at the age of thirty-seven years. It would 
be natural to conclude that the later years of his short life and the work of 
his followers were occupied with an elaboration of his wave experiments 
and of his theory of electromagnetic fields. But the last experimental 
work of Hertz, “ Concerning the Passage of (jathode Rays through Thin 
Metallic Layers,” already pointed in a new direction. 

The field theory had diverted attention from the origin of lines of 
force, and had chiefly served to illuminate their general course in a 
regular distribution of the field. The next question wa,", to study the 
singularities of the field, the charges. The best conditions for doing so 
are offered by cathode ray tubes, which have a very high vacuum exceed- 
that of the so-called (leissler tubes (which were investigated by Pliicker 
and Hittorf). Here we have electricity in a pure form, unadulterated by 
ordinary matter, and, in addition, moving in a straight line at an ex- 
tremely high speed ; cathode rays are corpuscular rays of negative 
electricity. It was not, of course, Hertz himself but his eminent pupil 
Lenard, who was instrumental in getting this view of catliode rays 
accepted ; but Hertz had recognised the important value of the in- 
vestigation of cathode rays for the future. Thus he had in this way 
helped personally in attracting workers from the field of physical know- 
ledge just opened up by him towards pioneer work in a new litild. In 
the sequel, the great(ist interest became centred not on the propagation of 
the lines ot* force but on the charges, as the origin of these lines of force. 
The original theory of Maxwell which had been perfected by Hertz 
retained its significance for phenomena on a large scale, such as in 
electrotechnics and wireless telegraphy, and gave an easy means of 
determining the mean values of the electrical phase quantities (i.e. 
quantities that define the state of the field). But to render possible 
deeper research leading to a knowledge of elementary phenomena, a 
deepened view became necessary. Maxwell’s Electrodynamics had to 
give way to Lorentz’s Dynamics of the Electron ; the theory of the con- 
tinuous field became replaced by the discontinuous theory, that of the 



§ 2. The Atomicity of Electricity. Ions and Electrons 8 

atomicity oi’ electricity. So the theory of action at a distance and the 
theory of action throu^ijh fields was succeeded by the atomistic view of 
electromagnetism, the theory of electrons, which still holds to-day. 

§ 2. The Atomicity of Electricity. Ions and Electrons 

The theory of the atomicity of matter has existed ever since there was 
a science of chemistry ; it is indispensable if the fundamental chemical 
law, that of multiple proportions, is to be intelligible. Nevertheless there 
has been no lack of opponents to atomicity. Goethe was one of them. 
It was repugnant to him to destroy the beautiful appearance of phe- 
nomena by dismembering it and adding human elements. The eminent 
scientist and philosopher Ernst Mach regarded the ‘‘ Atomic Hypothesis 
as merely transitory. He favoured the description of events in terms 
of continuously distributed matter and continuously acting laws. The 
last opponent of atomic theory was the keen-witted author of works 
on Energetics, Wilhelm Ostwald (who has now been converted to 
a belief in atoms). Objections to the theory have died into silence 
in the face of its sweeping successes in all branches of physical know- 
ledge. The perfect explanation of the Brownian molecular movements 
w’^hich confirms by ocular demonstration in the case of fluids the branch 
of atomic hypothesis concerned with the theory of heat has contributed 
much to this ‘acceptance. No less impressive is the confirmation of the 
atomic structure of solid bodies which was given by Laue’s discovery 
and which will be discussed in Chapter III. 

A necessary consequence of the atomicity of matter is the atomicity 
of electricity. This was stated simultaneously by Helmholtz and Stoney. 
Helmholtz remarked in his Faraday Lecture * of 1881, as a result of the 
laws of electrolysis which Faraday discovered and expressed in figures : 

If we assume atoms of chemical elements, we cannot escape from 
drawing the further inference that electricity, too, positive as well as 
negative, is divided into definite elementary quanta that behave like 
atoms of electi’icity. Each ion,t as long as it is moving in the liquid, 
must remain associated with an electrical equivalent foi each of its 
valency units.” 

Faraday’s Law of Electrolysis actually states : Ojw and the same 
quantity of electric it y, in discharyimj through various elect rolyies, always 
sets f ree chemically equivalent quantities of the dissociated 2 ^f'oducts. In 
the case of univalent elements quantities are called chemically equivalent 
when they are in the ratio of their corresponding atomic weights, thus 
1 grm. of H 35*5 grms. of Cl 107*9 grins, of Ag. 

* Helmholtz, Vmirage und lieden^^d. 2, S. 272. The parallel work of Stoney 
bears the title : “Physical Units of Nature,” and appeared in February, iS81, in the 
I^ocoodings of the Dublin Phil. Soc., and in Yol. 11 of Phil. ]\Iag. 

f As is well known, ions are the “ wandering ” constituents of electrolytes during 
electrolysis, the cation being the positively charged constituent which moves in the 
direction of the positive current, “ downwards,” sot to speak, the anion being the nega- 
tively charged constituent which moves “ upwards.” 
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To dissociate these quantities, we always require, according to Fara- 
day’s Ijaw, to make the same quaYitity of electricity pass through the 
electrolytes, namely the electrochemical equivalent : 

F = 96,494 coulombs'^ = 9649*4 c.g.s. units. 

The constant ratios of weight 1 grrn. 11, 35*5 grms. Cl, and 107*9 
grms. Ag become intelligible to us on the supposition of the atomicity 
of- matter : 1 grm. of H is composed of just as many atoms of H as 
35*5 grms. of Cl contains Cl atoms, or 107*9 grms. Ag contains Ag 
atoms. The equivalent charge F which is the same for each then 
becomes clear to us in the same way if we accept the atomicity of 
electricity : the equivalent charge F consists of just as many atoms of 
electricity or “ elementary charges e*' as 1 grm. of H contains H atoms, 
or 35*5 grins, of Cl contain Cl atoms, and so forth. There is associated 
with every univalent atom (or more generally with every univalent ion) 
an elementary charge e, whilst there are associated with every divalent 
atom or ion tw^o elementary charges, and so forth for atoms of higher 
valency. Just as the atomicity of matter is a direct outcome of 
fundamental chemical facts, so the atomicity of electricity is a direct 
outcome of fundamental electrochemical facts. . 

For the sake of brevity of expression we shall define two further 
terms. Following Ostwald we shall take a mol to be that number of 
grammes which is given by the nuniber expressing the molecular weight of 
the substance in question. Thus 1 mol of H^O = 18 grms., and 1 mol 
of Ho = 2 grms. (In the case of monatomic elements we use the term 
granmiatom instead of mol, e.g. 1 grammatom of II = 1 grm.) Further- 
more, Loschmidt’s number L denotes the nuniber of molecules (or atoms, 
respectively) contained in oihj mol (or grammatom, respectively) of the 
substance in question. For example, in the case of water, or dissociated 
hydrogen, this number will he defined by the equations: 

18 grms. = and 1 grm. = I//?/*,, resjiectively, 

whereby denotes the mass, measured in grammes, of a hydrogen atom, 
and 7yin>o denotes the mass, similarly measured, of a molecule of water. 
With regard to this term it must he mentioned that recently, in German 
physical literature, the expression “ Avogadro’s niimher ” is often used in 
place of “ Loschmidt’s number,” for the reason that it also plays a part 
in Avogadro’s law of gases. But as Ijoschmidt was the first to determine 
this number successfully (b}" means of the kinetic theory of gases), it 
seems more in keeping with the facts to associate his name with it. The 
fact that he made his calculations for the cubic centimetre and not for 
the mol, is a mere matter of form. If necessary the number L as defined 
above could be called “ Loschmidt’s number per mol.” 

The equivalent charge F contains, as we saw, just as many elementary 

* A couloml) — of the so-called absolute unit of charge, that is tbo unit of charge 
defined in the c.g.s. system and measured electroinagnetically. 
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charges e as 1 grm. of hydrogen contains atoms of m,i, or, as we may 
now say, the electrochemical ecjuivalent contains L elementary charges e. 
W(‘ therefore write : 

9049*4 c.g.s. units = La 
a c.tr.s. units 


1 grm. = Lm^r 


whence 


1 gim 


grms. 


niu 


- = L. 


( 1 ) 


The ratio of the charge to the mass is called the specific charge of the 
ion in question. In the case of the positive hydrogen ion, this specific 
charge is thus 9649*4, whereas for the divalent positive copper ion it is 

2a ^ 2 . 9649*4 

mc„ “ 68*6 

and for the univalent negative chlorine ion, it is 
- a 9049*4 
8o*o 

Electrolysis shows, as Helmholtz pointed out, that ijositive as well 
as negative electricity is composed of elementary quanta ± a. But there 
is a great dilTerence between positive and negative electricity in a certain 
respect. We know positive electricity only as an ion, that is, associated 
indissolubly witli ordinary matter : as we sa\v above, negative electricity 
also presents itself in electrolysis in the form of ions. But we also know 
the latter in i"^^ free state, dissociated from all ordinarv matter, as abstract 
electricity, so to speak. This is an alLimpoi’tant result of the researches 
on cathode rays, to which we have already referred in the preceding 
paragraph, and to which we shall again refer in the next. 

The special position occupied by negative electricity, its occurrence as 
pure atoms of electricity calls for a special name. Following the example 
of Stoney,* we shall call the negative atom of electricity electron. 

Ill saying that the electi'Oii is not enciunbei*ed by ordinary matter, 
we do not imi)ly that it is devoid of inertia. On the contrary, the mere 
presence of electric charges, or, generally, of energ\ of every kind, entails 
a certain mass effect. The mass which is associated with the electron 
ill this way used to be called “ electromagnetic ” mass. This term is, 
however, as the newer developments of fundamental physical conceptions 
compel us to recognise, too narrow : not only electric charges produce a 
mass effect, but so does the cohesive energy (gravitational energy ?) that 
keeps the charge together and prevents it, in a way as yet unknown to 
us, from exploding. Therefore we nowadays prefer to speak outright of 
the electronic muss m, and to regard it as a fact presented by our experi- 
ments with cathode i*ays. 

A great gap divides the electronic mass, as regards its magnitude, 
from the ordinary masses of atoms and ions. The electronic mass m is 

*Cf. Trans. Dublin Phil. Soc., Bd. 4, 1891. Tn tlio mathomatk’al development of 
the theory of electrons by H. A. Lorentz (An Attempt at a- Theory of Electrical and 
Optical Phenoffuma in Alovhnj Bodies^ Leiden, the word electron does not occur : 

Lorentz retains the word ion in this essay. 
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about 1800 times as small as the mass of the lightest atom. Accord- 
ingly, the sjjecific charge of the electron^ the ratio of the (‘lementary charge 
e to the electronic mass m, is in the same proportion greater than the 
specific charge of the hydrogen atom. The most exact value * of this 
ratio at present known, is 

^^^ = 1-769. 10- .... (2) 

But it is not the researches on cathode rays that have led to a know- 
e 

ledge of this value of . A more accurate value of the ratio was derived 

fi-om optical experiments, measurements of spectral lines, to which w^e 
shall return in Chaptei- IV, and of spectral lines sepai’ated by magnetic 
fields, to which we shall retin-n in Chapter V. (The value given above is 
taken from specti oscopic measui-ements made by Caschen.t) The genei’al 
course of the refraction of light in ])assing through li’ans])arent bodit's 
(solids and gases), as calculated on Drude’s 'Pheory of Dispersion, gives 

us values of of the same order of iiiagnitud(\ But in the conduction of 

currents along nu'tals, we se(‘ electrons at work, as also in ladioactive 
processes, in the tjroduction of Rdntgen rays (X-rays), in the ])hoto-electric 
effect, and so forth. From this we conclude: the electroio is a inLlrcnial 
elcnioit of strtictin-e of all matter. " AVhether it is flowing along slowly in 
an electric* cini’ent, or liastening tlirough space at an ('xtrenH‘ly high rate 
as a cathode i-ay, wheth(*r it is emitted in I'adioactive disrujition or in a 
photo-electric process, whether it is vibrating in our lam])S (oj*, as wc 
should iiowadaNs ])refer to ex])ress it, “ jum2)ing” in our lam]rs), whether 
it eft'ects the course of light in telescojjes, it is alwa\s the sann* physical 
unit, ^Ji’oving its identity by exhibiting the same charges and tlu* saim^ 
mass,|. in particular by keeping the ratio of charge to mass constant. 

If we now’ w ish to form a ]jicture of the electron in accoi'dancje with 
the foregoing statemcTits, only scant material ol'fei’s itself. An electron is, 
like eveiy negative charge, essentially nothing more than a place at 
w’hich the electric lines of force from all directions end. In the case of an 

* J]i (.•kn-troniagiictii; <’.g.s. units. The power of ]0 that is acldiHl tlL’iiotcs, as wo 
know, by how many j^lacos tho decimal ix)int is k) bo sliiftod to tlio right; in tho case 
of a negative inde.v the decimal ^loint is to he shifted by so many places to tlie left, as 
is indicated by tlie index number. This method of repre.sentation is to he recommended 
not only for its brevity, but also becau.se, without it, we sluaild bo comi)ollod to add 
after the number given four zeros which would not be founded on ex})orienco and wbicTi 
would violate tin; pfiysicist’s respect for truth. 

Ill general, it must be nunarked that in the following pages the data of exjiorimeuts 
will he given to just that degree of accuracy whicli is known to be justified. Wo do 
tJiis f(jr tho i^uriiose of keeping before the notice of tho reader tliat even in tho boldest 
sj3eeulations of modern t}u^ory, we are concoriicd witli things that have an exact 
numcric.al counterj)art in exj)erien(;o. 

fOf. Ji. Flainm, Physikal. Zeitschr., 19, 518 (1U17). 

+ The “ same mass” is more correctly expressed by tlie “ same statical mass,” i.o. 
mass which is not moving wiih respect to the system of reference, cf. § 4, equation (2) 
of this chapter. 
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elect ron at rest, these lines of forces are straight lines that conie in uniformly 
from all directions. But the same picture holds, according to the ideas of 
the theory of relativity, for an electron moving in any way whatsoever, 
as long as the picture of the lines of force is regarded as being conceived 
by an observer moving with the electron, that is if the lines of force are 
drawn in a space that participates in the motion of the electron. In other 
cases, when the electron moves with regard to the observer who is mapping 
out its field, the electric lines of force would still, indeed, be straight lines, 
but would become compressed towards the central plane which is per- 
pendicular to the direction of motion, and, moreover, would be accom- 
panied by magnetic lines of force. 

From the point of view of our present ideas, it is better to refrain from 
endeavouring to give the electron a definite volume or size. This could 
be calculated only on the assumption that the whole mass effect is electro- 



Fkj. 1\. 


Kloctron. 

'' - 1-769. 10' 

VO 

e - 1*591 . lO-'-'^'- 
7//. 0899 . 10--' 



Fid. Id. 


JFion. 

~ = 96,191 

?//„ 

r = 1-591 . 10--" 

- 1 . 619.10 

L, =. = 0-60G . 10-^ 

mu 


jnagnetic in origin, and this assumption is, on account of the necessity 
for a cohesive energy {vide above), not justified. Moreover, we should be 
compelled in this case to make the arbitrary assumption that the electronic 
charge e occupies uniformly, either the volume or the surface of a sphere, 
for which there is no support in our experience. Nevertheless it is worthy 
of remark that in whatever w*ay the detailed calculation is carried out we 
arrive at a sub-atomic value for the extent of the electron, an extent that 
is about 10 times as small' as that of an ordinary atom. 

The picture of an ion, for example, of the positive hydrogen ion, shows 
itself to be quite similar to that of the electi*on. x\s the lines of force 
start out from j^ositive charges, they are to be furnished with arrows in 
the reverse direction to that for electrons ; they are likewise rectilinear 
and uniformly distributed, if we here also suppose the observer to be at 
rest relatively to the ion. In contradistinction to the electron, shown in 
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Fig. 1a, the ion has, in general, a definite size, wliich is indicated in 
Fig. 1b. It happens that in the special case of the hydrogen ion, which 
is reduced to a mere nucleus (cf. Chap. II, § 3, No. 2), this size becomes 
illusory and, as in the case of the electron, assumes sub-atomic dimen- 
sions. The subscription of Fig. 1b refers to . the hydrogen ion, but the 
figure itself has been drawn for any arbitrary spatially extended ion. 

We have furnished our drawings with the characteristic values of the 
specific charge, as well as with the values of the absolute charge and the 
mass, so that they may serve as a reference note foi* the properties of the 
electron and of the ion. The origin of these numbers will be explained 
in part in the next paragi aph. 


3. Cathode Bays and Canal Rays 

The cathode of a vacuum tube is, according to the termii ology that 
we explained in connexion with the word cation (cf. note on j). 3), 
the electrode to which the positive current flows, that is from which th(‘ 
negative current emerges. The fact that tlie cathode rays start from the 
cathode is ah-eady an indication that we are dealing with a flow of negative 
electricity. In the case of a high vacuum and a sufliciently higli potential 
difference, this flow do(;s not follow tlie form of the tube as in tlu‘ cas(* of 
the ordinary ( hnssler tubes, but spr(‘ads out rectilineai ly from the c.athode 
along the noi-mals of the latter. Assuming the n^sults of ‘the tlecades of 
research* on catliode raN's rangiiig from iJittorf to J. J. I’homson and 
Lenard, wo sliall speak of cathode ray particles, or rat Ian’, of cathode ray 
electrons. These electi'ons owe their velocity to thii potential gradient at 
the cathode, so that the kinetic energy of the (dectron is equal to the* work 
that the drop in potential does on the ek'ctron. Inasmuch as the kinetic 
energy is jjroportional to the electronic mass m-, and the amount of woi k 
is proportional to the electronic charge e, we see that the velocity v of the 


e 

electron is detei-miried by its specific charge and by the voltage drop 

of the vacuum tube t V (volts multiplied by lO-''). The formula (which is 
nothing more than the law of the conservation of energy) is : 

T-v,.- = V> ; • ■ • « 

It is justifiable to say that the experiments with catho<le rays are the 
simplest and most perfect confirmations of the principles of mechanics, 
more perfect than (experiments with ju’ojected stones, and simpler than 
the motion of heavenly bodies. As we shall later have to apply the 
principles of mechanics fiequently to the electronic motions in the atom. 


* Details may be found in tlic excellent account by Kaufmann, !MiUler-Poiiillet, 
Vol. 4, fiftli book; a still more elaborate description is contained in the work of 
Lenard : (^/nantitafwey, iiber Katlwclenstrahlen filler GeschivintHgkeiicn, Heidelberg, 
Yerlag Winter, 191H. 

f The })oteutial difference expressed in volts is converted into al)solute electro- 
magnetic e.g.s. units by niultij)lying by 10^ 
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we shall do well to convince ourselves, at this stage, of their validity in 
the cathode i-ay tube. 

A good apparatus for our experiments is a Wehnelt tube (potential 
difi’erenoe 110 volts, pressure about 0*1 mm. of mercury, cathode 
furnished with a spot of GaO, which, at a red heat, assists the emission 
of electrons). The phenomena of illumination in the tube, which are 
very striking, are due only indirectly, as we must mention at the outset, 
to the cathode ray electrons, and arise from the impact of the latter with 



Fig. 2a. 


the remains of the gaseous content. By means of our tube we now 
confirm the following mechanical laws : — 

1. In the absence of external forces a body describes a straight line 
with constant velocity. Corresponding to this law we see in Fig. 2a how 
the beam of cathode rays are emitted perpendicularly to the cathode K, 
and disappear into the anti-cathode AK. (Above the beam of cathode 
rays we see in this and in the following picture a bright image that is 
formed by reflection from the glass sides.) The anti-cathode is not in 
general connected with the source of voltage, and is to be distinguished 
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from the anode A. The fact that tlie beam of cmUkkIo lays divin-^es 
(becomes “scattered”) as its distance from its soince increases, is diu^ 
to the inlinenco of the remaining gas molecules on tlui paths of the 
electrons. The high value of the velocities of the (‘k'ctrons com])are(l 
with the relatively small voltage of 110 volts is worthy of notice, l^rom 
(1) it follows, that, in round figures, 

= 6 . 10^ cms. per sec. ~ 

where c == 3 . 10^^’ cms. per sec. = velocity of light. 



Fig. 2n. 


2. Under the injtaence of a centr Ijtetal force, tJuU in, one wti/icli, is every- 
inhere 'perpendicular to life orbit, a body describes a circle at a constant 
rate. The centripetal force is equal to the inertial resistance which is 
directed perpendicularly to the orbit and is called the “ centrifugal force.” 
We shall produce the centripetal foi'ce that is necossai*y for the experi- 
ment by a magnetic field, which arises from an oi'dinary bar-magnet 
MM. A magnetic field acts on moving charges (“ current-elements ”) 
with a force that is perpendicular to the magnetic lines of force and to 



§ 3. Catliodc Jlays and (anal Itays 


n 


the di lection ol motion. In Fig. 2n. the rmignetic lines of force run 
trom the front to the hack, so that the centiipetal force in question lies 
in thf* jjlaiKi ot th(i page. We see the beam of cathode rays become 
ciirv(‘d under its influence into a circle (or into a spiral, if the initial 
direction of the cathode rays and the direction of the magnetic field are 
not exactly perpendicular to one another; in our case we should then 
get a curve of variable curvature because the magnetic field is not 
homogeneous). It is pretty to see how the circle increases or decreases 
as the magnet moves away or approaches. Expressing this in a formula 
we find that if H denotes the intensity of the magnetic field, p the radius 
of the circle (more generally the radius of curvature of the curve), then 

evU ~ (2) 

P 

On the left is the centripetal force due to the magnetic field, on the right 
is the inertial resistance of the electron, or, expressed shortly, the 

centrifugal force. In this case, too, as we see, the ratio ^ occurs as a 

m 

determining factor. Fi-oin (2) we get 

{2a) 

m 

3. ])L a lioitsujeiiroHH and parallel force, as, for example, is 

represented />// (fraiuffi on the earth's svrface, a hod)) describes a parabola, 
the fo)‘m of which depends on the value (/ of the acceleration in fallhuf, vr, 
more (feneralhf, on the acceleration in the field of force in questiioi. In 
our tube we generate the necessary field of force as an electric field by 
chai’ging the anti-cathode negatively, as by connecting it with the 
cathode by hand. The field that results in this way is confined to the 
neighbourhood of the anli-cathode, and is tolerably homogeneous thei'e. 
The cathode rays that previously disappeared at the anti-cathode are 
now bent backwards into a parabolic shape (cf. Fig. 2c, p. 12). (Above 
the anti-cathode there is a kind of dark space that somewhat disturi)s 
the regularity of the parabola.) If F is the field intensity, then we get 
for the accc'lei ative force that acts in this case : 



( 3 ) 


These and similar experiments clearly lead to determinations of 

by various methods. We may, for example, combine (1) and (2a), 
m 

eliminate v, and determinate — from the three measurable quantities 

m 

p, H, Y. This value, when it was first discovered, led to the discovery oj 
the electron. For as it was almost 2000 times greater than the value of 

— that was derived from experiments i^j electrolysis, it pointed to the 
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existence of a micro-mass which is almost 2000 times smaller than the 
mass of the hydrogen atom. 

Certain results connected with the absorption of cathode rays are of 
particular interest for questions of atomic structure. L mard was the 
first to lead the cathode rays out of their capacity in the tube by allowing 
them to enter into the air through extremely thin metal folia (so-called 
Lenard windows). Although they here also soon came to a dead stop 
owing to repeated obstruction by air molecules, nevertheless they clearly 



Fia. 2c. 


exhibited their corpuscular existence independently of the producing tube. 
Hystfunatic experiments on absorption now showed that the absorption, 
i.e. th€i arresting (bringing to a stop) of an edectron depends solely on the 
mass of the atoms of the absoi bing su])stance, not on its physical state or 
its chemical composition. On the other hand, according to the kinetic 
theory the mean sum (average) of the atoms would be the decisive factor 
in the collisions and hence in the stopx)age of a cathodci ray. The com- 
parison of the actual circumstances with those of the kinetic theory led 
Lenard to form the following picture of the structure of matter : Only a 
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vanishingly small fraction of the space apparently occupied by matter is 
really impenetrable (at least for rapid cathode rays); the electrons 
can fly without obstruction through the whole intervening space. 
The impenetrable centres are called dynamides by Lenard.* They are 
regarded as electric fields of force and exercise an attraction on the 
electrons, which are no longer effective for great velocities at a moderate 
distance from the centres of force. In the case of small velocities the 
range of action of th'^ attraction increases up to the extent of the range of 
action given by the kinetic theory of gases. Lenard has to set the number 
of dynamides per atom proportional to the mass of the atom, that is to 
the atomic weight, to get the law of absorption for rapid cathode rays. 

The whole method of representation developed by Lenard as early as 
1903 coincides strikingly with the nuclear theory that Rutherford built up 
in 1913 from a totally different set of facts (vide Chap. II, § 2). We 
need only re])lace dynamide by nucleus, and number of dynamides per 
atom by nuclear charge, to translate Lenard's results into the language 
now in use. In addition, the sub-atoinic size of the dynamides, as 
calculated by l^enard, is in approximate agreement with the order of 
magnitude of the nuclei, as deduced by Rutherford. Proportionality 
of the number of dynamides with the mass of the atom then de- 
notes proportionality of the nuclear charge with the atomic weight (cf. 
Chap. II, S 2). *A difference which is*epi5ential for the fruitfulness of the 
picture consists in the circumstance that, in the case of an element whose 
atomic number is 'A (and which, in some cases, then has the atoifiic 
weight 2/j), Lenard assumes Z individual dynamides, generally separated 
in space, whereas Rutherford assumes a single nucleus carrying a charge 
Z. For the rest, our comparison of these two sets of ideas merely con- 
firms the observation, which often forces itself on us, that important 
scientific facts, when once ripe for discovery, present themselves to various 
invostigatoi’s independently. 

The antithesis electron and positive ion is analogous to tliat of cathode 
rays and canal rays.t The canal rays also obtain their velocity as a result 
of the potential drop at the cathode, Init they run backwards in the 
direction opposite to that of the cathode rays (Goldstein, 1886). They 
are thus oppositely charged to the particles of the cathode rays ; they are 
accordingly positive rays. To enable tliem to pursue their paths back- 
wards from the cathode, the latter has to be pierced wdth holes (“ canals ’'). 
The canal rays, like the cathode rays, follow rectilinear paths. They are 
likewise deflected by magnetic or electric fields, hut in a direction opposite 
to that of cathode rays, corresponding to their reversed charge. Besides 
this, the deflection is considerably less than in the case of cathode rays. 
For if these deflection experiments are used to determine the specific 

*Ann. d. Physik., 12, 714 (1903). 

t A comprohonsive account is to bo found in Handbuch der Radiologic^ Bd. 4, 
Leipzig, 1917, W, Wien, 
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charge of the particles in the canal rays, we find a value haying the order 
of magnitude of the electrochemical equivalent, and indeed we get the- 

exact value , as given in § 2, Fig. 1b, in the case of canal rays of 


hydrogen, that is when the tube is filled with hydrogen ; we get a value 
200 times as small in the case of canal i*ays of mercury (atomic weight of 
mercury = 200), that is when the tube contains mercury, and so forth. 
Tt may be mentioned that in the latter case, we also get multiples of this 
value, a fact that points to a mnltiplo charge of the mercury atom (to the 
number of eight elementary (juant-a, according to J. J. Thomson). Tn the 
former case we observe in addition to the full equivalent charge, also half 
of this quantity, and this points to the formation of ])ositively charged 
hydrogen molecules (mol-ions as contrasted with atom-ions). 

Altogether, the conditions in the case of canal rays are not so typically 
simple and easy to grasp as in the case o^‘ cathode luys. T is is due to 
the fre(|U(*nt transh'renco of charge's among thf‘ ions of the cathode rays 
(W. Wien). They become neutralised after a short distance by in king up 
electrons, and become* ]iositively cbarg(*d again through the loss of one or 
more electi’ons in sul)sequent collisions (soiiH'tinu'S they beconu* lu'gaiively 
charged owing to the* absor])tion of electrons). J^'or this reason the 
phenomena in the case of canal rays are, on the oth(*i’ hand, much more 
manifold and instructive, inasmiiclvas the canal rays, as*ions, possess the 
power of emitting light of their own (rl. Stark), d^lu* luminesc.ent phe- 
nomena of canal rays (cf. Chap. Y, the Stark effi'ct) have furnished 
modern physics with invaluable material in just the province that 
concerns us hen*. 

Th(^ opposite, character ]^ossessed by ions and electrons manifests 
itself, too, in the velocities of canal rays and catliode rays. The n'latively 
large mass of the ions of canal rays, for a constant voltage of the tube, 
assumes a much stnall(*r velocity than the small mass of the electron of 
cathode rays. The. corn.'sponding velocities an* theoretiea,lly in the ratio 
of the S(|uare roots of the masses of the electrous and tlu* ions, since 
equation (1) reiTiains valid for velocities that are imparted to the ions of 
canal rays. In tlie case of cathode rays wo get for a tension of b0,000 

r 

volts, for oxanpjle, a velocity of 10^** cms. })er sec. — ; in the case of 


canal rays we scarcely get beyond 2 . 10^ cms. per si'c. = ^ 

So far, in the case of both the ion and the electron, we have lieen 
concerned only with the measurement of the specific charge. On the 
other hand, we also mentioned the ahsolule value of the elementary charge 
c at the end of the })receding section as being an equal, invariable, and 
universal quantity for ions and electrons. We must therefore complete 
our account by stating how the elementary charge itself may be deter- 
mined. Tt is obvious that if we know the absolute charge then (by 
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comparing it with the specific charge) we can also find the electronic 
mass m and the absolute mass of the hydrogen atom as. well as the 

Loschmidt number and the mass of all other atoms. The values of 

niH 

m, nin, and L found in this way are also noted at the end of the pre- 
ceding section. 

There are many ways of deriving the elementary charge e. From our 
discussions about the theoi*y of spectral lines we shall get a spectroscopic 
determination of e whicli pioiriises to give us the most accurate values 
(cf. the final 2 )aiagrap]i of Chap. VflL). At present, however, the surest 
road seems to he that which has been followed with particular success by 
Millikan.* 

A macro- ion, that is a charged particle of matter composed of many 
atoms, ])refera])ly a drop of oil, on account of its shape, is kei)t suspended 
hy balancing an (^lectric field against its weight, or it is allowed to drop 
slowly hy altering tlie fieltl or its own charge. T3y moans of I’adiation 
from radioacti\'e bodies or lidntgen i*ays (X-rays) the charge may ])e 
varied to the. ext(‘nt of on(‘ or several units of charge e. By noting the 
times taktm to fall in the case of one and the same particle, we get the 
data necessary for calculating both the size of the particle and also its 
charge. Tht' result of measurements repeated hy [Millikan over a span of 
several years is% ^ ^ 

r = (4-774 ± -OCBjlO-J’' .... (4) 

In (4) the. ekmientary charge is given in so-called electrostatic units 
(E.ft.U.). ^Ve may express its value in electromagnetic units (K.[M.U.), 
which are usual in the case of the specific charge, by dividing the above 
value by c = . 10^" : 

r = (1-591 ± '001)10 K.M.U. . . . (5) 

This was the value noted at the end of the preceding section. 

g 4. a- and y^-rays 

Not only are canal juys and cathode rays produced artifically, but 
they also occur naturally, being emitted during the disintegration of radio- 
active elcments.f The positively charged a-rays correspond to the canal 
rays, and the negatively charged y^?-rays correspond to the cathode rays. 
These natural cor])uscular rays are much more violent and tempestuous 
than those produced artifically. In this way they testify directly to the 
immense stores of energy available in the interior of the atom, with 
which even those released in our modern evacuated bulbs are ridiculous 
in comparision. As the fields of force in the interior of the atom are 

*Pln]. INIag. (0), 34, 1 (1917). 

fFor general inlormatiou on radioactive radiations vide St. Moyer and E. V. - 
Schwoidler, fiadinaktivitaf, TiOipzig, IU16, and E. Itutherford, Radioactive Sub- 
stances a'nd their Radiations^ Camb. Univ. Pross.'!^ 
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later to be subjected to a special investigation, it will be good to get at 
this early stage an idea of their elemental power. 

The velocity of the a-rays of radium C amounts to 2 . 10^ crns. per sec. 
It is about ten times as great as the velocity attained by canal rays. It 
follows from equation (1) of the preceding section that the energy that is 
necessary to prod.uce this ten times greater velocity is 100 times greater 
than, or, if we take into account the carriers of the a-rays {vide below), 
even 400 times greater than the canal rays of hydrogen. Hence, whereas 
we work a canal ray tube by means of a potential difference of 30,000 
volts, i.e. 30 kilo- volts (KV), we should require a voltage of about 12,000 
KV to produce the energy of a-rays. A comparison of cathode rays with 
)8-rays gives similar results. We may produce artificial cathode rays 

having a velocity ranging from to whereas natural yS-rays are 

known whose velocities differ by only 1 per cent and less from c. Since, 
as we shall see later, the velocity of light, c, represents an unsurpassable 
limit for every velocity of material particles, a limit which may be 
approximated to only when the energy applied is increased without limits, 
we see that to a velocity which approaches to within J per cent of r, 
there corresponds a voltage of the same order of magnitude as was just 
given for a-rays. 

For cases in wdiich the velocij^ie^ of the yS-rays approiclmate so closely 
to the velocit}' of light, it is clearly convenient to ex])ress these velocities 
by giving their ratio to c instead of giving their absolute values r in cms. 
j^er second. This ratio, which is always a proper fraction, is usually 
denoted by the letter /3, thus : 

= 0</?<l (1) 


From experiments on the deflection of a- and ^-rays the specific 

c 

charge has been found to be half the value of i\m (uiuirakmt cJumje ~ 
in the case of a-rays, and considerably greatei* in the case of yS-rays, 


namely, of the order of matjuitude of the Hpecijic chanje of the electron^ 

The latter discovery coniirms our above statement tliat y8-rays are par- 
ticularly rapid cathode rays. But the former discovery set physicists 
before a triple choice from which experiments on deflection offered an 
escape only after the effect of each single a-j)article could be successfully 
demonstrated, that is, after a means of counting a-paiticles had been 
discovered. A decision had to be pronounced in favour of one of the 
three following possibilities, all of which were compatible with the value 
of the specific charge of the a-rays particle : — 

1. i.e. the a-particles, are singly charged hydrogen molecules 

(that is molecules, each of which carry a unit charge). 
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C . 

, i.e. the a-particles are singly charged atoms of an element x, 

hitherto unknown, and having the atomic weight 2. 

2e 

3. — , i.e. the a-particles are doubly charged helium atoms (atomic 
weight of He is 4*00). 

The experimental researches mentioned have demonstrated the truth 
of the third suggestion. This means that the radioactive elements are able 
to inodtice from within themselves doubly charged positive helium atoms. 
By demonstrating the presence of the He spectrum physicists succeeded 
in confirming this conclusion by direct observation. 

In consequence of this we now understand the difference between the 
general properties of a- and y9-rays. On account of their great mass 
(Iwin)* fh® a-rays pursue their paths with great persistency. They shatter 



Fig. 8a. 

the obstacles which they encounter in the form of air molecules. The 
latter thereby become ionised, that is, they become split up into 230sitively 
and negatively charged ions. And, indeed, the a-rays in their jnissage 
through atmos^Dheric air form several thousand ions in evxny millimeter 
of their 2>aths. The yS-rays, on the other hand, being of extremely small 
mass are much more easily deflected from their paths. They exert a 
comparatively small influence on the air molecules with which they come 
into contact and form ions only now and then (5 or 10 per mm. according 
to their velocities). 

These properties of a- and yS-rays were exhibited in a striking way by 
some beautiful photographs of C. T. B. Wilson,* which have often been 
reproduced and which we must consider here also. His method con- 
sisted in bringing a radio-active substance into the vicinity of a vessel 

♦ C. T. K. Wilson, Phil. TrausT, 193, 1>. 28!t, 
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which contained super-saturated water vapour ; by this means,' a- and 
^-rays were introduced into the closed chamber. The gaseous ions which 
are formed by these rays serve, just as in the case of the gaseous ions or 
particles of dust that are instrumental in the production of rain in the 
atinos 2 ihere, as nuclei about which the sujun’- saturated water vapour may 
condense when the moist air is suddenly allowed to expand. The drops 
of w^ater Avhich thus form and collect rapidly are wdiat w^e see on the 
photograjdis. 

The path of an a-j^article is characterised on the as a dense, 

a 2 )parently continuous, mark (indicative of st)’ong ionisation), but, in 
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reality, it consists of individual drops of condensed va^^oiir. In general, 
its course is a straight line (due to its great mass). Fig. 3a shows a 
sheaf of a-rays w hich start out from the end of a wire which has been 
made radioactive, like the divergent rays of the sun at dawn. Fig. 3 b 
was produced by a-rays that originate at a point of convergence outside 
the picture. Several of them show, towards the ends of their paths, where 
their spcieds have already been weakened, pronounced hooks (sudden 
bends). We here call j^articular attention to this apparently subsidiary 
phenomenon for the reason that, as w^e shall see later (Chap. II, § 2), 
far-reaching consequences arise through it. 

On the other hand, the path of a yS-jjarticle is deflected much more 
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often and much more easily (on account of its small mass) and is punctuated 
only rarely with drops of water vapour, as is manifest on the photographic 
negative (this indicates feeble ionisation). In Fig. 4 we see in particular, 
besides diffusely scattered drops of water, the paths of two such /?-rays, 
of which one is strongly curved several times. In Fig. 5 we see, in 
addition to the thick (highly magnified) path of an a-particle (with a 
pronounced hook towards the end), several traces of the paths of y3-rays. 

To shed furthei* light on the nature of yS-rays we shall enlist the aid 
of another scientific document, one of the deflection-pictures obtained in 
the famous experiments on y8-rays by Kaufrnann* : it is here reproduced 



Fn;. 4, 


about six times inagnifled. The sheaf of fS-vnys emitted by a radium 
salt* and singled out by means of a series of line apertures is exposed to 
the simultaneous action of a magnetic and an electric field. The lines 
of force of both fields are parallel to one another and to the photographic 
plate. The electric lines of force divert the yt^-ray electrons from their 
ordinary paths, to the right in our figure, to the left when the field is 
reversed by commutation. The magnetic lines of force cause a deflection 
at right angles to themselves, in Fig. 6 this is upwards. Both deflec- 
tions depend on the velocity. The greater the velocity, the smaller the 

* W. Kaufmann performed these experiments in the period 1901-1906^ ; a resum4 
of them is given in Ann. d. Pbys., 19, 487 (1906). 
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deflection. For each velocity of the /^-electron, therefore, a different 
“deflected point" or, if we commutate, too, each time, a different 
deflected point-pair will be recorded on the plate to the right and left. 



Now since this i)eam of /i-rays nui} contain all possible vt^locities i*each- 
ing almost to the velocity of light, a continuous section of liiu^ marked 
bv the points of dollection will be produced, or, juthor, two branches of 
a cin-ve are produced that convei'ge towartls the 
point of depai*Lu]'e on the path of the undellected 
beam. The lattei* paih is also I'ecorded on the 
plate thanks to the photogra])hic action of the 
undellected y-ra\s (cf. .^5). From formulie (2) 
and (3) of the preceding section we can easily 
verify that the branches of the cin ve would have 
to be two paj*abolas that touch, having a common 
vertical tangent at the last undellected point if 
the electronic mass vi were constant, that is, *the 
same for all velocities. As an experimental fact 
the two branches do not touch (cf. the tangents 
t and t' which have been sketched into Fig. G), 
but run into one another, inclined at a certain 
angle. Fiom this it is to be inferred that the 
eLectronic mass depends on the velocity and that it 
mcreases beyond all limits as it {the velocity of the electron) approaches 
that of li(jht. 

This result excited great astonishment, as is easy to understand , for 



Fid. 6. 




21 


§ 4. a- and /3-rays 


it shattered the time-honoured dogma that mass is constant. But 
Kaufmann wished to read still more from his negatives. He wished to 
learn from them the law according to which the mass of the electron alters 
with the velocity. In this connexion there were two opposing theories 
which led to different forms for this law, namely, the older theory* of the 
absolute ether (the original theory of Lorentz, elaborated in particular 
by Abraham for the questions here under consideration), and its younger 
rival, the theory of the relativity of motions (founded by Einstein). The 
latter theory gives rise to a particularly simple form of the law govern- 
ing the change of mass with motion, namely to the formula : 


m — 


^0 
n/i - 


( 2 ) 


In it ^ is the velocity, as explained in equation (1), expressed in terms 
of the velocity of light c ; is the mass at rest or “ statical mass,” 
corres])on(ling to the velocity' = 0 ; m is the mass of the moving 
electron. The theory of relativity asserts that this is true not only for 
the electronic mass m. ])iit also for any arbitrary mass of matter. This 
means that every arhitrary viasfi itiunt increase as /S increases and must 
become- niflnltely yreat when /i — 1. From this the thesis, stated right 
at the beginning of this section, that the velocity of light represents for 
all velocities ol‘*matcrial bodies a liuflitdhat cannot be exceeded, i.e. that 
the velocity of light can only he approached asymptotically hut never 
passed, would already follow as a natural consequence. 

It can easily be grasped from this that the deflection experiments of 
^-rays were i*egarded for a long time as the experimentum crncis which 
was to decide for or against the doctrine of the relativity of motions, and 
that they were thus to determine our fundamental views of space, time, 
motion, and the ether. As far as Kaufmann’s experiments are con- 
cerned, it has been proved that they were not sufticiently accurate to 
give a decisive answer. Later experiments have establi'^hed more and 
n)ore deliiiitely the correctness of the relativistic formula for mass (2). 
In our spectroscopic discussions later we shall likewise arrive at a con- 
firmation of this formula by a method that far exceeds all others in 
accui’acy (see the final })aragraph of Chap. VHI). 

We might well close our brief survey of corpuscular lays here, were 
it not that wo have still to discuss several general questions dealing with 
the nature of electricity. Are we to regard electricity as unitary or 
diialistic? Is it made of matler or of energy, of substance or of force? 

The question as to whether it is of one kind or of two kinds has been 
proposed long ago particularly with reference to Voltaic currents. Does 
only one type of electricity or do two contrary types, in opposite 
directions, move along a conducting wire ? The battle resolved into one 
of words, as no decisive experiments on this point could be suggested. 
Even nowadays we have really advanced* no further in this question as 
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far as current electricity is concerned, but by adducing other evidence 
about electrons we are justified in asserting that what flows in a 
conducting wire can only be negative electricity ; and that even a current 
of electricity in metals is a current of electrons. In this field our view is 
thus unitary. 

In the realm of atomic physics, however, we are inclined to take the 
dualistic view. A positive charge signifies more than the absence of a 
negative charge. Positive electricity is always associated with ordinary 
matter. We have thus to deal with two types of electricity that difler 
not only in sign but also in naturt'. As representatives of negative and 
positive electricity we have the eletdron and tlie positively charged 
H-atom. 

There is no reason why we should not claim these two representatives 
as neyatlve and 2Hmiive elect ronn, res2Dectively. Just as all negative 
electricity consists of the ordinary negatr. e (dectrons, sc all matter, 
according to the old hy))othesis of Prout and the newest results of 
Aston (cf. o of the next c}ia2)ter), very j)rohal)ly resolves iido positive 
hydrogen ions. Hence, as the fundamental elementary constituent of 
matter and of positive electricity, the positive hydrogen ion deserves the 
name of 2)Ositive (dectron. In using the term “positive and negative 
electron,” we have already ado2)ted the dualistic view, even if not the 
dualism of two elements of a like ty^Je, hut of two that differ radically in 
resjx^ct of mass. 

In the following respect, too, theni is a difierence of type between 
negative and ^^o^itive electricity. We can 2)icture an atom (or a body) 
as highly chaigtid negatively as wo like, that is, we can add to it any 
number of negative electrons. Put we can increase the jjositive charge 
only to a certain maximum amount so long as we do not considerably 
alter the mass. For we can abstract from the atom only just as many 
electrons as it 2)Ossesses from the outset. In the case of the lle-atom, 
as we shall see, this maximum limit is already reached when it has two 
2)0sitive charges, in the case of the Jl-ion when it has only one. A 
further increase in the 2)ositive charge could hti effeettid only by simul- 
taneously increasing the mass, that is, by adding positively charged 
matter. 

This really furnishes us at the saiiui time, with the answer to the second 
question, as to whether we ai’o to imagine electj-icity as a substance. To 
us nowadays negative electricity certainly denotes a substance. It is one 
of two universal and fundamental substances of which ])Ositively charged 
matter is the other ; both are equally entitled to being called such. If 
we regard an unalterable constitution as thci characteristic of substance, 
then the charge (])Ositive as well as negative) is more truly a sxibstance 
than matter (electronic mass or ordinary mass). As a matter of fact we 
saw, as an inference from Kaufmann's ex2)erim0nts, that every mass 
varies according to its state of motion at the time under consideration 
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(more correctly, according to the state of motion relative to the observer 
in question). In the case of the theory of relativity, too, no change in 
the electric charge enters into question. In consequence of its absolute 
immutability the charge, in contradutinction to the masSy proves itself to 
be true substance. The charge and the mass are hereby indissolubly as- 
sociated with one amther, the negative charge with the electronic mass, the 
positive charge tviih the hydrogen mass, 

^ 5. Eontgen Bays and y-rays 

Ebntgen’s discovery was made in the year 1895. He was working 
with a highly evacuated cathode ray tube and observed the presence of 
penetrating rays that started out from the part of the tube at which the 
cathode rays struck the glass wall. These rays propagate themselves in 
all directions in straight lines from their source and are not deflected by 
a magnet.* For this reason Rontgen himself had looked on his “ X-rays 
as wave-radiation. At first it remained undetermined whether they were 
longitudinal or transverse in character. As we know, improvements 
in the construction of X-ray tubes have brought it about that the X-rays 
are no longer pi’oduced at the glass wall but at an anti^cathode placed in 
the path of the beam of cathode rays : it is found preferable to make the 
anti-cathode of a metal with a high melting-point (e.g. platinum, tungsten, 
molybdenum, etc.). The cathode ra\s that strike it are thus brought to 
rest. By giving the cathode the shape of a soup-plate the focal point of 
the beam of cathode rays is made as small as possible. 

The question whether the rays were longitudinal or transverse was 
decidexl by Ikirkla ten yeai'S after Rontgen’s discovery. Even in the 
original researches of Rontgen it had been ascertained that all bodies, 
especii'illy metals, on which X-rays impinge, serve as sources of new 
(“secondary”) X-rays. In the same way secondary X-rays generate 
tertiary X-i’ays. Now, Barkla discovered that X-rays are 

•partially polarised, secondary X-rays are wholly polarised in certain 
clii’ections. He succeeded in proving this with the help of tertiary X-rays, 
that is with the help of the secondary rays pi oduced by secondary rays. 
For i‘easons to be given later, Barkla used as the generator of secondary 
rays not metals, but substances that are composed only of light atoms 
(charcoal, paraflin, papei’). We must parenthetically mention another 
product of the action of impinging X-rays, namely secondary cathode rays 
which were discovered in 1900 by Dorn. They occur simultaneously 
with secondary X-rays and are similar in velocity to the primary cathode 
rays that produced these X-rays. 

Polarisation signifies that a ray favours a certain plane passing 
through it more than the one perpendicular to this plane. In the case 

* The oldor developments of the work with which we are concerned in this section 
have been collected together by R. Pohl, Die I^hysik der Rontgenstrahlrn, Braun- 
schweig, 1912 (Sammluug Wissenschaft). 
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of longitudinal vibrations, that is, vibrations that occur in the direction 
of the ray, there is symmetry about the ray and no such preference can 
be imagined. Longitudinal radiation must therefore be unpolarised. In 
the case of transversal vibrations, however, a favoured plane (including, 
of course, all parallel planes) is determined by the direction of vibration 
and the direction of the ray. It is only when no direction of vibration 
is favoured that a ray composed of transverse vibrations can be un- 
polarised. We here interpret the direction of vibration not as being the 
direction of a motion or of matter, but only of the electric force which 
participates in the wave-radiation. With this electric force is associated 
a perpendicular magnetic force. 

Let us first discuss in a general sense the production of electromagnetic 
waves. In doing so, we shall adopt the standpoint of classical electro- 
dynamics and of the theory of electrons. The fact tb:it the newest 

developments have led to the paitial 
rejection of this view is not to disturb 
us for the present. 

A charge r. which moves non -uni- 
formly radiates energy, for it generates 
an electromagnetic field which projiagates 
itself with the velocity of light. (A cha)‘ge 
moving with uniform motion, such as a 
cathode ray })articl(^ carjit's its electi’O- 
magnctic field along with it, and hcmce 
does not radiate.) (’onse‘qu(‘ntly the in- 
tensity of the radiated field is in general 
7 , })i'Oportional to the accel(n*ation * v of the 

charge ; in particular, in the direction 
r — or (cf. Fig. 7, in which O is the ])osition of the charge, V that 
of the observer, hricdly called the initial point) it is proportional to the 
component of acctderation v,„ which lies in the plane through v and ?•, 
and which is perpendicular to r. We de.scrihe a sphere tln-ough 
about () as centre, with the radius r, and mark as its north and south 
poles N and S, the two points at which the acceleration v(Jctor, when 
produced, meets the sphere. I jet us fix the ]:)Osition of P on the sphere 
by means of the anghi 0 (complement of the geographical latitude). 
Then 

v„ = V sin 0. 

The electric foi’ce lies in the meridian plane ONP, the magnetic force is 
the tangent to the small circle PP'. These forces are of ecpial magnitude 

* Following Nowton, w(j indieato the iucreaso with rospout to time by a dot thus ; 



in tli(i <;aso hero considered in wdiich tlic velocity is supiioscd to have a constant direc- 
tion, i) denotes the value of v when the direction is disregarded. 
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if, as is natural, we measure E in the electric ('* electrostatic **) system 
and H in the magnetic electromagnetic”) system, namely 

= w 

(the charge e is measured in electrostatic units, just like E). The de- 
pendence of these quantities on r, as expressed in the equation, may 
easily be seen a priori. During the process of emission of radiation, the 
same flux of energy passes through each spherical shell. Since the 
surface of each increases proportionately to r-, the specific flux of energy 
S, the so-called Poyiiting vector, must decrease as increases. But, if 


we disregard the factoi' 


which depends on the system of measure- 


ment, S is equal to the product of E and H (at least, when E and H are 
perpendicular to one another; cf. Note 1 at the end of the book), thus in 
our case ; 


CrV’ 


* sin- 0 


(2) 


^..v . 47rr*'h*- 

Froin this (by integiating ovei’ th(‘ surface of the sphere, cf. also Note 1) 
w(' get for th(‘- total flux of energy 

2 ree- 


'6 (v^ 


3) 


Our r(‘])res('nWition (1) of the field is ii necessary consequence of the 
established ])rincipl(‘s of electro(l\ naniics. It shows tlie ininsrerhal 
charni'tcr of ihc Jirld (E and H are perjiendicular to r, that is, to tlipe 
direction of ^ht^ ray S). In addition, it shows that in t/ir loiuiitudinal 
(iiroction, iUal is, in Ike direotion of the accclerdtion v, tiie emission of 
radiation hecovics :ero (sin 6 — 0). This fact is used jiractically in wireless 
telegra])hy : in the diiection of the antenna (that is, of the alternating 
current, corresponding to our v) the emission is zero ; it is a maximum 
in the dirtagion at right angles to the antenna. The position of H, too, 
corres})on(ls to tlu' well-known circumstances that attend the passage of 
alternating currents through a wire : the lines of magnetic force are 
cii’chis ai’ound the wii’e (corresponding to our small circle PP' in Fig. 7). 

Afttir tliese preliminary remarks, we have now to imagine secondaiy 
X-rays to l)e^ prodiictMl as follows : Every body, whether solid, liquid, or 
gaseous, is built up of electrons and positively charged matter. In Fig. S, 
let 1 he the direction of the primary beam from K (Rontgen, or X-ray, 
bulb) to K (th(^ scattering body). Wo assume that at the outset the 
primary ray is unpolarised and that it consists of transversal vibrations (the 
possibility of longitudinal vibrations is already excluded owdng to the mere 
fact of polarisation). Pet us then resolve tlie electric force, as shown at 
the bottom of tlic flgure on the left, along the two perpendicular directions 
2 and 8, which are perpendicular to 1 ; we get two equally intense 
component forces along 2 and 3. When the component 3 has arrived 
at the surface of K, it sets the electrons in motion along the direction 3. 
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These electrons thus become the source of a lu \v radiation. This radia- 
tion gives us, as \ve saw, no intensity along d, but maximum radiation in 
the direction 2. Fn tlie sann^ way the coinpoiuuit force 2 s(‘ts tFu; 
electrons of K into motion. The radiation tluis ])roduced givfjs no 
intensity in the direction (2j, hut maximum radrition in the dirt'ction 
From this it follows that the secondary radiations .v, whicli are })ropagated 
in the direction 2, are dei'ived from electronic vibrations in the direction 
3 and likewise vibi-ate in this direction. 'Lltrif itre Uma comjdctteln 
polarised. Tln^ same is true of the secondary ra\s that are ])ro})}igatcd 
in the direction of 3 and which vibrate in the direction 2 ; and it is true 
of all secondary rays that are propagated at right angl(^s to the pi'imary 
direction 1. (The secondary rays tliat are oblitpicly inclined to 3 are 
partially polarised.) 

But how can we recognise the complete polarisation of the secondary 
ray s in the absence of a Nicol for X-rays? By repeating the process, 

we place a second scattering body 
K' in the path of the secondary ray 
s and measure the tertiary X-rays. 
These are produced by electronic 
vibrations that take place exclusively 
in the direction 3. They emit max- 
imum radiation in the direction Kl, 
and none at all in the direction K'3. 
The perpendicular set of lines 2)st in 
the directions 1, 2, 3 proves by the 
vanishbuj of the uiiensity of the 
tertiary rays K'3 both the complete 
polarisation of the seanidary rays and 
the transversal nature of the jn'iniary 
rays. 

In Barkla's experiments the scatteriiig bodies K and K' consisted of 
charcoal. The intensity of the tertiary rays was measiu’ed electrosco})ically 
by their ionising action on the aii- space of a condenser (ionisation chamber), 
which is v'euw sensitive towajds X-rays and w'hich luid already been per- 
fected and used in tlie original experiimuits of Kbntgen. I^rovided that 
the primary radiation was fully unjadarised, K2 and Jx3 would have to 
show^ the same degree of intensity under similar conditions of measure- 
irumt. In reality, as Bai-kla, and later Jkisslor, found, the secondary rays 
already show differences of intensity with direction, dliey thus indicate 
a juirtial judarisatlon of the primary radiation. 

The latter circumstance leads us still more deeply into the process of 
production of the primary X-rays. In Fig. 9 let K be the plate-shaped 
cathode and AA the anti-cathode. When the cathode rays strike the 
anti-cathode, they are arn^sted ; their average direction of retardation is 
represented in the figure by the arrow v. This change of velocity causes 
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racliiition to he produced, which is the shorter in wave-length and the 
rrK)r<‘ intense, the greater the change} of velocity. This radiation is to be 
rc(farded as the reawa for bettor, a reason) for the occurrence of X-rays. 
The- resultant fi(}ld is df'sciilxxl by the eai*lier Fig. 7. In it the direction 
SN IS now rej)i'es(‘nt(}d by tlu*- direction KA ot th(} cathode rays. The 
electric force lies in the rrK.uidian ])lan(}S, that is, now, in the jjlane KAR 
through the cathod(‘ luy and tlie X-ray. The process of formation of 
X-rn.ys thus points directly at a favoured ]dane for the electric force. 
The observations (of J^ai'kla and others) hare co)ijirined this ])osition of the 
jjla ne (f inda visa t io n . 

According to our argument we should actually expect a complete 
polarisation of the primary X-rays. What is the cause of the incornj^lete 
character of the ]}olarisation ? A reason that immediately suggests itself 
is that there are changes in the direction of the imjjinging cathode rays 
before and after they have been stopped ])y the material of the anti- 
cathode. Through them the direction of the arrow v and hence also of 
the direction of polarisation becomes blurred. But there is a still deeper 
reason. 

Barkla has discovered that every 
material substance when bombarded 
with cathode rays emits a radiation 
characteristic of tlie substance (called 
“ characteristic radiation,” Eiijev- 
stralilmuj). Whereas we may com- 
pare the radiation considered just 
above (“impulse radiation,” Brems- Fkj. 9. 

strahlumj) with the forced vibrations 

that occur in mechanics — as a necessary consequence of the sudden 
stoppage — tliis characteristic vibration cori’csponds to the free or nat- 
ural vibrations of mechanics. Through the agency of the cathode rays 
the electrons of the material of the anti-cathode are thrown out of 
their positions of rest (oi’ out of their stable orbits) and tend to return 
to these. In doing so they emit the frequencies natural to, or char- 
acteristic of, tlie material of which the anti-cathode is composed. This 
circumstance gives the proct'ss a resemblance to optical fluorescence, in 
which, likewise, a frequency of vibration occurs which is characteristic 
of the fluorescent material but differs from the frequency of the incident 
radiation. The phenomenon occurs freely, being excited by the cathode 
ray but, espc^cially in n'gard to direction, is not subject to conditions. 
Thus the characteristic radiation is •uiqndarised, ard the total radiation 
{impulse radiation -p characteristic radiation) is only par tialli) polarised. 

As a result of the polarisation experiments above discussed, there is 
no doubt that the radiation of X-rays is of the transverse wave type. 

Nowadays we speak of Rontgen light or X-ray light and distinguish 
it from visible light only by its greater hardness (penetrative power). 
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This gonoral character of "Ront^en is sliow n very strikin^^ly in a 

photo|[yraph, here reproduced in Fi^. 10, by C. T. R. Wilsoii (cf. S 1, 
p. 17). In contrast with the former photographs (Figs, 4, 5), wo see 
here no rectilinear nor curved corpuscular paths, hut a thick bundle of 
rays that traverse the space of the condensation chamber in a horizontal 
direction. This bundle of rays is made visible to us photographically not 
directly but indirectly by the secondary cathode rays (see p. 23), that is, 
by the electrons that have been set free from air molecules and molecules 
of water vapour by the X-rays, and which fly out laterally and irregularly, 
and cause the water vapour to condense. 

The hardncHs of Rdntgen light represents what we usually call colour 
in the case of ordinary light. Great hardness denotes great frequency of 
vibration or small wave-length. Moderate hardness or grtnitei* “ softness ” 
denotes smaller frequency and greater wave-length. This terminology 
introduces no difliculty in the case of characteristic radiation. We called 
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this free, vibration aiul are tempted to ascribe to it a ])(‘riod (or a stu'ies of 
periods) of viln’ation (jhai’acteristic of tlie matei’ial of th('. anli-cathod(‘. 
This we may actually do, for experimental rt‘S(‘arch('s hav('. fully coniirnied 
this conclusion. The charac^teristic radiation is not only “characteristic'’ 
hut also “ homogtuieous.” It consists of a few slnuply dehiu'd kinds of 
vibration, (^ach of which corresponds to a homogeneous monochromatic 
typti of liglit. When we have ])ecome accpiainted with the spectral 
resolution of X-rays (Chap. Ill), we shall s(‘.e that th(‘. cliaracteristic 
radiation assumes tln^ form of a line-sp(Kitrum. 

To supplement our earlier statements we must add the following : 
As the atomic weight of the body emitting the characteristic radiation 
increases, so does the hardness and the intensity of the characteristic 
radiation. Anti-cathodes of heavy metals ])roduc(i copious and hard 
characteristic vibrations, whei’cas charcoal, paraflin, et(5., produce only 
scant characteristic vibration, which is soft, being absorbed after traversing 
only a hiw cimtimetres of ordinary atmos})heric air, and which, therefore. 
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hardly desorvos the nanio of Kdntgen radiation. Hence we undei'stand 
wdiy Harkla, to prevcnit being disturbed by the characteristic radiation of 
the scattering body, had to use bodies of small atomic weight for his 
exp(iriments on polarisation. On the other hand, makers of X-ray 
appliances had to resort to heavy metals for their anti-cathodes so as to 
make use of characteristic vibration as well as the impulse radiation. 

Our explanation of hardness does not seem to be so readily applicable 
to the case of impulse radiation. The process of impulse radiation is a 
single event ; that is to say, it is non-periodic. Consequently the con- 
ceptions of period of oscillation and wave-length here seem out of place. 
During the time required in coming to a stop (length of impulse) a single 
shock emanates from the anti-cathode ; an electromagnetic imj)ulse is 
emitted out into space ; its field is contained between two spheres that 
are described about the place at which the letardation or stoppage is 
ejected, and tliat widen out with the speed of liglit. The distance 
between tlu* two s])heri(*,al shells gives the measure of the width of the 
zone of distmbance ; it is th(i “width of the impulse.’’ Thus instead of 
wave-length, width of impulse was formerly the term used in speaking 
of Hdntgen radiation. 

Now, it is a simple mathematical truth that a single unperiodic occur- 
rence may be rt‘])reseuted as composed of a number of purely periodic 
occurrences su2)ei'posed on one another.* Forexam 2 )le, the crack of a gun 
may be rejjresenk'd by a continuous sei'ies of musical tones, if these are 
chosen of tin? jnoper intensity and phase (Fourier’s integral representation 
of an arbitrary function). The physical realisation of this mathematical 
mode of I'ejjrescmtation is called the sjHrtnnn of the occurrence in question. 
Fi'om the moment that the s^jectrum of such an event can be s^jecitied, 
the sjja'ctral 2)icture will be xu’eferred on account of its lixed ciuantitative 
charactei’. This moment had arrived, in the case of X-rays, when Fiaue 
made his discovery. Since then, we S 2 )eak of the spectrum, wave-length, 
and fre(]U(uicv of vibration in the case of inquilse radiation too. Instead 
of ()}ie width of inqmlse we have then a continuous senes ol wave-lengths, 
to each of which there corresjjonds a 2 )nrely j^eriodic vibration of definite 
intensity. Accordingly the spectrum is not as in the case of the 
characteristic radiation a line-sjjectrum ])ut a coniinuous spectrum. It 
resembles the sj^ectrum of wdiite light and is therefore occasionally called 
the while liontgcn speclrum. The difiei'ence between the white Fontgen 
S 2 :)ecti’um and that of white light, for example, is only in the order of 
magnitude of the dominant region of wave-lengths, of the region of maxi- 
mum intensity. The mean w^ave-length of this region is in the case of 
X-ray spectra 10,000 times smaller than in that of the solar spectrum. 

As we saw, the hardness of the characteristic radiation dejjeiids on 
the atomic \veight of the emissive material of the anti-cathode. On the 
other hand, the hardness of mjnilse radi(if}io7i depends essentially on the 
voUiKje of the X-ray bulb, or on what is the same, according to equation 
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(1) of § 3, the velocity of the impinging cathode rays; as is well known, 
the hardness increases with the voltage of the bulb. In the language of 
spectra this means that the region of wave-lengths of greatest intensity 
in the continuous spectrum shifts totvards the smaller wave-lengths as the 
voltage hicreases. We shall pursue this fundamental law further in the 
next paragraph. To do so, we must discard the view-point of classical 
electrodynamics here adopted, and must build up on the basis of the 
modern quantum theory. 

For our special purpose — atomic structure and spectral lines — the 
characteristic radiation with its line-spectrum, which is characteristic of 
the emitting atom, will of course be more important than the impulse 
radiation with its continuous spectrum essentially conditioned by the 
voltage of the tube. But firstly we have yet to call attention to various 
observations about the latter that are mtelligible on the b .sis of classical 
electrodynamics and mechanics. 

We inquire into the total scaltered secoiidarif radidiiou that is emitted 
per unit of time by a body (imliator) struck by primary X-]‘jiys. The 
scattered secondary radiation, in contrast with the simultaneous secondary 
characteristic radiation of the radiator, has the same hardness, or in moj’e 
precise terms, the same continuous spectrum as the luhnary radiation. 
Its intensity, calculated for a single emitting electron, is given by equation 
(3j. We shall write it down here# for the iniit volume the radiator and 
take n as the number of atoms per unit volume, Z tlie number of electrons 
per atom. (The radiator is assumed to he a chemical element; in the 
case of a compound the various atoms would have to bo dillei’entiated.) 
W^e then obtain from (dj 

2 e'-v^ 

^ (4) 

This implies the assumption that the quantities of energy emitted by the 
individual electrons of the atom become simply superposed, an assam))tion 
which no longej’ holds lor white light (cf. Note 2j and wliich even in the 
case of excitation })y X-rays is not true for all dirt'ctions of the scattered 
radiation (cf. again Note 2), 

The acceleration v of the individual electron is clos(ily connected with 
the electric intensity of held E,, (of tlie primary X-ray vvliich impinges on 
it) by the equation 

mv ^ - eEj, (5) 

In (5) we have assumed the electron to be free. If it is bound to a 
position, of rest, the restoring force has to be added. In the case of 
sufficiently hard X-rays, we may discard this force ; in the case of optical 
frequencies it must be taken into account (cf. Note 2). ]^y inserting (5) 

into (I) we get 
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Again, we determine the energy P of the primary radiation that falls per 
vuiit of time on the unit of area of the radiator and excites secondary 
radiations in it. We get (cf. eqn. (2), in which H => E E^) 

ro 

From (6) and (7) we get 

' S Stt 

P 3 m^c‘ 

The energy S is produced at the expense of the energy P and hence 
causes a decrease in the latter, an “ absorption through scattering.*’ The 

g 

ratio p is called the “ absorption coefficient due to scattering ” and is 
designated by s. From it we pass on to the absorption coefficient of mass 
by dividing by the density p. Whereas .v is a measure of the scatter- 
ing per unit of volume, ^ is a measure of the scattering per unit of mass. 
Now 

,, = (9) 

in which M is thf* atomic weiglit of hydrogen, = 1, and thus WhM is the 
mass of a single afom ; and is tl«i mass of the atoms contained in 

unit volume, i.e. it denotes the density p] L = is (see p. 

“ Loschmidt’s number per mol.” 

From (8) and (9) we get 

.S' Htt e^L Z Z 


ITT t: 

3 nirc'^ M ’ 


. ( 10 ) 


The factor K is a universal quantity independent of the nature of the 
radiator. Its value may be calculated according to the data at the end of 
55 2 in Figs. Ia and In. In doing this, it must be observed that we have 
here reckoned e in electrostatic units, and hence according to the remark 
at the end of § 3 we must divide it by r to reduce it to electromagnetic 
units. We then obtain 


hence 


1*77 . 10s = 9-G5 . 10^ ^ 


K = 0-40 


1-59.10- 


• (11) 


From this we can determine the ratio from (10) if the absoi-ption 

coefficient of mass is found by observation. Such observations have been 
made by Barkla (for air) and by Barkla and Sadler (for C, Al, Cu, Ag). 
In the case of air, C and Al, the value attained (in cms. and grms.) is 

-=0-2 (12) 
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For Cu and Ag, greater values (0*4 and 0-5) were found, but in their cases 
we are no longer dealing with pure scattering, for secondary chaT*acteristic 
radiations occur, as well scattered secondary rays, and these increase the 
demand for primary radiation and hence increase the absorption co- 
efficient of mass. Taking this into consideration we may say : for small 

atomic weitjhts measurements lead to Hie uniform value .‘’2 for whereas 

h 

for (jreater atomic weUjhts the valves ohtained do not condradict the assumi)- 
lion that the sa7ne value holds (jeiuraUij to a certain decree of aiyprojcmiatum 
so long as we are concerned only with the absorption due to scaliering. 
Now, from (10), (11), and (12) the remarkable result follows 


Z ^ 0-2 ^ 1 
M 010 2 


(13) 


The wnniher of electrons per atom is half as great as the aUmiic weight 
(proved for atonuc weights smaller than 27 ; (‘xtrapoi.it^Ml for higher 
atomic weights, and in their case, as we shall st‘e later, this rul(‘ is only 
ap])roximatoly true). 

For the sake of com 2 )leteness we must (unphasist' that tlu^ law con- 
tained in (12) is sul)ject to a very notewoithy t‘Xce])tion in the‘ case of 

c.rtreniely hard X-nujs. W’e get for tlu'ni values of '• that continuously 

^^ind systematle*ally fall below 0*2 as the wav(.‘-length decreases. For 
further details we rd’er to Notti 2 and merely remark luut' that the oc- 
currence of this exce])tion foi* just tlu^ shortt‘st v\ave--l(‘ngths is vtuy sui*- 
prising. In the ca-;t‘ of long waves for which the distance's of the 
electrons from one another in the atom com])ared with the wave--huigths 
can no longer he rc'garded as givat, iho vibrations emitted by the in- 
dividual electrons wmdd interfe.re with one another, analogously to what 
happens in optics, so that in their case wn should l)e able to understand 
a departure from (12j, since it takes no account of such an interhTcnce 
but assumes a simple superposition of energy. Nevertheless in the case 
of short wave-lengths this de])arUn’t*. must Ikj du(‘, to another leasoii. 
Presiimably it hints again at the limits of validity of tlui classical theory 
and the necessity of sup])lementing it by the quantum tlu'Oiy 

From the secondary rays w'c return once niorc', to the primary ray 
and inquire wdiether their mode of geiu'iation (sudden sto23])age of 
cathode rays at the anti-cathode) can be proved in greater detail by 
observations. To answer this we must lii’st genei’alise formului (1) a 
little. These formuhe related to the radiation that was emitted by a 
single electron that was subjected to an acceleration v, but that possesses 
no velocity comjjarahle with c. They cannot, therefore, be ai)plied to 

j'athcr rapid cathode rays ^ ~ without same modification. 
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They must be replaced, if /J is not very small, by (see Note 1) — 


E 




cV(i - p cos oy 


ev sin 6 
c^r (1 - ^ cos Oy 


(14) 


in which 6 denotes, as in Fig. 7, the angle between the direction of the ' 
X-ray under consideration and the direction of v (being the same as the 
direction of the generating cathode ray). In place of (2) we then get for 
the energy radiation S at the angle 6 and measured per unit of time and 
surface : 


S = 


,2 .-,2 


V 


sin‘^ 6 


(1-13 cos 


(15) 


This is the radiation emitted during any arbitrary moment of the 
process of stopping: ^ denotes the velocity still left at this moment, 
divided by c. To arrive at the total radiation S emitted during the whole 
process of stopping, we must sum all the amounts S (i.e. integi’ate over 
the time). We get (cf. Note 1), if we keep v constant, 


S = 


eh) 

J67rc-’r‘^ 


sin^^ / 1 

cos 0 \(1 -■ /3 cos Oy 


(16) 


111 contradistinction to (15) /3 here denotes the initial velocity of the 
cathode ray, which becomes reduced to zero through the stoppage. For 
values of /3 tha^^ire much less than 1 fslow cathode rays) we get from (16) 




(W 


The result of this calculation is depicted in Fig. 11. The curve re- 
presents the emission of radiation for ^ 1*, according to equation 

(17), for every angle 0 between 0*" and ISO”^. It exhibits a maximum for 
0 = 90"’, as we ascertained earlier in the case of scattered secondary 
radiation, and a symmetrical decrease on both sides of ^ = 90°. Of 
course, the figure must be imagined three-dimensional by supposing it 
rotated about the direction of the cathode ray. The curve I has been 
drawn for (3—1. The maximum is here displaced in the direction of 
smaller ^?’s, and is indicated by a small circle : it is still further displaced 
in the outei most curve which holds for (3 = 1. For S 1 1 we should 
get a pear-shaped figure for the curve of emission, with a maximum near 
^ = 0. For 0 = 0'^ itself, as for 6 = 180°, the emitted radiation, on 
account of the factor sin- 6y is necessarily zero under all circumstances, 
as has already been mentioned above in the discussion on secondary 
radiation. Concerning the size relationships of the figure, it is to be re- 
marked that all three curves have been drawn for the same v. 

This progressive advance of tfie maximum was derived by the author 
theoretically as long ago as 1909 { and has been confirmed by observation 


* < signifies considerably less than, signifies considerably greaier.than. 
t /V) signifies is of the order, + Physik. Zoitsehr., 10, 96U (11109). 

3 
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se.voral times, with tlie *Treatest accuracy in a work hy W. Ijobe.'^ lii th(^ 
experimental observations the diflerenceji of intensity ar(‘- not so ])i*o- 
nounced as in our fi^m-e, be^cause in this case then* is sup(‘rpos('(l on the 
impulse radiation the unpolarised radiation, })articuiarly tb(i characteristic 
radiation of the anti-cathode, which is equally inti nse in all directions. 
Besides the ditfercnccii of hiimsity primary X-ray radiation exhibits 
differ enccfi in JiardnenH. The hardness increases uniformly from 0 — 180 " 
to ^ == 0*^ as we may prove by a simple geometrical consideration in- 
volving Dopplers Principle.t These differences in hardness have also 
been actually observed. 

It is hoped that the latter reflections will help to give the reader a 
picture of how successful and how trustworthy in detail are the classical 
methods of calculating radiation. That, notwithstanding this, they have 

yet to be refined by the intro- 
duction of the quantum theory 
is no longer open to doubt. 

The radioactive y-rays boar 
the same j-elation to X-rays 
as a- and /?-rays bear to the 
canal and cathode rays. Like 
X-rays they are a wave ladia- 
tion ; likewise <lhey cannot be 
deflected by electric or mag- 
netic fields. We have ah’(‘ady 
encountered them in Kauf- 
mann’s Fig. 0 of the previous 
pai’agraph (at Uie point of non- 
deflection on these). The 
y-rays, too, may b(^ resolved 
spectrally. The result has been 
a line-spectrum of y-radiation 
which links up continuously with the hardest characteristic X-rays and 
extends towards th(^ region of decreasing wave-lengths to \\aves about 
twenty tinu^s smaller. It is possible that there exists considerably harden’ 
y-rays than those hithei’to known. In any case it may be stated that the 
difference in hardness between X-rays and y-rays is hy no means as great 
as that between visible light and X-rays (the ratio of the wave-lengths is 
in the latte.r case given hy a factor of about Whether, in addition 

to the line-'S])ectrum, there is also a contimmis background in the y-S'pectrwn 
has not yet been decided. Fxperiments carried out by Edgar Meyer + 
seem to favour of a one-sidedness in the emission of y-rays, similar to 
that which occurs in the case of Edntgen rays, but, in conformity with 



Ann. (1. rijys., 44, 1033 (1914). fPliysik. Zeitachr., 10, 969 (1909). 

Ann. cl. Phys., 37, 700 (1912) ; cl. also E. Buchwald, tde7n, 39, 4J (1912). 
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th(‘ greater hardness, this characteristic is correspondingly more strongly 
pronounced. The y-rays, too, produce scattered secondary radiation and 
secondary /5-radiation. Jri radio-therapy, y-radiation alone is effective: 
it is surmised that its (^iTectiveness is due solely to the secondary /?- 
radiation generated in the diseased tissues, which thereby causes their 
disintegration (cf. Fig. 10, in which the corresponding process is exhibited 
for the case of air that is traversed by X-rays). In particular, it is the 
y-rays of llaC and MsTh2 (cf. Table 1 of § 7 in this chapter) that are 
applied in medical practice. 

All things considered, there is no doubt about the similarity of nature 
between y-rays and X-rays. 

§ 6. The Photo-electric Effect and its Reversal. Glimpses of the 
Quantum Hypothesis 

Just like the modern development of the doctrine of cathode rays 
(cf. § 2), so the knowledge of the photo-electric effect * is to be traced back 
to a paper by H. Hertz {Concerning an Effect of Ultra-violet Light on 
Electric Difscharge^ 1887). Following in Hertz’s footsteps, Hallwachs 
showed that when a metal plate is exposed to short wave radiation, it 
becomes positively charged ; and again, as in the case of cathode rays 
phenomena, it was Ijenard t who recognised that the true cause of this 
whole category ^of phenomena was to be sought in the corpuscular 

negative rays, the photo-electric cathode rays. Their specific charge 

was found to be equal to that of ordinary cathode rays, but their velocity 
was found to be only a fraction of the latter. Whereas in the Wehnelt 
tube we met with particularly slow cathode rays excited by a voltage of 
110 volts, the photo-electric cathode rays, when reduced in the same way 
to an imagined excitation voltage, coiTespond to only one or two volts 
(according to equation (1), p. 8). They thus have a velocity that is ten 
times smaller than the already ‘Mow” velocity (amounting to only six 
million ciiis. per second) in the Wehnelt tube (cf. p. 10). 

The following discoveries of Lenard are of very great importance. t 

* For further details see Pohl and Piingsheim, Die lichteU'ktrischen ErscJiei- 
nungen^ Sammlung Vieweg, Nr. 1, Braunschweig, 1914. This also contains a descrip- 
tion of the interesting “selective photo-electric effect” which originated in researches 
of Elster and Cleitel and which was further investigated by Pohl and Pringsheiin. 
They show that there is an increase in the number but not in the velocity of the 
escaping electrons when the plate is exposed to wave-lengths that lie in the 
neighlx)urhood of a certain favoured or resonance wave-length, especially when the 
plane of polarisation is perpendicular to the plane of incidence. In the text we 
restrict ourselves to the so-called “ normal photo-electric effect,” which is independent 
of the polarisation of the exciting light. An exhaustive discussion of the literature as 
far as 1912 is to be found in Hallwachs, “Handbuch der Itadiologie,” Bd. 3. Sec also 
Pringsheiin, Fluorescenz afid Plwsphorescenz im TAclite der neneren Atomtheorie, 
Springer, Berlin, 1921. 

t P. Lenard, Erzeugung t)on Kattiodenatralilen ditrch ultraviolettes LichC Wiener 
Akadomie, 108 , 1619 (1899). 

+ P. Lenard, Uber die lichtelektriscJie Wirkdng, Ann. d. Phys., 8, 149 (1902). 
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The. mtensitjj of the exciting light lias no influoiUH^ on the*. 'Velocity of the 
excited photo-electric cathode rays; the intensity determines only the 
7iU7nhcr of electrons emitted, which is exactly propoj-tional to the intensity. 
The velocity of the escaping electrons depends jirimarily on tin; colo'ur of 
the exciting light. Ultra-violet light produces the qii ickest photo-electi’ons, 
and that is why its photo-electric activity was discovered first (by Hertz). 
Bed light endows the photo-electrons with so small a velocity that in the 
case of most metals (it is difficult to prove the photo-electric effect in the 
case of non-conductors) they remain embedded in the surface. The 
alkalies alone form an exception in this respect for reasons that are 
connected with their chemical behaviour in other directions (with their 
electropositive character). 

A still greater degree of photo-electric activity than that of ultra- violet 
light is possessed by X-rays. 

To bring into prominence the essential peculiarity of these discoveries 
we shall refer to the well-known conceptions of thermodynamics in this 
connexion. Thermodynamics investigates the conditions that govern the 
transformation of heat into work and, in particular, then, the production 
of kinetic energy. It teaches us to recognise temperature as the measure 
of the work-value of heat. Heat of higher temperature is richer, is capable 
of doing more work, than heat of lower temperature. Work may be 
regarded as heat of an infinitely high temperature, asi 'unconditionally 
available heat. 

In the case of the photo-electi'ic effect, too, we are dealing with the 
production of kinetic energ}^ which is drawn from the energy supply of 
the incident radiati(ui (the fraction that is aI)sorl)(‘d). We should expect 
more intense light to produce a greater photo-electric effect, than less 
intense light. But this, as we saw, is not true. The powei- of the light is 
not determined by its Intensify but by itn frequency. Bluti light has great 
power, red light but little. The intensity determines only the quantity, 
but not the quality of the photo-electric action. These facts are very 
strange and depart greatly from the usual theoretical conce])tions : they 
could not be ex]dained on the basis of classical mechanics and optics. 
The key to them was furnished by thcj modern theory of quanta. 

The (quantum theory is a product of the twentieth century. It came to 
life on 14;th December, 1900, when Max Planck gave the Deutsche Phys'ika- 
lisehe (iesellschaft a method of deriving the law of black body radiation, 
discovered by him shortly before, on the Inisis of a novel physical idea. As 
is well known, we apply the term black body radiation to that condition 
of equilibrium of heat radiation which comes about in a sjjace enclosed by 
bodies of any kind, but at the same steady temperature. The term itself 
is due to the fact that radiation of just this intensity and spectral com- 
position is also emitted by a black body, that is, a non-reflecting body at 
the same temjxirature. 

The j^roblem of radiation is rooted, on the one hand, then, in thermo- 
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dynamics, in the laws of the equilibrium of heat ; on the other hand, in 
eh'fitrodynamics, in the laws according to which light- and heat-vibrations 
ar(^ excited, propagated, and absorbed. Planck spent years of consistently 
planned work in seeking to penetrate into the realm of electrodynamics 
with thermodynamic principles. To retain agreement with observation 
and experiment he finally saw himself compelled to take a bold step 
heading away from the main road of our usual wave theory and to 
])ropound his hypoiJmis of energy -quant a. He postulated that energy of 
radiation of any frequency v whatsoever can be emitted and absoi'bed 
only in whole multiples of an elementary quantum of energy ^ 

€ = /iv . . . . . • (1) 

h is Planck’s quantum of action. From measurements of radiation Planck 
soon succeeded in determining the value of his constant 

h = 6*55 . 10~“" erg secs (2) 

(Its dimensions are : energy x time, the same as those of the mechanical 
“action” that occurs in the Principle of Least Act mi) 

This postulate does indeed upset our usual ideas of the wave theory. 
If wave energy is propagated continuously in space and becomes dispersed, 
how can it then condense at individual places so as to be absorbed in 
quanta of finite Size ? Moreover, how’ can it be emitted in finite quanta 
if, according to the laws of classical electrodynamics (cf. for example, 
equation (2) of p. 25), every change of motion of the centre of vibration, 
which emits radiation, is accompanied by an instantaneous emission of 
radiation ? 

The hypothesis of energy-quanta, ho\vever, also attects classical 
statistics, that is, the method by wdiich, for example, in the kinetic theory 
of gases w^e calculate the average result of many individual events which 
are not knowm to us separately. Like every prol)lem of heat, so the 
problem of the equilibrium of radiation is ultimately a statistical question. 
The radiation that w^e observe is composed of an immense number of 
separate rays and separate events that occur in the emitting body. Now% 
Planck’s investigations show*ed that classical mechanics could never lead 
to Planck’s law of radiation, which has been verified by observation so 
excellently, and that, on the contrary, it \YOuld lead to a spectrum of 
heat radiation that would be in irreconcilable contradiction to the facts 
of experience. 

It was just this statistical aspect of radiation that engaged the special 
attention of the discoverer of the quantum theory. He purposely brought 
the elementary atomistic phenomena w^hich lie at the basis of radiation 
under one scheme, by operating with a “ harmonic oscillator,” a con- 
figuration that emits and absorbs radiation in a manner different from 
that of the real atoms. Einstein (and algo Stark) maintained the opinion 
that the quantum conception must be valid not only in the statistical 
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equilibrium of radiation, but also in the elementary atomic phenomena. 
Einstein * called his extension of the principles of the quantum idea “ a * 
heuristic view-point concerning the production and ti:tn8formation of 
light/* 

Disregarding for the present all obstacles we shall follow Einstein and 
describe the photo-electric effect thus. The radiation that is active photo- 
electrically is absorbed in energy-quanta hv according to equation (1), and 
in a manner depending on its vibration number Vy it may generate an 
amount of kinetic energy Ibv in the electrons dislodged IVom the metal. 
In this process the kinetic energy that we measure iti our obseiwations is 
less than that originally absorbed since the electron, in passing through 
the surface of the metal, has to perform work to get away. This woi*k 
of escape P keeps the free electrons back in the metal if there is no 
photo-electric excitation, and it is difl‘ei‘ent for different conductors. Tlu*. 
difference in the values of P for two diffeieiit iiu^tals fiiKb expression in 
Volta’s series of contact ])otentials, and is equal to the difference between 
the two contact ])Otentials. Accordingly, we get for the velocity of escape 
V of the electrons, if m denotes the electronic mass : 


mv- 

<3 


Uv - P . 


( 3 ) 


We shall leave unanswered the question whether P is a measure of 
only the work of escape from the surface of the metal or whether it is 
simultaneously a measure of the velocity of escape out of the atom (the 
so-called work of ionisation). If there are really free electrons in metals, 
then the latter work would he zero, and P would be a direct ineasui’C of 
the \vork of escape out of the metal ; otherwise, P would be the sum of 
both amounts of work. 

At the time that Einstein set up the relation (8), only qualitative 
evidence was available on which it could be based : the velocity of 
electrons emitted photo-electrically increased with increasing frequency 
of the exciting light (greater hv) and with the increasing electropositive 
character of metals (small P) : ultra-violet light had been found to be 
more effective than red light ; potassium, which is situated at the extreme 
end of the electropositive metals, was more sensitive than copxjer and 
silver. Quantitatively, Einstein could confirm the law only as far as 
ordei- of magnitude was concerned. The wave-length of blue light is 


A = O’l/r = 4 . 10"^’ cms. 

The vibration number (frequency, or number of vibrations second) 
corresponding to it is 

!/=(- = ?. 10^^ sec''^ 

A 4 


* Ami. d. Phys., 17, 132 ( 1905 ) ; cf. idem.y 20, 10 ^^ ( 1900 ) Zu7' Theor ie det' Lichter- 
zcugiiiuj 7ind Absorption. ^ 
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and the corresponding energy-quantum according to equation (1) is 
hv - 6*55 . . 1 . iQu « 5 . 10-12 ergs. 

According to (3) the kinetic energy of the escaping electrons is just 
as great, provided that we disregard the work of escape P for the present. 
Now, if we calculate the potential V which a cathode ray tube would have 
to possess to produce the same kinetic energy imo'^ in a cathode ray tube, 
we also get 

cV - .5 . 10-1*^. 

Jf we take for e its value in the electromagnetic system, that is, 

« = 1*6. 10 •-'» (seep. 15), 

we get 

V = 3 . 10'*’ electromagnetic C.G.S. units = 3 volts. 

The same older of magnitude, namely 1 to 2 volts, characterises the 
contact difference of potential between two somewhat distant metals of 
the Voltaic series, and hence also our w^ork of escape P (wdiich is, so to 
s])eak, the difference of contact potential of the metal relative to a 
vacuum). For the kinetic energy of the escaping electrons there then 
remains, according to (3), if w'e take P into account in our calculation, 
likewise an amount of 1 or 2 volts, corresponding to the above- 
mentioned ords'j- of magnitude of the r( suits of observation. 

The ordtu* of magnitude changes if w^e pass from visible light to 
lidntgen light (X-rays). The wave-length of th(‘ latter is, as we 
mentioned in the preceding paragraph, about 10^ times smaller, and 
hence their vibration frequencies about lO"^ times greater, than the 
corresponding quantities in the visible region. If we carry out the same 
calculations for X-rays as made just above for blue light, we get for the 
kituitic energy of X-ray photo-electric cathode rays, or for the potential 
corresponding to this energy, in place of 3 volts, 30 kilovolts, that is, 
a voltage such as is usual for working a moderately hard X-ray tul^e. 
Clearly, the work of esca])e P, being only of a fe\v volts, is to be neglected 
in comparison wdth a voltage of this magnitude. We thus airive at an 
amount of energy that corresponds to that of the secondary cathode rays 
mentioned on 23, of which we said that it is equal to that of the 
corresj)Onding primary rays. This shows that the secondary cathode 
rays ai e to be regarded as a photo-electric effect of the primary X-rays 
and that their energy, too, is expressed by Einstein’s formula as far as 
the order of magnitude is concerned. 

Ten years after Einstein had proposed, his law, it became clear that 
it was not only true in order of magnitude but that it gives the exact, 
quantitative expression for the photo-electric effect. This was shown in 
particular by Millikan* for the case of the sharply defined greatest energy 

* K. A. Millikan, A Direct FJLoto-electrub^Delerminatioji of Planck's “ /i,” Pliys, 
Eov., 7, 350 ( 1910 ). 
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which monochromatic light (light corresponding to a definite spectral line) 
is capable of generating. For if we plot the greatest energies that are 
obtained by using various spectral lines in a diagram, in which we plot 
the energies as ordinates and the vibration frequencies of the spectral 
lines used to produce them as abscissae, the line connecting the points 
plotted exhibits a linear increase, the magnitude of which is given by the 
constant li. 

That there is a maximum value of the energy generated and that just 
this and not some mean value cf the energy follows Einstein’s law is, in 
fact, to be expected according to quantum ideas. For the energy- 
quantum liv denotes the energy which the incident radiation initially 
puts at the disposal of the electron for the purpose of photo-electric 
emission. This energy can, indeed, be reduced thiough secondary losses 
ot enei’gv i?i the iiiotal, but it can never he exceeded. ^Ve hav(', there- 


55 60 65 70 75 80 85 90 95 100 ^06 110 115 120 12f v lO' 



fore, to regard the photo-electric maximum * of energy as being primarily 
given and determined by the theory of quanta. It appears that this 
maximum of energy obeys Einstein’s law very accurately. 

We demonstrate this in the following picture (Fig. J2) by Millikan, 
which has been obtained for the case of lithium ; the result for sodium 
looks quite similar. Millikan used as a source of light five mercury lines 
in succession. The corresponding five points of observation are in- 
dicated in the figure by small circles. The frequency number of the line 


* About the same time as Millikan, Ilamsauer investigated the photo-electric law 
of distribution, that is, how often, relatively, the various values of the kinetic euergy, 
for light of a given frequency v, are represented in the photo-electric emission. He 
found the distribution to follow a universal form, independent of tlie nature of the 
metal used and of the light used. The energy that occurs most often (corres])onding 
to the maximum of the curve of distribution) follows, according to Jiamsauer, a law 
that expresses linear dependence on the exciting frequency i', which is of the kind 
given by Kinstein and Millikan for the maximum energy. Cf. Ann. d. Phys., 45 » 1121, 
( 1914 ). 
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corresponding to the shortest wave-length, the so-called resonance-line 
of mercury A. = 2536A (A == Angstrom unit = 10"® cms. = fi^i) is 
V = 1*18 . 10^"’ ; the frequencies of the others can be read off from the 
figure along the x-s^xis. Opposite the Li-plate is a so-called Faraday 
cage, carefully sheltered from electrostatic influences, which is connected 
with the electrometer : the plate gives up the photo-electric cathode rays, 
released by incident radiation, to this Faraday cage. The plate and the 
cage are kept in a vacuum. If the plate is now charged positively, the 
ejected electrons experience a restoring force. A certain intensity of 
charge just suffices to turn back all electrons, including those that are 
emitted perpendicularly to the plate with the maximum velocity. The 
reversing potential, in volts, corresponding to this charge is at the same 
time, according to the law of energy, a measure of the maximum kinetic 
energy of the incident light. Corresponding to every vibration frequency 
of the incident light there is a different photo-electric maximum of energy, 
that is, a different voltage of the reversing potential. Millikan next 
j)roceeds, by means of an auxiliary figure (see Fig. 12, the right-hand 
bottom cornei'j, to determine graphically the voltage of the reversing 
potential for which the photo-electric current becomes just equal to 
zero.* 

In the main part of Fig. 12 this voltage number is mapped out as the 
ordinate and the. sffme is done in the casti of the other four frequencies. 
The points obtained lie beautifully on a straight line (departing from it 
by less than 0*5 per cent). The inclination of the line, expressed in* 
e.G.S. units, is : 

// — 6,5S . 10~-~ erg secs, in the case of Li 
and li> = 6'57 . 10 erg secs, in the case of Na 

agreeing fully with Planck’s value of h in equation (2). 

In the realm of X-rays, too, we may regard Einstein’s law as an exact 
expression of the facts and not only as being correct in order of 
magnitude ; here we may state it in the simplified form in which the 
work of escape P is omitted (cf. p 38). Thus we write 

«v = .... (4) 

If vw read this equation from right to left, it represents the process of 
generating secondary cathode rays by primary X-rays : it determines 
from the frequency v of a ^ monochromatic Rdntgen radiation the 
maximum velocity v of the cathode rays which this radiation is able to 
release when it impinges on any arbitrary material substance, and it 
likewise determines the corresponding voltage that is equivalent to the 

* The particular advance made by Millikan beyond hia predecessors consisted in 
the accuracy with which he determined this reversing potential. This is expressed in 
the circumstance that the curve of our auxiliary^figure cuts the a:-axis m a well- 
defined point at an angle that is not excessively acute. 
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inaximuni velocity generated in the catliode ravs. We have, as in tlie 
plioto'clectric ellect, the tnDiHformation of ware-rad latiejL into corpuaeular 
radiatio)i. The same equation, however, represents tli.e tr(( ns forma tioa 
of corpuscular radiation into ware radiation, hor if wo read it /nmi left 
to ri(/ht, V denotes the voltage of the X-ray tube. This ])rodiu;os tlui 
primary cathod(i rays of velocity r : when the lattei* strike the anti- 
cathode, they produce X-rays, characteristic radiation, and impact 
radiation. The spectrum of the impulse radiation is, as we saw in tht^ 
previous paragraph, continuous. This specti-um stretches fiom a small 
r (soft X-i’ays) up to a sharply defined limit in the reyion of short fre- 
quencies, which corresponds with the hardest X-rays that can he ])ro- 
duced l)y the voltage V; the frequency corresponding to this limit is 
given by equation (4). So, here too, the relation between the roltaye V <f 
the tube and the limiting frequency v is e.r pressed by Einsteins linear law. 
As V increases, the short wave limit of the continuous spectrum moves 
to higher frequencies. The frequency of the greatest intensity, as also 
the average hardness of the radiation, becomes displaced in the same 
sense. The well-known law (cf. p. 30), that the hardness increases 
with the voltage of the tube is thus likewise a consequence of Einstein’s 
law ; it is, in a sense, a more sketchy form of it. 

In particular, we get as a direct result of the double reading of 
Einstein's law the equality, emphasised above (p. 23), between the velocity 
of primary and secondary cathode rays. The production of secondary 
cathode rays from primary X-rays seems a direct reversal of the pheno- 
menon of the production of primary X-rays from primary cathode rays. 

The existence of the short wave limit of the continuous spectrum is a 
main feature in the complete picture of X-ray phenomena. There seems 
no possibility of success in attenqjting to explain it from the point of view 
of the classical theory of radiation. However we may care to })icturt; the 
details of the phenomenon of impulse radiation, the resolution of the 
radiation emitted into Eourier terms w'ould, according to classical electro- 
dynamics, lead to a spectrum that would stretch to infinity on the side, of 
higher frequencies. Thus the existence of the short w^aw. limit is an 
unmistakable hint that w^e must go further than tluj classical theory of 
radiation and work out a quantum theory. Einstein’s law formulates this 
fact as compactly and precisely as can be desired. That it is quantitatively 
correct will be seen in Chapter III, 7. Just as in the case of the photo- 
electric effect, the measurement of the short wave limit of the continuous 
X-ray spectrum may be elaborated so as to lead to a precise determination 
of the constant of radiation h. 

We shall now at once go a step further to the extreme end of the scale 
of frequencies — to the y-rays — and we shall discuss their connexion with 
^-rays. Concerning this connexion there are particularly convincing 
researches,* by Kutherford, Robinson, and Rawlinson, undertaken in the 

* Phil. Mag., 26, 717 (1913), and 28, 281 (1914). , 
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years 1913 and 1914, wliieh give quantitative evidence. The fi-mya of 
certain radium prejnirations (lial3 and KaC, cf. the following section) have 
velocities which, over a certain region, approach the velocity of light, but 
witliin this n^gion of velocity they, in the main, assemble at individual, 
discjete points. Jly means of magnetic deflection they can be resolved 
into a “ velocity-spectrum.” This velocity-spectrum is then observed 
once, at the heginning, with a wire brushed with the radium preparation, 
and then, after the wire has been surrounded by a lead envelope that 
absoibs the /^f-rays, the spectrum of the secondary rays is observed. In 
the lattei* case tlie pi’imary /f-rays remain imprisoned in the absorbing 
layer. But they al)Sorb secondary y-rays, for which the layer is trans- 
partait. What we obsei ve when we apply magnetic deflection are the 
secondary /^-rays produced in their turn by the y-rays — in particular, those 
/?-rays that are produced near the surface of the absorbing envelope and 
which escape without any considerable reduction of velocity. A com- 
parison of the primary with the secondary spectrum shows that they are 
exactly identical (except for a certain broadening in the region of lesser 
velocities). This proves that the transition 

/3-mys y-rays 

is a reversible phenomenon that is regulated accurately by the /tv-relation. 

We have now t^) take only one step farther to arrive from Einstein’s 
law to one of the main pillars of Bohr's theory of spectral lines. 

We have seen how energy of monochromatic frequency hv is taken up^ 
by a metal atom and how it reappears as kinetic energy of a photo-electric 
electron. If we now suppose that the absorbed energy of vibration does 
not suffice to release the electron from the atom, then it will only effect a 
re-adjustrnent in the atom, in which the atom passes from a lower to a 
higher step of energy. We can imagine this transition to be similar to 
that of a weight which is lifted from a lower initial position to a higher 
linal position. If W., and W,. (> W«) are the initial and flnal energies of 
the atom, respectively, then we get, as a counterpart to Einstein’s photo- 
electric e(piation, Jhk/a fiindamenial equailon /or a ‘phenomenon of optical 
absotplion : 

hy ^ W, - W, (5) 

We saw, on the other hand, that an initially given amount of energy 
of cathode rays or its equivalent volt-number produces Rontgen radiation, 
the maximum hv of which is equal to the initial energy. This maximum 
Jbv is not reached in every elementary process because in general a fraction 
of the available cathode ray energy Wa is transformed into wave radiation 
and another (indeflnite) fraction W,. remains in the form of cathode-ray 
energy. If we now suppose that the primary energy originates in the 
change of configuration of the atom, of which the initial energy is W„ and 
the final energy W« <[ W„, so we may here too, expect a radiation to appear 
thus 

(«) 


hy = \V„ - W, 
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This radiation is now strictly momclmmiatic, })e( ausc in this case W,. as 
well as W„ is fixed as a discontinuous quantity' hv the configuration of tli(5 
atom. In equation (G) wo have liohra finidiDnoiud equaiJon for tJio 
'phenomenon of optical ern'insion. 

Just like hlinstein’s law, this extension of it by Hohr claims to be valid 
with absolute accuracy in the entire spectral refjjion from the slowest h(‘at 
rays to the most rapid X-rays and y-rays. Thus liiis quantum law I’egu- 
lates in the same way as Einstein*s law the transition of wav(‘ radiation 
into corpuscular radiation as well as the reverse process ; it govcirns the 
phenomena of absorption as well as those of emission, in optical regions 
as well as in the region of high frequencies. There is no doubt that we 
are here dealing with one of the most mysterious of physical laws. 

The photo-electric phenomena and the other phenomena of absorption 
in optical and X-ray regions certainly give the impression that wave 
energy as well as the energy of corpuscular radiation is concentrated at 
certain points. This brings us to the extreme view that light consists of 
“ light-quanta that leave the centre of emission with the speed of light. 
Particularly the facts of the production of secondary cathode rays by 
X-rays seems to admit of no other interpretation. In phenomena of 
optical absorption we see the same transformation of radiation energy hv 
into mechanical work exerted on the electron take place in the interior of 
the atom. How is this transloi'mation to he interf)reted if the wave 
energy is not concentrated in the form of light-quanta, and is not 
•available all at once? 

There has been no dearth of attempts to reduce the contradiction be- 
tween the “ quantinn ” and the “ classical view of energy transference. 
In conjunction with Debye the author has put foi wJird a view of photo- 
electric j^henomena and a method of deriving Einstein’s law,* wliich does 
not deprive radiation of the character demanded of it by the wave theory, 
that is, which does not require the use of compact elements of energy of 
amount hr and which, instead, ascribes to the atom the property of being 
able to 2)ile up energy of radiation to a limiting amount determined by the 
constant h. As soon as this limit is njached, the election is siqiposed to 
be released from the atom and to escapti with the energy which it has 
collected. Under certain conditions (chosen in rather an artiiicial manner) 
Einstein’s law for the energy of the escaping electrons may be deduced. 
At tVie same time the “ time of accumulation ” that is necessary for the 
hcaping-up of the energy hv may be calculated. If a powerful source of 
light is assumed, then this time in the case of the photo-electilc effect 
comes out fairly small (fraction of a second), but when the calculation is 
made for the conditions of the X-ray photo-electric effect, for which 
the energy-element hv is much greater and the intensity of radiation is, 
in general, much smaller, impossible “ accumulation times ” come out, 
times of the order of magnitude of years ! Yet experiment shows that, in 

* Ann. d. Phys., 41, 873 (1913). ^ 
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the c.Jise of X-rays as well as in that of ordinary light, the emission of 
electrons commences immediately, as soon as the exposure to the incident 
light Ixigins, and ceases the moment the exposure is stopped. From the 
point of view of the wave theory the source of the great energy of emission 
remains incomprehensible. The phenomena actually occur as if in light 
of frcfjuency v there are r energy-elements of the magnitude hv, which are 
read\ at a?iy moment to become transformed, according to Einstein’s law 
(in atoms that are appropriate), into kinetic energy of electrons. Later, 
when we come to speak of the absorption and excitation of spectral lines, we 
shall find ourselves compelled to adopt this standpoint of “light-quanta.” 

On the other hand the continuous propagation of wave-energy is so 
firmly established for phenomena of interference and diffraction (also in 
the region of X-rays, owing to the Laue effect, cf. Chap. Ill) that it 
makes the idea of light-quanta appear quite out of the question. Modern 
physics is thus for the present confronted with irreconcilable contradict 
tions and must frankly confess its “ non liquet.” 

§ 7. Radioactivity. 

Hitherto we have considered only the physical manifestations of 
radioactive processes. A few remarks about the chemical carriers in- 
volved must now jje added.* 

A characteristic feature of radioactivity^is that it occurs essentially only 
in the case of the elements of greatest atomic weight. Uranium {Ur-ahn 
~ original ancestor of the radium family) is the heaviest element, having- 
an atomic weight 238*2. Thorium, the parent substance of the thorium 
family, is the second heaviest of the elements that were known before 
radioactivity (as its atomic weight = 232*15). It is therefore allowable 
to regard atoms that are too heavily loaded with matter as hyi^ertrophic, 
configurations that are unstable and disintegrate into simpler forms. 

We shall take for granted the sum-total of radio-chemical research in 
the form of the genealogical tree given in Table 1. IJow it became 
possible to set up these lines of descent will be made clear h(*low (in the 
theory of disintegration), and also partly in the next chapter (§ 5, “ Laws 
of Displacement”). It need only be remarked here that without this 
theory as a kind of Ariadne’s thread it would have been impossible to 
find a means of locating the members of this manifold series of new 
elements. On the other hand we must mention that it is only the extra- 
ordinary sensitiveness of electroscopic observations of radioactivity, a 
sensitiveness which far exceeds that of the balance, that has enabled us 
to prove the existence of the products of disintegration, for these are 
often present in only very minute quantities. 

* Cf., besides the coniprehensive works mentioned in § 3, the resume of Fajans in 
Jaiirg. 16 der Physik. Zeitsclir., 1915: Das per iodiscJie System der Elemcnte, die 
radiooktiveji Umivandlungen und die Struktur der Atome. Cf. also liadioaktiviULt 
und die 7 ieueste Entwickehmg der Lehre von de% chemischen Elemcnten: 8, Aufl., 
1921, by the sg-mc author in Sammlung Viowog. 
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Formerly, three radioactive families were distinf^iiished, the Uraniiim- 
ladium Group, the Actinium Group, and the Thorium Group. Tt was, 
however, conjectured that the actinium series was a hianch of the. 
uranium series. This has heen confirmed by i fahn and l\reitner’s 
discovery of protactinium; the exact point at which the luanchinj:; 
commences is not (piite certain (it is at Uranium 11 in our tal)le). Thus 
there remain only two families: the Uranium family and the Thorium 
family {vide Table 1 on the following page). 

The upper rows of our genealogical tree shows the stages of develop- 
ment from the two parent substances U and Th as far as the three 
emanations (the inert gases). The subsequent development, which runs 
parallel in the three, now distinct, families, is shown in the lower rows. 
In each case they end with an element having the character of lead. 
The actinium series ends with AcD (actinium lead), and the thorium 
series ends with ThD (thorium lead), but we are not yet certain whether 
these are really permanent final jiroducts or only intermediate pro- 
ducts that disintegrate exceedingly slowly and whose further disinte- 
gration is yet unknown. In the 7'adium series the analogous substance 
RaD is certainly not a final product : to it there is linked the series RaE, 
EaF == polonium, and RaG = radium lead. The similarity of the throe 
trees of descent between the emanations and the D-products is shown not 
only in the number of products ^f disintegration and ^leir position in the 
natural series of elements (cf. Table 4 in Chap. II, ^5) hut also in the 
.mode of disintegration (denoted in our table by the letters a and /5 }jrinted 
above the arrow used to signify transformation ; y denot(‘s that y-rays 
are present). At corresponding positions in the gem^alogical trca'S the 
disintegration is effected either by an a-transformation ((‘mission of 
heliumj or a /?-transformation (electron emission), or by a simultaiu^ous 
fx- and /3-transformation. The notation here adopted takes due account of 
this parallelism of disintegration. It has heen suggest(‘d i)y Stefan Meyer 
and Schweidler and differs from that formerly in us(‘. (which arose 
historically and which is thus less systematic) in the names given to the 
C- and D-products. 

Delow the symbol of each element we have recorded th(j half-value 
time”; this is the time which has (‘lapsed when half th(i body is disinte- 
grated. It is proyjortional to the “ mean duration of life ” of the ele- 
ment. We shall exj)lain later how it is determined. The abbreviations 
a, d, h, m, s, denote : year [annusi), day, hour, minute, second. We thus 
have long lived elements with spans of life stretching over millions of 
ye^ars (UI has a half-value time of 5 . 10-* years, and^Th has one twice as 
long) and short-lived elements which live only for seconds or fractions of 
a second. The elements whose lives are shortest are to he found among 
those designated by C' : 


RaC' has l0-‘> seconds, AcC' 5 . 10-» s, ThC' s. 
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These numbers like all the bracketed half- value limes have b(‘en found, 
not from observation, but from calculation. Within the region above 
mentioned (from the emanation to the lead group) there is also a certain 
parallelism between the half- value times of the three families. 

The branching between RaC and RaD over RaC' and RaC", and the 
exactly corresponding branching of the Th- and Ac-tree is of special 
interest. The fact that RaC is transformed into dififerent products (RaC' 
and RaC") according as it disintegrates by a j8- or an a- transformation, 
is intelligible. But the fact that these products, when subjected to the 
same transformations but interchanged (i.e. by an a- and a y8-trans- 
formation respectively), resolve into the same element RaD will be made 
plausible by the displacement laws of Chap. II, § 5, but it is not em- 
pirically certain. In addition to these ramifications we have in our table 
also the (at present hypothetical) branch at UII which is supposed to 
consist of a double a-radiation. The branch product UZ (half -value time 
6*7 hours), which emits ^-radiation and was discovei ed by O. Hahn,* has 
not been included in our table as the point at which it branches off 
(UXj^ ?) and its further development are not known with certainty. 

We thus see that in virtue of these ramifications there are represented 
in our genealogical tree not only children and grand-children but also 
brothers and cousins of the fii’st degree as well as of liigher degrees. 

Our next step is to give short note on the •laws of radioactive 
disintegration. These laws arise directly and are of an extraordinarily 
simple type. Being fully independent of temperature and ])ressure, they 
thus differ fundamentally from the laws that govern ordinary chemical 
transformations. Nor are they dependent on whether the active sub- 
stance is present as an element or a salt, whether it is ])ure or mixed with 
other substances. Everything seems to support the view that w(‘, are not 
dealing with an action of one atom on another but rathei* with some inner 
atomic process. 

In Fig. 13 we consider a particularly simple case. We are dealing 
with the disintegration from U into UX, or, more exactly, from UI into 
UXp that is, with the process that stands at the head of our table. Jjet 
us take the /^-niy activity as an indicator. That is wc shall su2:)]30se the 
a-rays to be eliminated by absorption for the sake of our present argu- 
ment.t Only the J3- and y-rays penetrate into the electroscope, ionise 
the air, and produce a charge which Hows into the leaves of the electro- 
scope and which serves as a measure of the number of ions formed. But 
since y-rays are ineffective in forming ions, as comjjared with yS-rays, we 
need here regard the activity as referring' solely to jS-ray activity ; “ in- 
active means “ producing no yS-rays, 

The preparation with which we start is not pure uranium but already 
contains a certain very small percentage of UX. It is possible to 

*Ber. d. Deutscli. Chem. Ges., 54i 1131 (1921); Naturwissenschaften, 1921, X’. 81. 

t ygo mm. of A1 are suflicient to absorb the most rapid «-rays almost entirely. 
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precipitate the latter from the uranium hy repeated application of barium 
sulphate. The UX thus isolated carries away the whole activity of the 
pre])aratiori with it, and the U itself is left behind entirely inactive at 
first. In the figure we have thus set the initial activity of U equal to 
zero, and that of UX equal to 1. From these initial states onwards the 
activity of the UX diminishes regularly to zero, whereas that of U 
simultaneously recovers and increases from 0 to 1. By comparing the 
two curves we see that their ordinates at each corresponding point add 
up to 1. If Ji(^) is the activity of UX at the time t, and that of U 
at the same moment, then we have : 

Ut) = 1 - hit) ....{!) 

Hence although these products are distinct from one another 
(chemically, and, for example, separated by a considerable distance in 
space) they yet continue to act in full accord with one another: the 
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activity lost by the one is gained by the other ; the sum of their activities 
is constant just as would have been the case if we had not separated 
them chemically. 

According to the disintegration theory of Eutherford and Soddy, the 
explanation is as follows. The constitution of the atom, and this alone, 
invests any arbitrarily chosen atom with a certain proho^hilitu that it will 
disintegrate in an arbitrarily chosen unit of time. This probability is 
called the radioactive constant (or decay constant) of the atom. From 
this there follows the essential principle of the theory of disintegration : 
The number of atoms that decay per unit of time is equal to the radio- 
active constant multiplied by the number of atoms still present (namely, 
equal to the probability of decay of an atom multiplied by the number of 
atoms). On the other hand the activity of the prepared substance is, 
except for a constant depending on the apparatus, equal to the number 
of atoms that decay per unit of time (in oUr case the atoms disintegrated 
• # 
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by the ^^-transformation). In conjunction with the above principle, this 
leads to : 

J{t) = C\n (2) 

where J = activity at the time C = the apparatus constant, A = the 
radioactive constant, and n ~ the number of radioactive atoms at the 
time t. 

We next apply this principle to the two curves of Fig. 13. 

I. In the case of UX isolated from its parent substance, the number 
of atoms 11 is changed only through the decay of the atoms present. 
Therefore the number of atoms that decay in time dt is - dn>. From 
this, and from the principle of the disintegration theoiy we get the 
following differential equation for the disintegration of UX : 

-- dn = Xndt . . . . . (3) 

Thence it follows that if n^^ denotes the initial number of itoms of UX, 
and if e is the base of natural logarithms, 

11 = (4) 

and, by (2), 

J(f.) = CA7i„<? .... (5) 

In our figure we chose our unit so that J(0) = I. Hei)ce we must set 

Ckn^ = 1 (Gj 

and thus get 

= (7) 

The curve in Fig. 13, which was obtained from direct observation, agrees 

exactly with this exponential law. Its rate of decline allows us to 
determine the decay or radioactive constant A. 

II. In the case of the U that has been purilied of UX, let N be the 

number of uranium atoms at the time the initial immVjer, A tlie 

radioactive constant of uranium. The decay again takes place according 
to the law (3j, which now assumes the form : 

- dN = ANdjJ, N = . . . (8) 

Now, the radioactive constant A of the uranium is extremely small com- 
pared with the radioactive constant A of the UX, i.e. 

A<X (9) 

Hence, within a period of observation that is not reckoned in millions of 
years, we may reasonably set : 

A^=:.0, .... (10) 

and hence, by (8), 

N=N,, ~~ = ANo . . . (11) 

m 
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Measurement of the activity in this case discloses nothing of this change, 
since it is an a-transformation. For this measurement depends only on 
the j8-transformation of the UX. Now a UX-atom arises from each U- 
atom. If the latter were not to decay, we should have simply - dN 
and, by (11), 

dll 

^ = AN„, n = AN„<. . . . (12) 

The number n oi UX-atorns and therefore also the activity J(^j of UX 
would thus increase uniformly with the time, and would thus be repre- 
sented by a sti'aight line in Fig. 13, namely the initial tangent of the 
curve there shown as But the increase does not continue inde- 

finitely, for the UX-atoms decay in their turn : a state of equilibrium is 
gradually reached, in which just as many UX-atoms decay as are formed. 
If is the number when equilibrium is reached, then the number of 
UX-atoms which decay per unit of time is, according to (3), the 
number of those being formed is equal to the U-atoms that are decaying, 
and = AN^p by (11). Hence, in radioactive equilibrium : 

= ANo (13) 

In ilia state of radioactive equilibrium, the number of atoms of 2 ><^irent 
substance and child 2 ^roduct are in tha inverse ratio of the corresimulinq 
radioactive cons tants . 

T}\is state of equilibrium existed during the initial separation of the 
U and the UX. The equilibrium number n^^ just calculated is thus 
identical with the initial number of atoms of UX in equation (4). In 
the state of equilibrium the activity of UX will be, according to (2) 
and (0), 

= I. 

Our curve J.ft) which was originally an oblique straight line thus curves 
round into a horizontal straight line, which is at unit distance from the 
time axis. 

If, further, we wish to find the law of curvature, we must complete 
(12) thus ; 

* XT 

dt = ^^0 - 

by taking account not only of the production of the UX-atoms but also 
of their decay. As a result of (13) this equation may be written : 

dn 
dt + 

and may be integrated by simple mathematical rules, if we take into 
consideration the initial conditions = 0, t = 0, thus : 


n ~ 71 q{1 - c “^^). 
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By multiplying this by CA we get the activity J^(^) = CXn. From (6) we 
get for the latter : 

J,(/) = 1 - . (14) 

IViifs Jo(t) increases accordimj to the same ex/ponential laiv as that by 
li'hUdi J^{t) decreases. and Ji(^) sum up to unity. 

This is the full explanation of Fig. 13. The same diagram gives us 
the semi-decay time of UX. For it, the relation holds : 


or = -.1 


(15) 


The abscissa of the point of intersection is thus the time which has 
elapsed when the exponential function has diminished to a half of its 
initial value, i.e. at the time ^ = 0. In our case the curve tells us that 
the half-value (or semi-decay) time is equal to 23*8 days. 

In addition to the half- value time we also arrive at the radioactive 
constant. For from 15 it follows that 


= log, 2 = -693 


• • ( 16 ) 
their half-value 


The radioactive constants are in the inverse ratio of 
times. The values of these times are given in Table 1. 

Closely related to the conception of half-value time we have the con- 
ception of mean length of life or average life. If we de»uute the latter by 
thy ^ve get in place of (IG), 

AC. - 1 (17) 

For, as in social statistics, we define the mean length of life by first 
multiplying each age by the relative number of the individuals that just 
attain this age but do not exceed it and then summing all these products 
of age and relative number. In our case, as we see from (3) and (I), 
- dn is the number of atoms which at the time i decay within the time- 
interval clt, and the total number of atoms initially present, thus 




signifies the relative number with which we are here concerned, 
multiplying it with the corresponding t and summing for all Cs, 
get the required average length of life : 


By 

we 




(i8) 


Equation (17) follows simply from this definition if we multiply both sides 
of (18) by A and introduce x = A^ as a new variable of integration : 


AC. 


oo 

" 1 “ 


-""dx ^ I, 
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By comparing (16) with (17) we see that we get the average lengths of 
life of the radioactive elements by dividing the numbers of Table 1 by -693. 

In geneiral, conditions are not as simple as in the example we have 
so far discussed. This simplicity was due in the first place to the fact 
that the life of UI is very long compared with that of UXi* We made 
use of the resultant simplification (A<^X) in passing from equation (8) to 
equation (11). But then the further fact comes into consideration that 
the life of DX^ (/h = 1*15 minutes) is very short compared with the life 
of UXi (cf. Table 1), and that the life of UII is again extraordinarily long 
(^„ = 2.10^' years). The result is that immediately following on the dis- 
integration of each UXi-atom, i.e. at intervals of probably about a minute, 
the decay of the new-born UX^-atom and the transition to the Ull-atom 
takes place. The decay is accompanied by /?- and y-radiation, and there- 
fore increases the ionisation produced by the decay of UXj. In fact, 
on account of the greater hardness of the ^-radiation of II X^,, it forms 
the main part of the entire ionisation that is observed. The addition of 
the decay of HX.j does not, however, bring about to any appreciable extent 
a delay in the rate at which the activity dies down, or a change in the 
exponential law given by the curve. This allowed us to use the short term 
'' UX,” as referring to a uniform product, in our explanation of Fig. 13, 
thus treating the two elements UX^ and UX^, conjointly as was the 
practice formerly before these two elements had been separated. Nor does 
the activity of UII, which remains after the decay of UX^ and UXo, 
cause a change in the course of the activity curve, since, being an u- 
activity, it evades measurement. 

We get a complete picture of the great possibilities of the theory of 
decay only when we consider the course of the activity in a case in 
which several products of approximately the same length of life par- 
ticipate. The classical example is given by the precipitate which is 
produced by radium emanation. This precipitate consists of a mixture 
of EaA, KaB, EaC, which becomes transformed into the long-lived EaD. 
The short-lived products EaC' and EaC'' arc included here under the 
symbol EaC. The a-activity curve of this mixture is shown in Fig. 14. 
Since EaB emits only and y-rays (cf. Table 1), it does not come into 
account for the measurement of a-activity, except in so far as it becomes 
changed into EaC. At the beginning of the measurement the products 
A, B, and C are in equilibrium. By (13) we then have 

A-a • Na = Ar . Nr = Ac . N(^ 

if Na, Nr, Nc, denote the amounts of these products present (properly the 
numbers of atoms of each). These amounts are different. By (2), 
however, the activities of EaA and EaC, which we shall denote 
briefly by A and C, are equal when in radioactive equilibrium, as 
long as the apparatus constant that comes into question may be 
regarded as constant. In the case of EaB, which has no a-activity, 
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this constant is equal to zero. In Fig. 14 we therefore make the curves 
A and C start with the same co-ordinate, whilst B starts with the 
ordinate zero. The curve B, which represents the indirect contribution 
of KiiB to the a-radioactivity (this contribution assorts itself gradually), 
ascends by degrees, like the curve for in Fig. 13, in proportion as 
EaB produces EaC, hut not to a constant value, as did eai’lier, but 
to a maximum (on account of the limited life of EaB), and then gradually 
drops to 0 again. The sum of ilie ordinates of B and 0 has be(ui plothul 
as the curve L = B -f C and shows the activity of the who](‘ EaC that is 
present (namely that which is originally present and gradually dissociates, 
and the EaC which is developed from EaB). In actual m(*asui*ement we 
get the curve L + A = A + B -f C for the wholti activity. Its quick 
descent at the beginning betrays the presence of the conqjaratively shoi t- 
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lived component A (half-value time 3 minutes). Its lat(‘r more gradual 
descent points to components whose lives are longer (half- value time of 
EaB is 27 minutes, of EaC is minutes). The theory of decay gives 
us as the theoretical representation of this curve, A + B -f C, the sum of 
three exponential functions whose exponents are - X^.t and 

whose coefTicients de})end only on X^,. We must use analysis to 

find these three unknowns X^^, A,., A^.. The fact that this analysis is 
possible, that is, that the results of observation may be represented 
accurately by siiperj)osing three exponential curves with appropriately 
chosen exponents and coefficients, ])roves that only three components 
whose lives arc of the same order of length have contributed to the 
activity that has l^eerj measured. It may he remarked that in the pre- 
ceding case a direct separation of the products A, B, and C is also possible 
by physical and chemical methods. 
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These few examples of the observations furnished by radioactive 
researches conclude our note on the radioactive series of transformations. 
It is hoped that they will have given the reader on the one hand a picture 
of the simplicity and capabilities of the theory of decay, on the other 
hand an idea of the methods that have led to the genetic relationships 
recorded in Table 1. We have now only to touch on two points of more 
general significance. 

Our first question is whether radioactivity is a peculiarity of the heavy 
metals uranium and thorium or whether it is a general property of 
mattei'. The only certain fact that can be stated is that potassium 
and rubidium both exhibit a feeble' ^-activity. So that even if a high 
atomic weight doubtless favours radioactive decay, it is not the deciding 
factor for this activity. The assumption, that there are also genetic 
relationships between other elements and that they can be proved by the 
existence of radioactive transformations, is at any rate supported by the 
(^xample*s of K and Rb. It receives weight from the regular connexion 
between the atomic weights of the periodic system, to which we shall turn 
our attention in the next chapter. 

Then there is the second question : Whence does the energ}' of 
radioactive actions come? At the beginning of 3 we saw that the 
energy of the a- and /^-rays is many times more than that which any of 
our pi’esent technical means will allow 'iis to produce in the case of canal 
and cathode rays. When the rays are kept back in the prepared sub- 
stance, they produce and maintain an increase in the temperature of the 
substance, which is several degrees higher than that of the surrounding 
air. Tlu^ heat energy generated by 1 grm. of radium amounts to about 
100 calories per hour. A familiar problem of long standing asks how 
the energy which the sun loses by radiation is continually replaced. In 
this case, too, reference has been made to the apparently inexhaustible 
supplies of energ}^ derived from radioactive processes. ^Yhence does all 
this energy come? The answer is: from the interior of the atom, or, 
more precisely, from the innermost part of the atom, from the nucleus ” 
of the atom. We thus indicate the role which has to be assigned to 
rodioactivity in our tlieory of the atom. The sources of energy which 
thus make tlieir entrance into the outer world are of an order of magni- 
tude quite different from the energies of other physical or chemical 
clnirges. They bear witness to the powerful forces that are active in the 
interior of the atoms (in the nuclei). This inner world of the atom is 
generally quite shut oil from the outer world. It is not influenced by 
the temperature or pressure conditions that exist outside. It is governed 
by the law of probability, the law of spontaneous decay that can in no 
wise be influenced. Only as an exception is a door left open which leads 
from the inner world of the atom into the outer world. The a- and 
^-rays that are hereby emitted are emissaries from a world otherwise 
closed. 
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THE NATURAE SA\^TK]M OF ELEIMENTS 

1. Small and Great Periods. Atomic Weights and Atomic Numbers 

I N the l'<ic*e of tlu' inaoifold of elemoiits which wor(‘ hroii^lit to lij^ht hy 
the alchemists of the ^liddle A^es and hy the res(‘arch chemists of th<' 
ei^diteentli and niiu‘te‘('nt]i centuries the human intellect has ncvtM* <]uite 
lost the view that unity and order exist anh)n^ them. Tht old ])ostiila,te 
of natui’al ]diiloso})hy that there must he a common hasic siihstaiua* in all 
mattei* recurrt'd aj^^ain and aptin, particularly in tht‘ foian (^f Uiout'^ 
hypothesis ( 1 SI .j), because only the fullilmentof this condition could 
us’ hope that w(' should succeed in understanditi^' fully cluunical action. 

This ^^oal has assumed a more definite sha]^ sinc(' the discov<M'y of 
the natural or p(‘riodic system of the elements hy Eothar ^h'vei- and 
Mendeleef about 1S70. In this sysUun, as is well kn^iwn, th(‘ (‘lenauits 
are written dovui in the order of increasing atomic wt‘i^dus, tlu‘ scu’ies 
hein^' hrok(‘n otT a-t a])])ropriat(* points, (diemically r(‘lat(‘(I elements are 
written in the samt* veitical column, o.<^. th(' alkalic's, Ei, Na, K, Jth, Cs, 
in the first column ; the lialoixens, F, (!1, Ih’, in Column VTI ; since 1895 
(Raylei^di and It imsa\ ) the inert eas(*s, Il(‘, Ne, A, Kr, X, khn, hav(‘ 
become added as Column \’II[ (cf. Table 2). 

In ^^eneral, th(‘ number of the column is tin* sanu' as the ow^^tm- 
valency of the ehunents contaimul in it. Th(‘ vahmc-y incrt*ases hv one 
for every stf*]) from left to rii^ht in th(‘ jieriodic system. On the other 
hand, a differtuit kind of valency, the hvdro<^^(‘n-vah‘nc.\ . inc,i(‘ases in the 
periodic system from ri^dit to left; this is ])articularly ])ronounc(‘(l in the 
columns from \T[ to IV. As thf‘ oxy^am-valency incrc'ases th(‘ electro- 
jjositiva^ cluiractei’ (hasic nature) becomes siron^^cM- a?id ])asses ov(‘r into 
the electroneji^ative character (acidity). 

In this mode of ta.hulation the syst(*m of eUmuints sec-ms, (;xt(‘rnallv at 
least, to })e built up of periods of ei^ht. IVd’ore the discovery of th(' 
inert f(ases they were tiauj “octaves** in the musical sfmscs i.(*. ]H>riods of 
seven (Ncnvlands, 1894). The structure? in ])eriods of (?i^dit is, how<'V(M', 
only apparent, for thf* ]}eriodic system lias not so sim])le a jx'riodicitv. 
At the be‘ 4 innin^^ for examjih?, th(*re is a ])eriod of only two ekjinents (il 
and lie). Then there follow two p(ii*iods of iMj^hi, th(‘ two “ small ” 
periods of ei^ht exactly corresjjondinj^ elenu^nts. They are succ('(*(led by 
two “ great ’* periods of eighteen elements, which can he forcfal into the 
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scheme of series of eight only by somewhat artificial leasoning. As a 
matter of fact the alkalies, halogens, inert gas< s, and altogeth(;r the 
elements which exhibit exactly corresponding chemical hidiaviour follow 
one another after a further eighteen steps and are thus separated in our 
scheme by an intermediate series. By writing th('. terms on the right 
or left side of the individual spaces we succeed in making only those 
elements that correspond exactly lie in a vertical line. The fact that H, 
strictly speaking, belongs neither to the series of the alkalies nor to that 
of the precious metals, Cu, Ag, Au, is indicated by placing H in the 
middle of the space. Likewise C and Si are placed in the middle be- 
tween the two sub-groups of Column IV. It is to be noted, how^ever. 
that the elements that lie consecutively in the same vertical column 
but are not written in an exact vertical line, are related in certain ways, 
For example, Cu and Ag are univalent just like the alkalies in the same 
column ; Zn and Cd are divalent like the alkaline earths, and so forth. 
This “ secondary ” relationship becomes weaker at the end of the hori- 
zontal series, particularly in Column VI IT, in which we grou]) with the 
inert gjiscs the triads, Fe, Co, Ni, and Ru, Rh, IM, constellations of ele- 
ments that are interrelated among themselves, hut are ahsolntely dis- 
similar from the inert gases. It is only by uniting thes(* triads in one 
column that the number 18 of the great period cat\ bo ada])ted to lit 
the double number 2 . <S of the small })eriods. 

The great 2 )eriods are then followed by a very great pes-iod of thii ly-two 
elements which begins in the regular fashion with an alkali (Cs) and ends 
with an inert gas (Em). It, too, has its rejjresentative in (olumn ^’^I, a 
triad Os, Jr, Ft. But the whole series of rare earths (stretching from I^a 
to Tn,r), sixteen in number, will admit /lo periodicity and can in no way be 
inserted in the Columns T to VI 11. As we are dealing, in their cas(^ as well 
as in that of. the triads, with tilements that are closely related chemically, 
we may group them tog(*ther into a “ hexadecade ” (a group of sixte;en), for 
which there are two empty spaces in the ('olninns III and IV. If it wf‘re 
possible to pi'int them so, we should insert this hexadecade in Columns 
III and IV ; instead of this, liowever, they had to be ininted separately 
below. Written in this way the jjeriod of thirty-two elements also appears 
distributed among the spaces of two horizontal series, whereby exactly 
corresponding 63lements, separated by a horizontal row lie below the 
corres^jonding elements of the period of 18, thus W lies under Ci’ and 
Mo, Au under Ag and so forth. 

This greatest period is followed by a series of only six elements which 
end with the heaviest element uranium. But it is quite admissible to 
imagine this series continued, say to the number of thirty-two terms, and 
to assume that it is only due to reasons of instability that the later elements 
no longer exist. The facts of radioactive decay (cf. (Jhap. I, 7), indeed 
encourage the view that elements heavier than uranium are possible in 
themselves although they cannot exist under the conditions of our earth. 
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The periodic nuiril)(*rK 2, 8, 18, 32, with which w^e arc thus left may 
lined ly he written in the following somewhat cabalistic form suggested by 
Rydberg : 

2 « 2 . 8 == 2 . 2‘^ 18 « 2 . 3^, 32 « 2 . 42 . 

The newest reflections of Bohr, as expressed in his letter, “Atomic 
Structure,*’ in Nature (24th March, 1921), seem to show the w^ay in which 
this series of numbers is to be interpreted. To make their physical 
meaning clear he has written the right-h^nd factors in the following 
form : 

2 » 1 . 2, 8 = 2.4, 18 = 3 . 6, 32 « 4 . 8. 

When w'e write dowm the natural system of the elements in the order 
of increasing atomic w^eights; we find that at four points the natural order 
is transgressed. There is no doubt that w’e must write the inert gas A 
before the alkali K, although the atomic w^eight of the former is greater 
than that of the latter. Furthermore, Co must come before Ni and Te 
before J, in s])ite of the order of atomic weights. After the recent 
discovery of ))rotactinium w'c have the fourth exception, for w'e must set 
the series Th and Pa in the reverse order of their atomic weiglits. These 
necessary reversals of order have been indicated in the table by a double 
arrow\ The; m(?thod of X-ray analysis wdll remove these blemishes in the 
system and w'ill re‘S?rrc the natural order of the elements. This method 
will show’ tliat the atomic w eight is not the true regulative principle in 
the natural systeun, hut that it is only a complicated and as yet unex- 
])lain(;d function of the' true “atomic number” {Ordnu7ujiizahl), 

The I rue aiomir (or .series) wumher is .^impJ?/ the number which (jives the 
position of the element in the natural system, n hen due account is taken of 
chemical relatwn.ship.s in dechlimj the order of each element. In our table 
this mimbei- is printed directly before each element. 

By arguing on the basis of the periodic system it was possible some 
time ago to predict unknowm elements and to discover them subsequently. 
These are the elements bearing the national names, Gallium (1875, Leeoq 
de Boisbaudran), Scandium (1879, Nilson), Germanium (1886, Winkler), 
Polonium (1898, ^ladame Curie). The former three had been predicted 
by Mendeleef and their properties had been accurately described. 
Now’adays w’o can give the exact number, five, of the still existing gaps in 
the system by means of the method of X-ray spectroscopy. These have 
been marked in the table by a star. In conformity wdth the position of 
the missing elements, they should be called eka- manganese, eka-eka- 
manganese, eka-iodine, and eka-caesium ; the fifth iinknow’n element is 
situated in the group of rare earths. 

The atomic w^eights, wdth a regularity far exceeding the bounds set by 
the laws of probability, are integral numbers or very nearly so wdien 
referred to oxygen « 16. This integral jS'operty agrees with Trout’s 
hypothesis (that elements are composed of hydrogen atoms). There are 



certain exceptions (e.g. Cl « 35-46, and Cu « 63*67), but they are rare. 

We shall revert to tlu3se ex- 
ceptions and to their elimina- 
tion by V, W. Aston in the 
fifth section of this chapter. 
Whole numbers of the form, 
in and in -f 3, are particu- 
larly frequent, the former 
genoi'ally in e' en spaces, the 
latter in })la< s whore the 
atomic numI)o is (^Id. 

Thus, if w< compare an 
clomcMit with the next but 
one element, get for the 
dillerence of their atotnie 
weights as ji rule ap])roxi- 
mately four. llenei' th(* 
average inereast' in the 
atomi(‘ weight as wr ))ass 
from (‘lenuMit to ('leimuit is 
not one l)ut two. Or, in 
other words, f/ir ulomic. 
nwmJwr of the elenivuf doea 
not 0)1 f/tr arcrotn' coincide 
iritJh flic atomic irciijlif, but 
with the liiitf of the atomic 
weiifht. This riih‘ c(‘rtainly 
holds only at thi' beginning 
of the syst(‘m (as far as (!a) ; 
thenc(‘. onwards systeniatio 
deviations oeeiii' in tlie sense 
that the scan i -atomic weight 
increases mo)'e, i'a))idly tiian 
th(‘, atomic niimluu* and (‘x- 
hibits a gr(‘ater and greater 
(liiTeronce. As this rule will 
he of im])ortance in the 
following section we shall 
impress it on our minds by 
means of Fig. 1 6. 

For the sake of economis- 
ing si)ace we have marked 
off thti atomic numbers (the 
al)sciss!e.) alternately to the 
right and to the l<d‘t after 
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every twenty steps, so that the first branch of the line corresponds to the 
elements from H to Ca, the second to those from Ca to Zr, and so forth. 
The ordinates represent for the one part the atomic numbers themselves 
(continuous line), for the other part half the atomic weights (crosses). 
We see that the latter, in the mean, increase to the same extent as the 
atomic numbers, but that with the exception of the lowest branch they 
lie above the corresponding points of the atomic numbers, the difference 
increasing as the atomic number increases. Thus our diagram gives us a 
picture of the above-mentioned complicated relationship between atomic 
weight and atomic number. 

Concerning the arrangement of the periodic system in our table, it 
cannot fail to be recognised that it is in many ways arbitrary. We have 
already pointed out the arbitrary nature of the eight columns into which 
we could insert tlie great periods only by force, as it were. A further 
arbitrary adjustment consists in having placed the eighth column on the 
right, next to the seventh column. As is often done, we may place it as 
the 0th column in fioiit of the first on the left. The 0th column would 
then contain tlui elements of “valency zero,” that is the chemically inert 
gases (at the same time, however, it would contain the triads, which 
have in a certain sense a high valency, unless we renounce the grouping 
of th(3 ti’iads and ii'ert gases in one column ; but then this grouping seems 
veiy plausible, inasmuch as the one row fits so well into the gaps of the 
other and thus completes the whole structure of the j^t^riodic system). 
By some, physicists the inert gases have been placed into the middle 
column of the table ; this has the advantage that electropositive elements 
are on the right and electronegative elements link up on the left. As is 
self-evident from the. cyclic character of the system, the table may l)e 
split at any vertical row and then joined at the former edges. 

To dispose of this arbitrariness, the table is often imagined written, not 
on a plane, but on a cylinder (Chancourtois, Lothai* Meyer, Harkins),* 
whereby the secondary relationships within the great periods and the 
departure of the rare earths from periodicity is exhibited very well by 
passing from the surface into the interior of the cylinder at appropriate 
points. Hepresentations in which plane spirals are used have also been 
suggested. It must be clearly understood that the arbitrariness concerns 
the type of description but not the essence of the matter. In spite of the 
manifold nature of the elements, the relations between them follow in 
logical sequence. 

The general doctrine, however, that we derive from our consideration 
of the natural system is that which we stated at the beginning of this 
chapter. 

The atonos of the various elements are not different by nature huty in 
virtue of the uniform connexions which exisk between theniy they must be 

* William D. Harkins and R. E. Hall, American Chemical Society, 38 or 

Zoitsclir. f. anorgan. Chcmic, 97, 175 ( 1910 ). 
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similarly constituted and must be built np of identical units. This gives 
the lie to the name atom, which signifies indivisible. We now seek to 
penetrate into the interior of ihe atom. 

2. Nuclear Charge and Atomic Number. The Atom as a Planetary 

System 

The absorption of cathode rays and the dejjendence of the absorptioii 
on the velocity suggested to Ijenard, as we remarked above ((^hap. 1, §3), 
as early as 1903, that matter has a perforated structure and that only a 
vanishingly small part of the space occupied by it is impenetrable by 
rapid cathode rays, whereas the whole remaining space allows them to 
pass freely. (We shall call this the Nuclear Theory of 

I Matter ; Lenard called it the Dynamide Theory.) 

Ten years later Hutherford was led tt' the same 
conclusion, expressed in a quantitative form, l)y experi- 
ments on the scattering of a-rays. In passing througli 
thin metal leaves a bundle of a-rays at lirst undergoes a 
general scattering, which is distributed in conformity 
with the laws of chance. Just as the shots from a gun 
at a target, so the points of impact of a-particles cluster 
about a mean position of greatest pit)bability, the elonga- 
tion of the incident beam of a-particles, and occur less 
and less frecpiently in all other directions as we move 
outwards from this mean position. A lliiorescent screen, 
such as is used in spintliariscopes, allows us to observe 
the impact of individual particles owing to the scintilla- 
tion produced. But there are occasional de})artures from 
the incident direction, which amount to as much as 150 ”, 
and wdiich seem contrary to the laws of chance. They 
are few in number (e.g. in the case when platinum is the 
scattering leaf and a-rays from radium G are used for the 
scattered radiation, they amount to 1 in 8000 of the 
Fig. iC. incident particles), but this nimilier is much greater 
than is to be expected according to the law of scatter- 
ing for small angles. Hutherford* and his collaborators, Geiger and 
Marsden,t made an accurate investigation of the distribution of these 
abnormal deflections among the various angular segments for a series of 
metal laihina), using a-rays of various velocities. We have met with 
corresponding abnormal deflections in Wilson’s photographs, in the form 
of hooks at the end of the paths of the a-rays produced, not by atoms of 
metal, but by air molecules. We reproduce in Big. 16 the picture of a 
particularly striking case (this is an enlargement of a portion of our 
former picture, Fig. 3 b). 


' Phil. Mag., 21, CG9 (1011). 


t Ibid., 25, COl (1018). 
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What has happened to the a-particle at this bend ? Rutherford traces 
the effect back to very intense electric fields that start out from a veiy 
small element of space, the “ nucleus.’* Since the magnitude of the 
abnormal deflections increases with the atomic weight of the deflecting 
element, the intensity of the deflecting field must also increase with the 
atomic weight. If we consider the field produced by a 2 Joint-charge con- 
centrated in the nucleus, and if we supjjose this charge to act according 
to Coulomb’s law, we can calculate the magnitude of the charge that 
is necessary to account for the observed deflections. At the suggestion 
of Rutherford, Chadwick* has made very careful measurements of the 
deflections caused by thin lam into of Pt, Ag, and Cu, and hasi succeeded 
ill determining with an accuracy which allows an error of aliout 1 per 
cent the charges tliat must be assumed in the corresjjonding nuclei. lie 
gets the numbers 77*4, 46*3, and 29*3 for Pt, Ag, and Cu respectively, 
these numbers giving multijjles of the elementary charge e. These 
numbers agree, within the limits of error, with the ^^osition of the cor- 
resjjonding element in the periodic system, namely, with the atomic 
numbers 78, 47, and 29. Thus we follow Rutherford in enunciating the 
fundamental thesis : The nuclear chanje is equal to the atamic number 
numerically. If in the general case we designate the atomic number by 
Z, then the nucleiu' charge of each element is Ze, the nuclear number 
being Z. 

The nuclear charge, in itself, might just as well be negative as 
positive, that is, the deflections might be regarded just as well as due to 
attractions instead of to rejDulsions. But our general observations about 
ions and electrons lead us to decide in favour of the positive sign for the 
nuclear charges. For the nucleus must possess not only a considerable 
charge but also a high resistivity, that is, must have a great mass in order 
to bring about the great deflections of the a-^^articles. Now it was the 
2 )Ositive charge (cf. 5) that was, by nature, associated with 
gravitational matter, whereas the negative charge was a projierty of the 
light and mobile electron. Electrons, as centres of negative charges, may 
he adduced to ex]jlain the small deflection in the regular scattering, 
whereas we must fall back on the heavy positive nucleus to explain the 
abnormal deflections. 

We thus arrive at the following summarised statement. The imitively 
charged a- 2 )articlc is reqjelled by the qmitively charged nucleus y if it jmsses 
exce 2 )tionally close to the latter. In the neighbourhood of the nucleus there 
is an atmosphere of mgative chargeSy electronSy by which the a-particle is 
attracted. These attractions, which are supei’posed according to the laws 
of chance, explain the regular scattering of slight angular deflccticiiy whilst 
repulsions explain the comparatively rare bends of great angle. 

Observations of a-rays also allow us to^ make deductions about the 


Phil. Mag., 40, 734 (1920). 
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size of the nuclei. The distribution of the deflections among various 
angles was calculated by Eutherford and Chadwick on t'le assumption 
that the nuclear charge is concentrated at a point, So far as the ob- 
served deflections agree with those calculated, they thus show that the 
size of the nucleus did not interfere with the paths of the particles. The 
greatest deflections that have been observed thus give us an upper limit 
for the possible size of the nucleus. In the case of gold, Darwin * has ob- 
tained a value 3 . 10~'- cnis. ; in that of water he obtained 2 . 10*^‘‘ orns. 
This estimate by no means precludes the nucleus from being actually 
smaller, but it cannot be larger if a disagreement with the observations of 
tt-rays is to be avoided. We may thus at least aflirm with certainty that 
the nucleus (as also the electron, see p. 12) can be at most (\f sub-atomic 
size. 

On the whole, atoms must he electrically neutral. Consequently the 
number of electrons t per atom must ecjual the numlKjr uf elenientary 
positive charges concentrated in the nucleus. Hence we get our second 
thesis. 'The atomic number is equal to the nuclear chan je {nutnericalhj), 
and both are equal to the number of electrons around the nuclcns. 

This thesis is supported by a result arising from the theory as well as 
from the measurement of Ebntgen radiation : this result is the value 
found for the amount of scattered radiation per atonr As we saw earlier 
(Chap. I, § 5, eqn. (13j), this amount led us to conclude that the numhtu’ 
of excited electrons per atom that emit scattered radiation is ecjual to half 
the atomic weight. Whereas in the case of optical waves only the out- 
side or loosely bound electrons (so called dispersion or valency electrons) 
are perceptibly excited — the inner electrons are too rigidly fixed to be 
affected by tlie optical excitation to which they are exposed — the X-rays 
which are of high frequency, affect the inner electrons (thostj nearer the 
nucleus). The above result about the scattered radiation was inteipreted 
earlier as follows. The total number of electrons in the atom is aqyproxl- 
matelij equal to half the atomic weiqht and is exactly equal to the atomic 
number of the element ; tliis accords with Dig. 15 of the previous jjara- 
graph in which we saw that the atomic numhej' is approximately equal to 
half the atomic weight. 

So far our theses are su])ported by comparatively meagre observations. 
In the next chapiter the facts given by the X-ray S])ecti’a will furnish us 
with much stronger evidence. Assuming these results for the moment, we 
aflirm : for each step forward in the periodic system of the elements the 

* C. Cr. DarwiiJ, Phil. Mag., 27, 506 (1014) ; cf. lluthcrford, ibid.^ 404 (1014). 

+ 111 more accurate language, wo mean the mimher of electrons present in the 
atom outside the nucleus. For, later, the facts of radioactivity will coiniiol us to 
assume that there are also electrons in the interior of the nucleus. In determining the 
nuclear charge these arc subtracted from the irositive charge present. Hence “ nuclear 
charge ” denotes, not the positive charge of tho uueleus, but the aUjebraic sum of the 
positive charge of the nuclear matter and the negative charge of the electrons contained 
in the nucleus. For further remarks see § 6 of this chapter. 
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/(^lear charge grown by one unit and the nuclear mass becomes increased 
by approximately two units. For since the electrons contribute only a 
vanishingly small amount to the atomic weight, the latter must be repre- 
sented essentially by the mass of the nucleus. And further : each element 
in the jyeriodic system contains one electron more than the preceding element 
(we do not here take into consideration the nuclear electrons mentioned 
in the last foot-note). 

The question arises : how can the electrons of the atom maintain 
themselves in opposition to the attractive action of the nuclear charge ? 
Will this action not cause them to fall into the nucleus ? The answer — a 
possible one which is particularly simple and satisfactory — is furnished 
by the conditions of the solar system. The earth fails to fall into the sun 
for the reason that it develops centrifugal forces owing to its motion in 
its own orbit, and these forces are in equilibrium with the sun*s attraction. 
If we transpose these ideas to our atomic model we arrive at the following 
view. The atom is a planetary system in which the planets are electrons. 
They circulate about the central body, the nucleus. The atom of which 
the atomic number is Z is composed of Z planets each cluirged with a 
single negatirc charge, and of a sini 
charged with Z posit ire units. The 
gravitational attraction, as ex])ressed 
in Newton’s law, is represented by 
the electrical attraction as given hy 
Coulomb’s law ; these laws are alike +2e 



in form. There is a difference in that Pjq 27 . 

the planets repel one another in our 

atomic microcosm — likewise according to Coulomb’s law — whereas, in 
the case of the solar macrocosm they undergo attraction not only from 
the sun Imt also from themselves. The fact that the dynamical laws — 
we just now introduced them in using the popular expression, centrifugal 
force — hold in our microcosm just as exactly as in the astronomical 
macrocosm, will be fully exhibited in all our later discussion. 

Bearing in mind the picture of the planetary system, let us once again 
consider the phenomenon of a-ray deflection. We shoot an a-particle, a 
comet, through our planetary system. In general it pursues a rectilinear 
path (as is shown in the top and bottom paths of Fig. 17) and is attracted 
(scattered) only slightly by the nearest small planets. But if it strikes 
the sun directly or passes near by (central path of Fig. 17), it undergoes 
a comparatively great and immediate repulsion. It then describes a 
hyperbolic orbit, in the focus of which is the nucleus ; the angle of 
deflection is equal to the angle between the two asymptotes of the 
hyperbola. 

This astronomical description of the phenomenon hints, too, at the 
method of calculation, and Rutherford was^ the first to apply it in the 
discussion of the measurements of a-ray deflections and on it he founded 
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his nuclear theory. The historical remark must he added that van den 
Broek * was the lirst clearly to formulate the idea of a nuclear cha^’^i^e 
increasing with the atomic number and of the electronic number, and he 
substantiated these ideas with chemical facts. 

3. The Simplest Examples of Atomic Models. 

1. The hifdroffcn atom (Niels Bohr,t 1913). The simplest atom is the 
hydi’Ojii^en atom ; for this, Z = 1. It consists of a nuclean with one positive 
rhan/e, and of an electron that revolvea about thU nuclem. In IH 
we have desij.^nated by ♦ the nucleus as the centre of thti lines of forc(.*. 
Three circles have ])een drawn as examples of the path of the, revolving 
electron. The sense of revolution is of course arbitrary, as is also the 
position of the plane of the orbit in space. It seems at lirst as if thf^ size 
of the circles is arbitrary. For we may make the electron lain alonjj; a 
circle of any radius whatsoever as lon^- as we j^ive it a velocity such that 
the centrifugal force due to the revolution exactly balances th(^ atti-action 

due to th('- nucleus. Nevertheless, wo 
atlii'in that actually only ceitain dis- 
crete values of the radii of the* orbits 
may occur wlum the atom is in a 
stable condition. Wo indicat.t‘ this in 
the ligure by inArlvin*^ the radii 
a.^, which ai(‘ to be renai’ded as of 
definite len^^ths ^dven l)y a caa'tairi law. 
(This will be discussed in the follow- 
ing section.) .Vt any ratt* the motion 
must encounter no refilatancr if station- 
ary orbits ar(i to be ])Ossible ; in our 
case, this means that no rudiation 'tnaij take place. 

Wo observed in C^iapter T, ^6, that the accelerateid eIi*cti‘on radiates 
enei’^w of an amount depending on its acceleration. Uniform rotation is 
an acetderated motion (since the direction of tlui velocity is altering con- 
tinually, although its magnitude remains unalter(;d). So that according 
to classical electrodynamics a rotating electron must also Ih'. radiating 
energy. Hence* our atomic models delib(*rately contiadict ordinary 
electrodynamics, as far as tlie radiation of enei-gy is concerned. 

These two })Ostulates that th(^ orbits be discrete and fret^ from i-adiation, 
not only in the case of the hydrogen atom but also in all others, seem at 
first rather bizarre. ]hit they are (juite indisp(‘nsable and arci supported 
by two fundamental facts : the discrete ne.sfi and sharpness of the spectral 
lines on tlie one hand, the ej’istence and permanence of the aUrms on 

* Pbysik. Zeitsebr., 14, 32 (1013). 

fTho writings of liohr that laid the foundation to this theory appeared under the 
title: “On the Ooiistitutiou of Atoms and Moloculos,” 1013, in Phil. Mag., 26, 1, 
467, 857. 
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the other. We postpone the discussion of all sci’uples against these 
postulates till later when we deal with the ideas of the quantum theory. 

In S 6, Chaptei* I, we sketched one branch of the quantum theory ; the 
general introduction will he given in 1, Chapter TV. Whereas in Chapter 
I we limit ourselves to the ])henomena of radiation, we shall in the fourth 
chapter a])i)ly the (juantum theory to any mechanical motions whatsoever, 
setting up definite rules according to which certain oi'bits will possess a 
unique character among all jjossihle ones. According to the nature of the 
motion these rules will be concerned with the energy or with the moment 
of inoinentuin, with the form or with the position of the orbit. In the 
first cas(j they make the energy, in the second the moment of momen- 
tum, and so forth, consist of an integi-al number of elementary quanta of 
the corresj)onding quantity. According as we set this number, which 

we may call the quantum number, equal to J, 2, 3 we obtain a 

discr(^te series of quantum paths or orbits, which thus corres]jond in turn 
to the disci-ete. series of whole numbers or integers. The quantum theory 
asserts that all these (juantum orbits are stationary states of motion, that 
is that they are traversed without radiation being emitted. 

In the matter of discrete orbits our jjlanetary system of atomic 
dimensions difbu’s decidcnlly from the solar system.* In other respects, 
however, the analogy may be carried further, as follows. Just as in 
the solar system the genei-al motion of the electron about the nucleus is 
an ellipse, at a focus of which the nucleus is situated ; but those “ Kepler 
ellipses,” further, form a discrete series, the members of which are 
chai’acterised ai'ithmetically by quite determinate eccentricities and 
major axes in conformity with quantum conditions. Hut these are details 
of th(i model, the existence of which we shall only be able to demonstrate 
mucli later (in the last cha])ter, when dealing with tht‘ hydrogen doublets). 
For the prestmt it is sullicient to imagine exclusively circular paths as 
d(q3icted in Fig. 18. 

Concerning the appearance of these various circular oihits we may 
already here remark the following. The innermost orbit (radius Uj in the 
figure) is the most staide ; as a rule the hydrogen electron is to be found 
in this orbit. Hy excitation from without (heat motion, electric fields, 
collisions) the electron is occasionally removed into one of the outer 
orbits (radii (/-.j, . . . in the figure), which it also traverses as a stationary 
orbit, but with less staliility. When left to itself it falls earlier or later 
hack into the innermost orbit or, more generally, into one that is situated 
further inside. It is only during these transitions that energy is radiated 
out, namely the diiference of energy in the initial and the final path of 
the (dectron. 

* In drawing this comparison wo feel eomjwllod to mention tlie well-known rule of 
Titius lk)de, wliicli assorts tlmt the radii of the planetary orbits are approxi mat-el y 
connected by a simply arithmetical relation. We decline to ri'gnrd this as a iwsult of 
the quantum theory or to compare this rule with our laws which give discrete atomic 
orbits. 
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The hydrogen atom is the prototype of all further atomic models, and 
the whole theory of spectral lines has been developed froin it. The reason is 
easy to grasp. Only m the case of the hydrogen atom are we dealing with 
the simple case of the problem of two bodies ; in the case of all other atoms 
we meet with the notoriously ditlicnit problem of thi*e(j bodies or inoro. 

2. The hydrogen ion. Still simpler than the hydrogen atom we find 
the hydrogen ion, which bears a single positive chaige. ft is so simple 
that we approj)riately disjjense with a pictorial re])resentation of it. 
After it has lost its only electron it consists solely (f a solitary nucleus of 
ranishingly small .spatial dimensions as cirmpared with atimiic dimensions. 

We might find a connexion h(‘tween this special constitution of the 
hydrogen ion and its unusual mobility in electrolysis, arid with its activity 
in acids --we could well do this, were, it not that there are several other 
ions, e.g. the hydroxyl (Oil), that likewise pos:.e.ss unusually g^ ^»at mohility, 
ions whi(;h undouhtc^dly have a more extended constitution. AForeover, it 
is known that the electrolytic ions are loadcal with multiph^ water mole- 
cules (or, more generally, with moh'cules of the solvent). Hence the real 
hydrogen ion, as it occurs in electrolytes, is by no nu'ans of suh-atomic 
dimensions but is an extended com})lex. 

On the other hand, another inference that may be drawn from the 
constitution of the hydrogen ion is well founded : it is impossible to picture 
as a physical reality a. hydrogen ion citrrying two positive charges. If a 
chemi^^t should ever succeed in producing such a one, we should he com- 
pelled to declare all that follows in this hook to be falsi‘. In his analysis 
of canal rays, .f. J. Thomson * has actually never found doubly ])Ositively 
charged hydrogen atoms (just as little as trebly positive helium atoms), 
whereas in tln^ case of mei'cury positive charges up to eight units occuri’ed 
(cf. Chap. I, ii 3). Tin* impossibility of having a hydiogen atom with a 
double ])Ositiv(! charge is connected with th(‘ gemn-al diffei'ence between 
positive and negative charge.s, which was tunphasiseal at the end of Chapter 
I, 4 ; a negative charge may be increased to any extent, a positive charge 
only to a certain limit, namely, to that at which all electrons have been 
removed from the atom. 

3. The neutral helium atom. “ Jlier stock' ich srhon, wer hilft mir 
tveilcr fort," says lAiust. This atom would have to consist of a doubly 
charged positive nucleus, the “ Indium nucleus,” four times as heavy as 
the hydrogen nucleus, and two electrons. Hut how do the electrons 
rotate around the nucltais ? Here we stumble over the three-body 
problem. 

* Sir J, J. Tlioirjsfjii, Hays nf J'ositiva Klcciru it y, Jjonginans, (jrccii it Co., 19:il. 
Thomson omp})a.sisos the (•(•rUiinly of this sUitemont l)y tho following words oii p. 53 
of tills book: “No hydrogen atom witli more liiaii oiu; charge has ever been 
oViserved, though us the iiydrogeii lines occur priudically on eviiry ])laie mor (3 obser- 
vations have been made on the hydrogen lines than on tlioso of any other element.” 
'Idle n<m-uxisbence of il' ’ was first proved by W. Narnmcr, contrary to Sir J. J. 
Thomson’s assertion (Ann. d. Thys., 43 , f>8G, 19H), and was only later taken over by 
the latter. 
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Niels Bohr, directly extending his hydrogen model, hasNSuggested for 
the He-atom the model represented in Fig. 19. Two electrons are to 
rotate at opposite ends of a diameter about the nucleus on the same 
circle, and hence at th(* same speed. Unfortunately, for various reasons, 
this picture may no longer be regarded as true. It would behave para- 
magnetically in a magnetic field, whereas real helium is diamagnetic. If 
we calculate the work that is necessary to detach one of the two electrons, 
the so-called “ work of ionisation " or ionisation potential (if it is 
measured in volts), it conies out to be too great (28*8 volts instead of the 
observed value of 25*4 volts, cf. Chap. VI, S3). As regards dynamical 
behaviour, our model is unstalde with res])ect to certain perturbations, 
and is unable to continue existing when sulijected to certain compaia- 
tively minor influences, and so forth. It seems rather that, according 
to the optical behaviour of He gas, as has been observed during ordinary 
refraction of light, in the real atomic-model of helium one of the two 
electrons must form a close bond with the nucleus, so that the other 
electron can circulate around both as in the case of the hydrogen atom. 
The inner system then acts on the external electron with an “ elfective 
nuclear charge ” of 1, that is, with the positive excess of charge : 
+ 2 - I = + 1. The exact position, however, is still 
a mystery, which will be solved only when the numeri- 
cal explanation of the spectra of neutral helium has 
been found. Obviously, to overcome the extraordinary 
mathematical dilViculties, new methods will have to be 
thought out. We hope that these are already available 
in Bohr’s newest ideas al)Out atomic structure.* 

4. The ionised heliiun atom. On the other hand, 
the positively charged helium atom, the He'^-ion, which 
has been deprived of one electron through electrical or thermal agency, 
is very simple. Consisting of a doubly chanjed nucleus and one electron. 
it Is represented by the same picture as the hydrogen atom. Tiike the 
latter, it thus also comes under the scheme of the two-body problem. 

It ditlers from the H-atom only in size. It is easy to understand that 
the two-fold attraction of the He-nucleus on the electron diminishes the 
orbit of the rotating electron as compared with that of the electron that 
rotates around the singly charged H-nucleus, and, indeed, it is reduced to 
one-half the size (cf. the following paragraph). Hence, we may again use 
Fig. 18 as a picture to represent the He+-ion, but we must consider the 
nuclear charge increased to 2(j, and the radii decreased by one-half. 

In the theory of spectral lines ionised helium has become of great 
importance, and has shown itself superior in some respects to II. The 
broad outline of the theory has been developed and confirmed by the 
spectrum of H, whereas the finer details hiwe been suggested and proved 
by the ionised helium. 

* Cf. N. in tho letter called “ Atomic Structure," in Nature, 24th March, 

1921. 
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5. The tt-ray particle. The next picture, that ot doubly ionised 
helium, the helium atom with two positive elenu ntary ehar^^f's, is very 
characteristic and satisfactory. It is, like the simply positive hydrogen 
ion, a mere nucleus without real extension. The unique part played by 
this system as an a*particle in radioactive phenomena now becomes 
clear. The enormous penetrative power of a-particles, their cornet-like 
intrusion into the planetary systems of foreign atoms, their double positive 
charge, which corresponds to the loss of all electrons in the helium, the 
non-existence of three-fold positively charged helium, give it a special 
role. In addition, the circumstance that, hitherto, a characteristic light 
emission of d-rays has never been observed, speaks in favour of our 
model. In the first chapter we spoke of the lumim'sceiu^e of canal i*ays 
and of the similarity of natuie betwt^en canal ra\s and a-rays. Tins 
similarity, as we now see, cannot extend to the luniint-^ience. AVe are 
acquainted with helium canal rays that consist of neiitial a..>l also of 
simply ionised helium atoms. These are ^‘cognised, among olliei- 
methods, by the characteristic lines that tluy nidiate out. To rt‘iub‘i* this 
emission of spectral lines possible', there must ho ])resent at least oiu* 
electron, which alters its position during the process of emission. Ihit 
the doubly ionised lielium atom is devoid of t‘l('ctJX)ns, and lienee of the- 
means of ratliating. It becomes immediately obvious tliat tiu* helium 
nucleus, in ti-avelling as an a-rav tlirough the atmos])}i('re or other mattei- 
with it.s enormous velocity (almost • velocity of light), cannot eariy an 
electron with it on the way or draw one to itself. 

It must also l)e mentioned that already in Fig. 17 we have made use 
of the exceedingly minute siz('. of the a-])article. Wluai, arguing from this 
figure, we derived an ujiper limit for the nuclear size of an atom, 
deducing it from the deflection of a-ray comets, w(* assumed tacitly that 
the a-particles could bt.* juslitiably treated as jioints. In more coirect 
language, this determination of size gave us the sum of tluj nuclear ladii 
of the atom in (piestion and of tlie helium atom. Inasmuch as the sum 
was found to b(i siih-atomic, it was clear that, Ix'sides th(‘ atomic nucleus 
under consideration, the a-j)ai’ticle itself can have no appri'ciahle siz(‘. 

Whereas scruples may b(i raised against tlu^ lat(U’ spectral (ividence of 
our atomic theory, on the ground that it recpiires div(*rse th(*oretical inter- 
mediatf* steps, the. observable propei’tie.s of the a-particle follow dii'ectly 
from our fundanuuital views of nuclear charge and nuclear size, of atomic 
numbe*.r, and th<i number of associated electrons in the atom. 

Our picture of th(3 a-particle is so convincing that it seems justifiable 
to infer from it that there is no gap between hydrogim and helium in the 
periodic system. In the upper strata of the atmosphere, and in stellar 
nebulae lines have been found that scientists have hithfirto not been able 
to ascribe to known elements, hut that seem to hint at elements having 
an atomic weight of 2 or (Nebulium, Goronium, and Protoliuor).* The 

* Bourget, Fabry, and BuLsson, Compb. rend., 158, i017 (1914) (Phe^-ograpbs of the 
nebula of Orion). 
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exi'^fceiice of elements l^etween hydrogen and helium has been demanded 
on certain alleged grounds of chemical systematics. (Rydberg concluded 
th;it there were two such elements ; G. Schmid that there were three.) 
These inferences, which are quite uncertain in themselves, seem very 
doubtful in the light of our system of atomic models. If there were two 
or three new * elements between H and He, then He would not have a 
nuclear charge 2, but one of 4 or 5. But then the a-particle would not be 
a mere He-nucleus, but one with two or three outer electrons. But this 
would be irreconcilable with our general experiences of a-rays. An exact 
mathematical analysis of a-ray spectra also speaks against an increase of 
the atomic number Z of all the heavier elements by even a few units, and 
this would be necessary if unknown elements were inseited at the 
begin rdhg of the natural system. We shall, therefore, regard it as proved 
thatihelium has the atomic number Z = 2. 

. Xi. The Li-atom. It consists of a trebly charged nucleus and of three 
electrons that rotate around the nucleus in certain orbits unknown to us. 
Probably one of the electrons is situated at a relatively great distance 
from the nucleus. We surmise that this is generally true for the alkalies 
on account of their great atomic volume (cf. S 7 of this chapter) ; the 
other two electrons would then form a more intimate i>ond with the 
nucleus. 

Nor can anything very exact be said about simply ionised lithium. 
Its orbits, just like those of the neutral helium atom, come into the 
category of three- body problems. On the other hand, the doubly ionised 
lithium atom is exactly of the hydrogen type : it is a triply charged 
nucleus with one electron rotating around it in orbits that are a third as 
great as those of the hydrogen electron. It would he very well worth 
while for some one to prepare this doubly ionised helium and to measure 
out its spectrum. To achieve this, we should have to bombard lithium 
with the strongest means available (by canal rays). The superiority 
which we above claimed for He*' as a test of spectral theory is possessed 
by Li- ’ to a still greater degree. Without doubt, experimenters will 
succeed in finding ways and means of realising this state of ionisation of 
lithium. 

Finally, triply ionised lithium is a mere nucleus that gives rise to no 
spectral phenomena at all. 

7, The atoms of the heavier elements. As the number of electrons 
increases so do the difliculties that oppose themselves to the theoretical 
synthesis of atomic structure. In the case of the N-atom we should 
have to describe the position and motion of seven electrons, in that of the 
0-atom eight, and in that of the Uranium -atom we actually have to lit 
ninety-two electrons into definite positions or orbits. 

For the present we shall have to rest satisfied with asking general 

* The existence of “isotopes” of H or He of ^omic weight 2 or 3 (cf. § 6 of this 
chapter and also G) is not excluded by these remarks. 
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questioas concernfng the arrangement of the electrons. Are the electrons 
subdivided into groups ? Do they form rings that surround the nucleus, 
or shells arranged in space? Do the rings lie in a plane or are they 
inclined to one another? Or have the shells a symmetrical form ? What 
is the number of innennost electrons in the atom ? How many electrons 
are to be found in the outermost region ? We shall see that several of 
these questions, even at the present stage of our knowledge, will receive 
a more or less definite answer. Whereas the questions concerning the 
innermost shells of the atom will be dealt with in the next chapter, 
which is concerned with the theory of X-rays, the (juestions about the 
constitution of the electronic envelope is to he treated in connexion with 
the natural system of elements, that in this chapter. 

In reviewing the substance of this section we cannot hut i(‘gr(‘t tin* 
comparatively scant number of atomic models tliat have hitherto hf^eri 
established as certain. We feel quite su^c about th(5 ii odel of the 
hydrogen atom and of tlie very similar atoms, and Li ■, of which 
the latter has not yet hetm made accessible to (^x])eriment. (V)mM‘i-ning 
the neutral He-atom, the atom of Li^ and the heavier atoms, w(‘ have 
been able to make only provisional and insullicient assumptions. 

To the future falls the task of working out a complete topuloi/fj of the 
interior of tlie atom and, beyond this, a system of mathematical clicmistry, 
that is, one which will tell us the exact position of th(‘ electrons in the 
atomic envelope and how this qualifies the atom to form molecules and 
to enter into chemical compounds. 

The subject of mathematical physics has been in existence for more 
than one hundred years ; a system of mathematical chemistry tliat can 
achieve what we have just mentioned, that can shed light on the still 
very obscure conception of valency and can, at least in typical cases, 
predict the I’oactions that must occur, is only on the point of being 
ci'eated. 

4. Auxiliary Mathematical Reflections. Molecular Models 

To begin with, we shall supplement quantitatively what we have said 
about the hydrogen atom. 

Let be the radius of the smallest circular orbit that, according to 
Bohr, the electron can describe about the hydrogen tiKcleiis, or, let be 
the radius of the first Bohr circle as we shall call it. In addition to this 
first orbit it can move in the secotid, third, . . . Bohr circle. The 

radii of the iattei* ai-e : 

a., ~ 2'^ . a.^ — 3'^ . (i\ a„ = ?i- . . . (1) 

We shall use the same terminology as that used in (1) of the preceding 
section and shall call n the quantum number of the circles under con- 
sideration. We then, in general, call the Jhlor circle the qiu^ntum 
orbit. 
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In the case of the ionised helium atom, as in that of the doubly ionised 
lithium atom, and so forth, the corresponding radius is only one-^lf, one- 
third, ... as large as that of hydrogen on account of the double, treble, 

. . . charge of the nucleus. The proof of this as well as of (1) will be 
furnished later in Chapter IV, § 3. In general the radius of the Bohr 
circle for a nucleus with a Z-fold charge around which one electron 
rotates is given by 


For the sake of later applications this formula must be extended in two 
directions. 

{(i) Let the nucleus be surrounded by a certain number of electrons, 
say p ; sup])ose there is a further electron at a comparatively great 
distance away. This external electron is to be considered moving in such 
a way that in a certain circular orbit it is in dynamical equilibrium under 
the comI)in(*d influence of the nuclear attraction, the repulsion of the 
inner electrons and its own centrifugal force. (The same may be 
assumed for the inrier electrons.) Then the force that acts on the outer 
electron is no longer the whole nuclear charge Ze but the “effective 
nuclear charge" : 

['e " pe = 7j,^. e Z,^ = Z - p . . . (3) 

(b) Further, suppose* that in the outer orbit there is not one electron 
but q, which are distributed at equal distances on their common circular 
orbit. Then, not only do the p inner electrons act as a screen, but also 
the q outer electrons, the latter, of course, not with the full electric force 
corresponding to their total number q but only with a fraction of it, 
which we shall call This 

fraction may be calculated, as 
we shall presently sho\y, for the 
general case by an easy method. 

For the present let the hint 
suffice that the repulsions which 
the q - I electrons exert on the 
remaining electi’on combine in 
pairs to form resultants, which, 
when continued backwards, 
pass exactly through the nu- 
cleus (cf. in Fig. 20 the re- 
sultant PR, which is composed of two equal repulsions PQj, PQ.j that 
are images of one another in an imaginary mirror along PR). For an 
even value of q (in the figure, q = 6) there is, in addition to the 
symmetrical pairs of electrons, the one diametrically opposite to the one 
under discussion, and this one exerts a repulsion along PR. In the 
case of both odd and even values of (/, the total effect of these repulsions 
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can lead to nothing more tlian a weaktming of tin* nuclear attiaction, 
that is, a furtiior screen-ellect that must he added to (‘1). In place of (if) 
we thus get the effective nuclear charge 

= Z - - .v, .... (4) 

and in place of (2) we get for the radius of the ?i‘‘‘ Bohr circle, in which 
our ring of q electrons can circulate, 


(c‘) Our next step is to calculate arithmetically the quantity h,, intro- 
duced into (4). Let n he the number of electrons and a the radius of th(? 
^ 2 ring. Kach two neighbouring elec- 

trons are separated from one another 
/ by a distance that subtends the angle 


L 


II ~ at tlu‘ centre. 1 lence an initial 
n 

electron V is se])arated fiom tlie 
(/»• -f I j*‘‘ t‘lectron (/ by an angl(^ 


In Fig. 21, the half of this angle, if 
Tj fhe triangle OFM, allows us 

to calculate lialf tlu‘ distance Ix^twiaui 
our first and our {k -h 1)”' (declron, that is to calculate 

I . . '^k 

*= a s)n (3 n sin ^^ . . . ((>) 

Accoi'ding to Coulomb’s eieimnitarv law, two charges n and e' se])arated 


by a distance r act on one another with a forci* 
foi'ce which (exerts on V in the direction QF is 


Accordingly, the 


4a- sin- 

II 

l^o form the resultant, howeveu', we do not need the whohi force but 
only its component FF' in the direction of OF. This is obtained from 
(7) by mukijdication with 

cos /MFO ~ sin /MOF = sin /3 ^ sin 

and has thus tlie value 


4a- sin 
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The, l esultaiit of all thi; electrical repulsions at P then becomes simply 

h M — 1 

V 1 

4«'^ Z . -^k • • • . (9) 

*=' sin~ 

in which the sura is to be taken by beginning with the electron (fc « 1) 
succeeding our initial one up to the last electron before the initial one 
(k ^ n - 1). The quantity 




A' - »» - I 

1 ^ 1 


■ ( 10 ) 


is that fraction of Coulomb’s force with which the ring electrons act 

re])ulsively on a single one of them ; thus, the syrnVol corresponds to 
that used in equation (4). 

\Ve arrive a little more simply still at the same quantity if we in* 
(juire into the poi(*nLial (dectrical energy of our electron ring. The 
(Jouloml) (mergy, that is, the useful work contained in the field of two 
charges V and v and due to the mutual (bulorab attraction, is 


On account of (Gj this gives for our electron ring 


if we write down only those terms in which a definite initial electron plays 
a part. To ari’ive at the full potential energy Y, we have yet to multiply 
this (.‘xprt^ssion by n (w’e may choose each electron of this ring in turn as 
the “ initial ” electron), and to halve the value obtained (otherwise we 
should h(; reckoning the mutual action hetw(*en two ring electrons twice 
over). We thus get 


For n = 2, wo obviously get from (2) 

’^2 - - i - ^> 25 . 

4 . TT 4 
siu^ 

For 71 == 3, we get 

il . TT . 27r I ^ 2 sin GO'" 
\ sm sm I 


=: 0*577. 
fj 3 


(13) 
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For n =» 4, we get 



i (1 + 2 V2) = 0-957. 


For higher values of n we use trigonometrical tables. 


get 


Tablk n 


III this way we 


n = 1 

N.. - 0*0 

n -= 0 

- 3-328 

- ‘2 

- 0*25 

- 10 

- 3 -808 

- 8 

- 0-577 

11 

- 4-4U) 

- 4 

0-057 

- 12 

4-084 

^ 5 

- 1-877 

13 

5-505 

= 1> 

1-828 

1 14 

0-150 

-- 7 

--- 2-805 

1 15 

-- 0-704 

--- S 

2-805 

^ 18 

- 7-370 


For great values of n, direct calculation heconies cuinbe some. In 
this case we may use the following approximation formula, the lesults oi 

2 



which agree well with even the last values in the table and which is 
useful for forming general estimat(‘s : 

= o' OoK, « + 0-12) . . . . (14) 

Att 

(It is derived in an essay by the author by means of substituting for the 
sum an integral, see Ann. d. Phys., 53, 511 (1917).) The formula shows 
that .s„ increases to infinite values with n. 

(cl) Tlie hydrogen molecule. We shall now describe a little more 
fully the model that iiohr has suggested for the constitution of the 
hydrogen molecule although, nowadays, we can take only a historical 
interest in it. It is certain that the hydrogen molecule must consist of 
two hydrogen nuclei ; each composed of one positive charge + r, and two 
electrons, each having the charge — e. Is there an arrange.ment in which 
these four charges are in dynamical equilibrium with one another ? 

The answ’er is given in Fig. 22. The two nuclei form the axis of the 
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molecule and are at rest. The two electrons rotate diametrically opposite 
on^ another in the plane bisecting the line connecting the nuclei about 
this line as axis. Let a be the radius of the electron circle, b the distance 
of tho nuclei from the middle plane. We must first determine the ratio 
a : b. The nuclei are subject only to electrical forces. According to 
CoulomVs law we have, for example, a repulsion at the upper nucleus, 
due to the lower nucleus, of magnitude 


and two attractions, due to the electrons, of magnitude 


(15) 


er 

a- + h- 


(16) 


These three forces acting on the nucleus must be in equilibrium. In 
the figure they are represented by the arrows 12, 13, 14. Equilibrium 
certainly comes about if the forces are equal in magnitude and act at 
equal angles. If they are equal in magnitude we get from (15) and (16) 

+ 6-’ = 46‘-, a = & s/3 . . . (17) 

If they are equally inclined to one another then the two nuclei and each 
electron in turn form an equilateral triangle. In Fig. 22 one of these 
two triangles is distinguished by being shaded. 

Through the relation (17) the equilibrium of the forces is established 
as far as the nuclei are concerned. What is the position as far as the 
equilibrium of forces on the electrons is concerned ? 

We see at once that this equilibrium can be brought about by suitably 
choosing the rate of rotation. If there were no or only a very small 
velocity of rotation both electrons would be drawn inwards owing to the 
attraction of the nuclei : in the case of very great velocities of rotation the 
centrifugal forces would become predominant and drive the electron out- 
wards, so to speak. It is easy to determine by formula that magnitude of 
the velocity of rotation foi' which the centrifugal forces are in equilibrium 
with the electrical forces. 

The electrical attraction which each electron experiences from both 
nuclei is, as in (16), 

a- + 5- 


The resultant of both falls in the direction of the orbital radius a and has 
the magnitude 


2e^ a 

a- + 5- -t- />- 


3^3 

■4 


er 

a- 


(by (17)) 


(18) 


Then there is to be added the electrical repulsion of the other electron, 
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which also acts in the direction of the radius a, but in the reverse 
direction to that given by (18). Its magnitude is 


1 6 -’ 
4 a- 


(19) 


Let the angular velocity of the electrons be (•>, and hence th(‘ lineal* 
velocity mo. The centrifugal inertial force, which arises in this lotatioii, 
amounts to 

vniur . . . ( 20 ) 


The forces (18), (10), (20) are to be in e(juilil)rium. 


VlH.or 


I 

4 (i- 


This re(|uires that 

( 21 ) 


Htluation (17) determines the form of the hydrogen inol(‘cule, (Mjuation 
(21) the velocity of its cl(‘ctrons. Th(*re is still wanting a tliird e((inition 
that determines the size of the model. This missing (ajuat on can he 
furnished only by the (juantum theory. Bohr apjdirs it to eneh of tlu‘ 
two electrons in the molecule just as to the single eiec.'tion in tin* hydro- 
gen atom (cf. Chap. IV). This would complete tlie moleculai’ mod(4. 

But is it correct? Only a short while ago, even while tiiis hook was 
in its first edition, we were inclined to accept it. Pai'liculai’ly after 
Debye* had calculated the refraction of light in a gas compost'd of such 
models and had found it to agree with the empirical Ix'havioiir of hydro- 
gen gas. Since then, however, a series of ])ropertR‘s hav(i been n*marked, 
in which the model departs from reality in its behaviour, ahovti all, in its 
magne^tic behaviour (it. is paramagnetic in the modt‘1, diainagnt'tic in 
reality) ; also in the instability of the modf*l when suhjt.'cted to (iertain 
small disturbances; farther, the decrease of thti s])ecific iieat correspond- 
ing to the rotational degrecjs of freedom at low hmpieratures, to explain 
wliich we must assume a smaller moment of inertia than that ])Oss(‘ssed by 
the model ; finally, the magnitude of the ionisation voltage and tiie heat of 
dissociation, that is, the amounts of work respectiv(‘ly that ar(i nec(‘ssary to 
detach an electron and to separate the two nuclei fiom one another come 
out somewhat difiereritly when calculated for the model from what has 
been observed. These objections, as we seti, coincide partly with those 
which, in paragi’aph d of the previous section, we wert' obliged to raise 
against Bohr’s Ile-model. Thus the true model of the Ho-molecule is still 
unknown. It will hardly be. as symmetrically built as th(‘. model (exhibited 
in Fig. 22. (.)n account of the magnetic jirojxjrties the two electrons 

cannot rotate in th(‘ same sense but must do so in 0])|josit(j dii’ections. 

For the ox}^gen and the nitrogen molecule the Jiutlioi* has pro])OS(;d 
models that were formed along the lines of Bohr’s model of the hydrogen 
molecule. These, too, seemed at first to be satisfactory as far as the pheno- 
mena of the refraction of light are concerned, but on clostn* examination 


Miinohenor Akademio, 1916, p. 1. 



§ 5. Laws of Radioactive Displacement and Theory of Isotopes 79 

they withstand criticism even less than the hydrogen model, especially 
because, in this case, the number of outer electrons rotating in the same 
direction (four in the case of six in that of N^) are greater than in the 
former case. For a pai ticular reason we add in 6, Fig. 23, a picture of 
this model of oxygen (which is rejected later). In the last section of this 
chapter we shall return to the suggestions of cube models that have 
come from another (juarter. 

(e) Th(‘ ])Ositive Tf.^-ion. The problem is here simpler than in the case 
ol the fTj,-molecul(^ because th(i oi])it of only one electron requiies to be 
determined : without involving an undue (jrror we mav disregaid the 
counter motion of the nucle*i. A dynamically possible txqje of orbit for 
the electron suggests its(*lf at once. : a circular orbit in the ])lane at right 
angles to and bisecting the liiu* connecting the nuclei. The size of this 
circle will again l)e determined by the quantum theory; according to 
the particular (|uantum number n, there will be a first, second, . . . 
;i“' circle. We add details in note 14 at the end of the book. 

Again, howev(‘r, tlu^ question arises whethei* this model gives a true 
])icture of the hydrogen ion. Definite empirical criteria have so far not 
been available. We must therefore rest our decision on a theoretical 
consideration of the stability of the model. Tn this direction calculations 
by W. Pauli* show that the circular orbit of minimum radius is, indeed, 
more stable than iVny other form of motion, for example, than motion in 
those orbits that li(s not in the median ])lane, but in a meridian plane 
through both nucl(*i. For it may be proved that the transition from the 
smallest circular orbit to any other type of orbit requires a positive 
addition of energy ; thus the electrou cannot spontaneously leave this orbit 
unless excited from without. The state of motion ascribed to the electron 
thus seems to represent the state in the natural configuration of the ion. 
The fact that we call this configuration only metustuhU and not stable is due 
to the circumstance that the dissociated state (H \ H) is still more stable 
from the energetic standpoint. Further details on this are to he found 
in note 14. 

All in all, the final result in the case of molecular models seems to be 
even more unfavourable than in that of atomic models. Here we can 
assert nothing even in the simplest case of the IL-molecule. The Ho-ion 
was successfully constructed theoretically, it is true, but owing to a lack 
of empirical evidence, has not been confirmed. 

^ 5. The Laws of Radioactive Displacement and the Theory of Isotopes 

The characteristic properties of the a-particle (its double charge, its 
great penetrative power, and so forth) have already served us as a direct 
and obvious confirmation of our fundamental views, namely, those of 
Rutherford, Bohr, and van den Broek, on nuclei, nuclear charge, and atomic 

' 4 . 

* Zeitschr. f. Hiys., 1921 . 
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number (cf. 3, 5). Eadioactivifcy, however, can furnish us with still 
more information on this question. 

Let us consider the genealogical tree of the radium family in Table 1 
of p. 47, and discuss the position of Ra itself. Since it was first inserted 
into the table there has been no doubt that it belonged to the group of 
alkaline earths Ca, Sr, Ba. In particular, Rti is so closely related to Ba 
chemically that, originally, it was difiicult to separate them from one 
another ; the similarity in the spectra of the two is also perfect. On the 
other hand, radium emanation, in virtue of its chemically inert behaviour, 
beyond doul)t belongs to the group of inert gases. It occupies the sj)ace 
left foi- the last element of tlie sixth period (in our repn'sentation of the 
table), which wiis vacant before its discovfny, just as Ka filled in a gap 
in the seventh period, occupying the second space of it after the gaj) of 
eka-caesium. 

Now, tJiL'i mutual position of Ea and EaErn in the period.( system is 
just such as is demanded by our mudear theory, Ra disintegi'ates, pro- 
ducing RaRm and emitting a-radiation. The doubly charged ])Ositive a- 
particles comes out of the nucleus of the. Ea-atom and thus diminishes its 
positive charge by two units, 2c. Hence the atomic number of the 
resulting element must also be reduced by two, that is, the newly ])roduced 
element must precede the Ra in the system of elements by tiro places. 
The nuclear mass becomes reduced simultaneously with the nuclear 
charge, namely, by four units coiTesponding to the atomic weight of He. 
According to Ildnigschmid the atomic weight of Ra is 22(v0. Hence, in 
the scheme of p. 57 the atomic \veight 226 - 4 = 222 has been ascribed 
to the emanation ; it has been surrounded by brackets b(?cause it is not 
a result of direct measununent. But as far as measurement was possible 
it did not conflict with this deduction for, from the determination of the 
density of the very small amount of emanation available and on the 
assumption that it is monatomic, the result obtained was 223 ± 4 (the 
roughness of the approximation is obvious under these circumstances). 

We geneialise the remark just made about Ra and RaEm and 
enunciate the first law of radioactive displacement thus. In every process 
of radioactive disinteyration which is Cieeompanicd by the e7nission of 
a-rays (a- transformat ion) a product results, the atomic number of which 
in the periodic system is reduced by two units ; the element ‘moves two 
places to the left in the table. At the same time its atomic weiyht decreases 
by four units. 

Now what happens in the case of p-transfornuitioiis, that is, of those 
radioactive processes during which )3-ray8 are omitted? Does the /^-ray 
electron in this case come out of the electronic shell of the element or out 
of its nucleus? In the former case, the character of the element and its 
position in the periodic system would remain unaltered. We should have 
before us a process to which the term ionisation would have to be applied. 
The element would become positively charged to the extent of one unit, 
but would retain its chemical properties. But we know that jS-trans- 
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formations also cause new elements to be formed. Hence the ^-emission, 
like the tt-emission must come out of the nucleus. 

We must assume (this will be discussed in detail in the following 
section) that in a nucleus of atomic number Z there must be in addition 
to the Z positive unit charges that determine this atomic number, further 
positive and ne/jative charges which are mutually bound and which 
neutralise one another fcf. also the note on p. 64). Now if a negative 
unit charge (an electron) is thrown out of this neutral stock of charges, a 
positive unit of charge is free, that is, unbalanced by a negative charge. 
But then the nuclear charge must increase by one unit. Hence we get 
the second law of radioactice displacement. In the case of p^transforvia- 
tionSy the atomic number of the element underfjoiny cJbange increases by one 
unity and mooes to the next jwsition on the riyht in the periodic table. 
The diminution in the atomk weujht in this procesSy howevery is inajJpreci- 
able on account of the sttutll mass of the electron. 

In fact, the atomic weight does not become reduced at all if we take 
into account the fact that the atom which, owing to the ^^-transformation, 
has become positive, will soon neutralise itself by diawing to itself a free 
electron from without. Such free electrons, so we may assume, are 
always available in the interior of a metal and in an atmosphere con- 
tinually subject to radioactive radiations and hence ionised. Of course, 
the external electron just mentioned does not enter into the nucleus but 
into the electronic shell. In this way it makes the number of electrons 
that is properly due to the new element derived by the yS- transformation 
complete. Hence the charging process of the yS- transformation is followed 
by a process of neutralisation. The small diminution of atojuic weight 
that is initially caused by the loss of the ^-electron is thus rectified again. 
After the a-transformation, too, a process of neutralisation will also 
take place. For the atom which has arisen through the a-emission will 
at first have two electrons more than the number corresponding to its 
nuclear charge. It will therefore give up two of its electrons to its 
surroundings, not, of course, in the form of yt?-radiation, but by way of 
balancing its charge without the generation ‘ of considerable kinetic 
energy. The decrease of atomic weight to the extent of four units, 
which corresponds to the tt-einission, thus becomes slightly more marked 
owing to this additional loss. 

It is of historical interest to note that Fajans* and Soddyl share 
about equally the honour of having discovered these laws of displace- 
ment. + Soddy first enunciated the law of displacement for a-transforma- 
tions. Fajans tested it on further material and added the law of dis- 
placement for yS-transformations, He and, a little later, Soddy formulated 

Habilitationsachrift Karlsruhe, 1912; Physik. Zeitschr., 14 , 131 and 136 (1913). 
fDio Chemie der Kadioelemeute, Leipzig, 1912 (English, 1911); Ghein. News, 
Vol. 107 , p. 97 (1913). 

X The general law was being sought almost simultaneously by A. S. llussell (cf. 
Chom. News, \iol. 107, p. 52), but his formulation was not quite correct. 

6 
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both laws of displacement in the form which is now generally accepted 
as vjilid. 

in our account we have read the laws of displacement directly out 
of the theory of nuclear structure. Historically, the state of affairs was 
of course different. When these laws were first enunciated this nuclear . 
theory did not exist nor was it possible at that time to arrange the radio- 
active products into the groups of the periodic system in all cases. It 
was rather the laws of displacement that have led to the present arrange- 
ment of the radioactive elements into the scheme, and 'at the same time 
they have given the theory of nuclear charges a sound foundation. 

Table 4 shows on the one hand the distribution of the radio-elements 
in the periodic system, on the other, in the vertical columns, their dis- 
tribution in the scale of atomic weights. The character of the radiation 
emitted is, as in the former table on p. 47, indicated by the letters a, /J 
prefixed to the symbol of the element under consideration. 

Let us, for example, follow out the radium family, beginning with Ra 
and proceeding with the zig-zag stejj prescribed by the laws of displace- 
ment. We get from lia (Column II, At. Wgt. 226) to EaEm (Column 
VIII, At. Wgt. 222), to KaA (Column VI, At. Wgt. 218), to RaB (Column 
IV, At. Wgt. 214) by successive a-transfonnations. Next, from RaB we 
get by a /^-transformatioii to RaC (('olumii V, At. Wgt. 214). At RaC 
the interesting branching that was discussed earlier (on ]). 48) takes 
place : by an a-transformation \ve get to RaC" (Column III, At. Wgt. 210) 
and then by a /i-transformation to the long-lived RaD (Column IV, At. 
Wgt. 210) ; on the other hand, from RaC by a ^-transformation to RaC' 
(Cblumn VI, At. Wgt. 214) ; to this transformation we owe the emission 
of intense y-rays by RaC ; then by an a-transformation we likewise get to 
RaD. From RaD a two-fold /^-transformation leads to RaE (Column V) 
and RaF (= Polonium, Column VI) in which the atomic weight 210 is 
retained. The position of polonium in the periodic system may, accord- 
ing to Marckwald, be verified by chemical methods. It is more electro- 
negative than Bi (in the sense elucidated in §1, p. 56) and this con- 
foi nis with the position which has been assigned to it, namely that 
immediately succeeding Bi. A final a-transformation changes polonium 
into RaG, also called radium lead (( -olumn IV, At. Wgt. 206), which is less 
than the atomic w’eight of ordinary lead, 207*2. Radium lead is the final 
product of the radium series. As far as we know, the thorium and the 
actinium series also end at the same point of the periodic system, at 
thorium lead (ThD) and actinium lead (AcD). 

It may be left to the reader to go through the parallel transformations 
of thorium and actinium in the table, so that we need now consider only 
the beginnings of the radium series from uranium downwards, whereby 
the origin of the actinium series will become clear, as already exhibited in 
Table 1 of the radioactive tree of descent (Chap. I, § 7).^ 

The parent substance is IJi (Column VI, At. Wgt. 238); by an a- 
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transformation UX^ (Column IV, At. Wgt. 234) is produced ; by a two-fold 
yt?-radiation we get CX^, and the long-livx*d Un at the same position as 
Ui (At. Wgt. 234). By an tt-transformation there is produced from Un the 
long-lived lo (Column IV) and, by a further a-transformation, radium 
(Column II). Investigations (cf. p. 46) by Hahn and Meitner, however, 
established with certainty that actinium, too, must ulimately come from 
uranium, and their researcht^s make it seem probable that the l)ranching 
of the actinium series takes place at Un, which, owing to an <ji-transforma- 
tion, changes not only into the long-lived ionium but also into the short- 
lived UY ; both products are in Column IV (At. Wgt. 230). The occurrence 
of two different a-transformations at the same element Un with a dillerent 
final result (lo and UY), that is, a “branching due to a-radiation alone,” 
lias never been observed in any other instance. It is assumed that the 
UY becomes transformed through a ^-transformation into the parent 
substance of actinium, known as protactinium (Column V, A Wgt. 230). 
Since Ac is produced from tlie latter hy an emission of a-radiation, it 
belongs to Column HI, as has been long known : itr> atomic weight, 22(), is 
the same as that of radium. 

We must next refer to the interesting complex of facts, to Yvliich the 
name isotopes is applied collectively. Isotope signilies “ occupy ing the same 
position;” isotopes are elements that occupy the san‘e ])Osition in the 
periodic system. The totality of isotope elements in one coin})ai tment of the 
system is called ^iplelad. The pleiads of lead and polonium include no less 
than eight and seven members respectively. The individual member’s differ 
among themselves in atomic weight up to as many as eight units, hut are 
yet so similar that, in some (piarters, their eharacte-r of being distinct 
elements is disallowed. Fur isido'plc ('Icmctits cannvl be separated /nuit one 
another bp cheniicai 'tneans at all and exhibit ident ical p! ip sieal properticH 
UiroUijkoiiL. The only means of separating them chemically or ])h\sically 
is that offered hy the diffeieiice in the atomic weights which may manifest 
itself in a dilfeience in tlu'ir gravitational and inertial action. 

Th(i most convincing confirmation has been found foi- the theory of 
isotO])es in the case of lead. When the atomic weights of lead isotopes of 
varying origin were compared with oms another, it was shown tliat lead 
from radium rnineials (HaC) has the atomic weight 206*0 and lead from 
the thorium minerals has the atomic weight 207*0, whereas ordinary k‘ad 
has an atomic weight 207*2. 

On account of the inteiposition of isotopes the traditional framework 
of the peiiodic s}steni must be extended. Sinct; thei'e are now’ sev(‘ral 
claimants to one space of the sysUmi, the scheme, on one plane no longer 
gives a non-ambiguous (uniform) allocation of the elements. It is best 
to extend the scheme spatially. We imagine the isotO]}es to be jilaced 
behind one another in order of their longevity, say. The longest-lived 
element forms the chief rtjpresentativc of the pleiad in question and w'ould 
stand furthest back in our sjiatial scheme, in the same vertical plane as 
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the permanent elements which are not suspected of being radioactive. 
From this longest-lived element the series of isotopes of varying longevity 
would then be successfully arrayed outwards and u})wards perpendicular 
to the plane scheme. Thus in the two-dimensional table of elements, we 
should, to be more accurate, have to place in the lowest space below 
uranium TJi, whereas th(i isotope Ujr would have to he placed in front of 
it (out in space). In the last place but one, protactinium stands as the 
longest-lived element of its type (its stretch of life is at least 12,000 
years), whereas the element UX., (also called hrevium) that has hitherto 
been installed there has a life of only 1T5 minutes and would thus have 
to he brought forward out of the table. Of the three emanations lla-Em 
is the longest lived (3-85 days) and must therefore stand as the rejDre- 
sentative of the inert gases in the sixth period. In the former table the 
chief representatives of the corresponding type of elements was emphasised 
by being printed in dark typtj. We maintain rigorously that the remaining 
isotopes ar(‘. also true elements. They are distinguished from one another 
by theii* origin, theii- later developments, and their radioactive manifesta- 
tions. Theoretically, we should be able to separate them from one another 
by diffusion in the gaseous state, by using centrifugal and similar methods 
in which the mass of the element is involved, provided that sufficient 
quantities were available and that the mode of measurement was suffi- 
ciently accurate. But for the ordinary methods of analytical chemistry, a 
mixture of isoto])es would behave as a uniform element. 

Tlirough the discovery of isotopes atomic 'H'cujht Juis been displaced from 
its p()siiion of sovercAijuitif bif tlm nuclear charge. We are acquainted with 
elements, for example, RaG and RaB, or Po and RaA, which ditfer in 
atomic weight by eight units and yet (as isotopes) they behave identically 
alike in chemical reactions. On the other hand, we know elements, for 
example, Hal) and Po that behave chemically as differently as C ami O, 
which belong, namely, to the fourth and sixth column of the periodic 
system, and yet they have the same atomic weight. Pairs of elements of 
the latter type are to be found in Table 4 in a horizontal line ; pairs of 
elements of the former type occur vertically. Thus atomic weight is, 
within certain limits, of no account so far as the chemical character of 
the ekmient is concei-ned. On the other hand, the nuclear charge 
determines uni(|uely the chemical character in that from within out- 
wards it regulates the arrangement of the electrons in our models up to 
tlie out(U' boundary of th(^ electronic atmosphere, the region of chemical 
valency. 

Not only among decaying elements but also amotoj permanent ele- 
ments there are isotopes. Nor do they occur as exceptions ; indeed, 
they are the l ule. Of the elements that have hitherto been investigated 
for signs of isotopy just about as many have shown themselves to be 
multiform as unifoi ni. Those that have been proved to he uniform, that 
is of a single kind, are 
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H He C N F 0 P S As J 

1-008 4-00 12-00 14-01 19-0 16-00 81-04 32*06 74*96 l?6-92 

and the multiple ones are 

Li B No Mg Si Cl A Br Kr X Hg 

6-9 11-0 20-2 24-3 28-3 35-46 39*88 79-92 82*92 130*2 200*6 

We see that the atomic wei^^hts that have been printed holovv the 
symbols for the elements are in the case of the simple (uniform) (‘hnnemts, 
in particular, of the li^diter ones — almost exactly whole numbers ; on tlie 
other hand, they diver^^e considerably from inte/i^ers in the casr^ of ele- 
ments that have been recognised as multiform. Further, the ehnnentary 
constituents into which the latter may be resolved, are here, as we shall 
see, exactly whole numbers, within the limits of error. 

We are indebted for this important knowledge to the work * of F. W. 
Aston, who, for his part, added a new link to the analysis o! canal rays 
positive rays *') carried out by d. J. Thomson (cf. ]). 14). In the canal- 
ray tube there are manifold fragments of matter, simply and multiply 
charged, atom-ions and mol-ions. In an electrical held th(*y art* defhicted 
by a force proportional to their charge and inversely proportional to their 
mass. Hence in the case of two isotopes of the. same charge and different 
mass the heavier constituent will be less dellected than ^h(^ lighter. Fur- 
thermore, the amount of the deflection depends on the velocity that has 
been acquired by particle.) in question. The advantage of Aston’s method 
over Thomson’s was gained by connecting up behind the electrical field a 
magnetic field, the intensity and direction of which was so chosen that all 
particles of the same mass are concentrated at one and the same spot : 
The photographs so obtained are called “ mass-spe'ctrograms.” 

Tlie first result of Aston states : Neon consists of two isotoj)es of 
atomic weight 20*00 and 22-00, “ neon ” and “meta-neon.” The atomic 
weight obtained by chemical means, 20*2, results fi’orn a mixture of both 
in a constant proportion. 

The resolution of chlorine into two isoto])es of atomic weight 35*0 and 
37*0 (in addition to which there are also indications of one of at. wgt. 39) 
is particularly iTn])ressive. The chemical atomic weight of chlorine, 35*46, 
which among the lighter elements is the first serious contradiction to the 
integral (whole number) character of the atomic weight, comes about 
owing to the fact that, as is shown from the photographic plate, the Cl.,^ 
is present in greater cpiantity than the Clj- ; the proportion is 3 : 1. In 
addition to the spots of 35 and 37 we see in the mass- spectrogram of the Cl- 
photographs, also the spots 36 and 38 present in about equal proportions : 
these are to bf3 interpreted as HCl^j and HCI37. Then, again, there are 
spots 17*5 and 18*5 that represent doubly charged CI35 and CI3-. (In a 
spectrogram double the charge acts like half the mass.) 

^Phil. Mag., 39. 449 and 611 (1020). Soo also Isotopes^ F. W. Aston, 1922, 
Edward Arnold A Co., London. 
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In the case of the neutral gases kr 3 rpton and xenon, not less than six 
and five isotopes, respectively, have been disclosed, of which the atomic 
weights differ up to 8 in the case of Kr, and 7 in that of X. Thus we 
have here pleiads as manifold as those occurring among the radio-ele- 
rnents (cf. Table 4). The same is true of the not yet fully resolved pleiad 
of mercury. Further details are given in the following scheme, in w^hich 


the bracketed numbers denote suggested 

or uncertain cases : 


Li B No 

Mg 

Si (;i A 

Br Kr X 

Hg 

6 10 20 

24 

2H 35 30 

79 78 (128) 

197 -iOO 

7 11 (21) 

25 

23 37 40 

HI 80 129 

202 

22 

26 

(30) (30) 

82 (l:^0) 

204 


Hl-i IS] 

84 162 

86 134 

136 

We restrict ourselves to these few data here and must refrain from 
reproducing Aston’s spectrograms (which can be seen in his book Isotopes) 
or describing them in detail. On the other hand, an optical spectrogi'am 
(band-spectra of H(’l) will later serve us as a striking document of the 
double natine of chlorine (cf. Chap. VII). 

At present only atoms in the gaseous state may be treated by Aston’s 
method ; this explains the com])aratively small number of elements that 
have hitherto he'm examined for signs of isotopic character. Mg has been 
investigated by A. J. Dempster* by a canal-ray method differing from 
tliat of Aston ; in this case the three isotopes are present in the approxi- 
mate proportion 0 : 1 : 1. 

In view of all tlu^se discoveries the traditional term “ atomic weight ” 
is no longer properly apju-opriate to expi-ess the quantity with which the 
chemist is familiar. The true atomic weights of the simple constituents 
are whole or nearly whole numbers. The usual atomic weights which in 
many instances vary fi’om integral values should rather be called “ mix- 
ture-weights.” The constant values of the latter must be interpreted as 
showing that the isotopes of the mixture came into existence before the 
earth’s crust had solidified, in epochs in which their uniform commingling 
was possible and inevitable. This alone would explain why the chemist 
every whei*e and at all times finds them occurring in the same proportions. 

The striking characteristic of elementary atomic weights, that of being 
integral, restoies P rout's hiJ2)othesis to its position of honour: according to 
this hypothesis, all atoms are supposed to be built up of hydrogen — of 
hydrogen nuclei and electrons, as we may nowadays say, or else (cf. 
p. 22) of “positive and negative electrons.” The fact that hydrogen 
itself is simple — in spite of the slight departure of its atomic weight, 1*008 
from unity — has been proved not only by Aston but also by Stern and 
Volrner t by another method (fractionated diffusion of hydrogen and 
oxygen). > 

* Phys. Ucv., 11, 316 (1918), aud 17. 427 (1921). f Ami. d. Phys., 59, 225 (1919). 
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If, in acooi'dance with the sense of Front’s hypothesis, H-nucIei are 
the real elementary “ bricks ” of which all gravitational matter is built up, 
it must cause 8ui*prise that in the radioactive transformations H-rays ” 
have never been observed. Why does not the hydrogen nucleus occur as 
a decay product of the higher elements just as well as the less simple 
He-nucleus? According to what law oi displacement \\ )uld such an 
“ H-transformation ” take place? Since the Il-nucleus is endowed with 
a simple positive charge and since it has the atomic weight I, the law 
must clearly he : Diaplacemont in (Jut periodic ityntcju hy one unit to the 
left and smultuneonsly a decrease of the atomic v'eiifhi hy one unit. 
Actually, such IT-transformations have never been observed among the 
spontaneous radioactive processes, however much they may have been 
sought. We might, with Fajans, see a vague indication of it in the 
circumstance that hydrogtui so often occurs > ickrd up in the rai*(‘ earths. 
There is a ty})e of artificial ladioactive decay which is familiar as pjo- 
dncing If-rays, namely Ruth(‘rford’s disintegration of nitr(»g'‘n. 
shall speak of this in the next ])aragraph. 

Finally, let us consider the regularity in th(‘ succession of the atomic 
weights from the point of view of the displacmnent laws. W(* saw in the 
first paragraph of this chapter that, corr(‘sponding to the* even atomic 
numbers Z = 2;?, there occur ])articularly fre(|iu‘ntly atomic wtMghts of 
the form 4?i ; corres]Joiidiug to the odd atomic numhei’s Z =-- 2n + I, 
there are those of the form 4n + d. This occui’s in a paiticnlarly striking 
manner in region between (’ and ( a. Hej-e we g(‘t, if we se])arate 
the natural order into an even and an odd series of atomic nund:)ers 
and atomic \yeights : 
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8 
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10 

20 


12 
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0 

10 


11 

2M 


18 

27 


14 

28 


III 

82 


15 

81 


18 

88 


17 

85 


10 

80 


20 

10 


In writing down this table wo, have made use of Aston’s results; that 
is, wdienever vai ious isotopes existed, we chose the atomic weight that fits 
into our scheme ; for example, in the case of A wo chose 86 (not 40). In 
looking at these series it is ditlicult to avoid tlui im])ression that we are 
here dealing with t7/v serwa of a-tran.sform.ati(tns, eacli of w'hich inde})en- 
dently obeys th(j displacement law^ for a-transformations (regular decrease 
of the atomic number by 2, and of the atomic weight hy 4, in passing 
from right to left). Tluj only exception is to he found at the point Z = 7, 
which has been marked hy an asterisk, namely the case of nitrogen where 
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we should expect an atomic weight of 15 in place of 14. This exception 
is gf particular interest in connexion with the artificial disintegration of 
nitrogen Just mentioned. But another observation occurs to us as we 
look at Table 5. Our two series may possibly be connected together by 
an ILtransformatmi of such a kind that the two series branch out from 
a parent substance, the series of atomic weight 4n arising by a succession 
of tt-transformations, the series 47t - 1 by a single H- transformation and 
then a succession of a-transformations. 

It is hardly necessary to emphasise that in this speculation we aie, at 
present at any rate, leaving the firm ground of fact, and that in the case 
of the elements here under discussion, no trace can ])e shown of either an 
fl-ti’ansformation or even any spontaneous decay at all. Nevertheless 
such 7-eflections aie at the present time inevitable. The proof of the fact 
that thei’e are isotopes among non -radioactive substances is a direct 
challenge to us to s(‘ek out genetic relationships in the jjeriodic system, 
and to extend the laws of dis])Iacement to the whole system.* This fact 
makes it st^ern highly jjrohahle that the nuclei, too, are of a composite 
nat\ire and may ht' syntht'sised. This opens ii]) a new chapter in the 
annals of research, about which we must now say a few words, namely 
nuclear 
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'Fhei’e is no doubt that the radioactive nuclei contain helium nuclei 
and (‘lectrons, which they emit as a- and /1^-rays. Front’s hypothesis 
and its confirmation in Aston’s experiments recjuires beyond tliis that 
all nuclei of atoms la* ultimately composed of Il-nuclei and electrons 
(“positive and negative electrons”). Tn the case of lie-nuclei this 
necessarily leads to the assumption that they are composed of H-nuclei 
that are connected by two electrons. (We shall illustrate in a figure 
below how this is to he ])ictured.) 

In general we may assert that a nucleus of atomic weight A and 
atomic number Z will contain altogether 

K = A - Z (1) 

electrons. For A (which, with Aston, we assume to be a whole number) 
denotes the number of hydrogen nuclei and, at the same time, the total 
number of positive charges ; Z gives as the nuclear charge the uncoin- 
p(!nsated positive charge that acts outwards. The difference of these two 
must he compensated by nuclear electrons. 

Of these nuclear electrons a large pi-oportion is in the form of lie- 
nuclei. For atoms of weight A = 4?/, Z = 2n (cf. p. 88) we have, 
according to the experiments of Rutherford discussed below, to assume 
that they consist of n He-nuclei. In this case, we get, by (1), K == 2??, 
which is not greater than is necessary to bivid the n He-nuclei together. 

^ Cf, van den Brook, Physik. Zcitsobr., 22, 164 (1921). 
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At the same time, = Z in this case. The excess A of the sc'mi-atornic 

woi^^ht over the atomic niimher, which w(j reconh d and studied in Ki;(. In, 
shows in each case the presence of nuclear tdt'cdrons that art* not. con- 
taineil as J [e-nuclei. 

We proctvd to provt^ this ^tuierally, not only lor atomic wei^dits of tin*, 
form b/, init also for those of the form 4a h- ((,((/ 1,2, oi- d). ht't .r be: 

the numl)er of Tie-nuclei, // and .r the number of t‘lectrons and ll-nuclei 
respectively that art' not combined to^etlu'r into lie-nuclei. We tht'ii 
clearly havt' 

A - 4./- + - 
Z == 2.r -f ^ 

thus A = " Z == // - "- 

2 2 

i.e. ;// = A + 

The number of electrons f/ that are not included in the He- nuclei is thus 
at least equal to the excess A, which is illustrated in Fig. 15. According 
to this figure the number y increases systematically with the atomic 
number. 

We shall now follow L. Meitner* and assume that nuclear electrons 
that are not included in helium nuclei, may in part be attacJu^d to them. 
Thus, in addition to doubly charged helium nuclei, there will also be 
helium nuclei that are neutralised by association with two electrons. We 
shall call the lirst, as usual, a-particles, and the neutralising electrons, on 
account of their presently-to-be-shown connexion with /8-rays, /8-particles ; 
finally, we shall call the helium nuclei, to which these /8-particles attach 
themselves, a'-particles, so that a neutralised helium coniiguration of this 
type receives the name “ (a -P 2/8)-particle.'’ In addition to isolated 
H-nuclei and further electrons, we thus also reckon as nuclear con- 
stituents 

a-particles and (a' + 2/8)-))articles. 

The radioactive branches of descent fp. 47) teach us that the*se ideas are 
no mere fictions. 

For, at the very beginning of the uranium serit's there is the succes- 
sion a - /8 - fi. Wit shall assume that this a-radiation in the case of 
U I is an a'-radiatiou, that is, that it is derived from a lu^utralised helium 
configuration. When this configuration is de])rived of an a'-particle, the 
two /3-particles also become free ; this is why two /8-transforiiiations 
follow the emission of the a'-particle. The same ])henomenon occurs at 
the beginning of the thorium series. 

But how will the configuration (a' -f 2/8) behave when its decay 
begins with, not an a-radiation hut a /8-radiation ? Two ways are then 

* Zeitsuhr. f. Phys., 4i .l<t6 (11)21). 
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o])< n. Either the second electron of the group follows with a radiation, 
and then the a'-particle ; or elsf3 the a'-particle is emitted first and fol- 
Ionv(h 1 by thf^ second /^-particlfj. The typical branching of the radioactive 
tires of descent at tlie points occuyjied by C-products show that both ways 
ai‘* follow(M], although not eijually often (measured by the percentage 
ratio of branching). That both ways must lead to the same final result is 
thronitically chiar, even if it has not been proved experimentally : for the 
result finally is that the whole group (a -h 2/i) is detached. Whereas, in 
the thorium and actinium series the final result of branching represents 
simultaneously thci end of the whohj tree of descent, in the case of the 
radium series the decay-sequence ft - ft - a still follows. In this case, 
too, we have th(^ characteristic jihenomenon of two /^-radiations occurring 
conjointly with an a-radiation (a'-radiation). We should be inclined to 
expect a branching at this jioint, too, that is, in addition to ft- ft-a\ also 
ft - ix - ft. There is nothing to stop us from assuming that the ratio of 
branching is vanishingly small for the second of these ways, and so has 
escaped notice up till now. 

Finally, the repeated succession of a-radiations that occur, for example, 
between UII and RaB can easily be accounted for. Such radiations are, 
of course, not a'-radiations, but are to be regarded as a-radiations in the 
narrower sense used above. The number of the a-particles in the 
nucleus is much greater than that of the a'-particles ; as a matter of fact, 
the comparatively small value of A shows that most nuclear electrons are 
built into a-particles, and that, relatively, only a few are used in the 
formation of a'-particles. It is thu.s more probable that an a-radiation 
should be succeeded by further such radiations, in view of the pre- 
dominating number of a-particles, than that an a -particle or one of the 
)^?-particles interlocked with it should become loosened. 

Concerning further consequences, e.g. the branching of the actinium 
series at UY, we must refer to the work of L. Meitner quoted above. Our 
object here was only to show that speculations on the structun^ of nuclei 
are already suggested by the well-known facts of the radioactive tree of 
descent. 

These speculations have now entered on an entirely new stage, since 
Rutherford * succeeded in 1919 in .splitting up by artificial means nuclei 
of lighter elements, as exemplified at present, in the nucleus of nitrogen. 
This was the first occasion on which H-nuclei were proved to be elemen- 
tary constituents of the nucleus, and became accessible to measurement. 

Rutherford worked with a-rays of RaC. Their velocity is 2 . 10^ cms. 
per sec. ; their range is 7 cms., that is, in air at atmospheric pressure they 
excite scintillations in a fluorescent screen (of ZnS) at distances up to 
7 cms., but not at greater distances. Such a-rays represent the most 
powerful concentration of energy at our disposal. When they strike 
hydrogen molecules or bodies containing hydrogen, they set free H-nuclei 

, * Phil. Mag., 37. 537, 562, 571, 581 (1919). 
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as high-speed “ H-rays.” This happens, certainly, only when the He- 
nucleus exactly hits the H-nuclens or passes in very close proximity to it. 
The range of these secondary H-rays is, corresponding to their smaller 
mass, greater than that of primary a-rays; namely, it is 28 cms. in air. 
They can thus be easily distinguished from the former by means of a 
fluorescent screen. 

But H-rays can be proved lo be present not only in gasc's containing 
hydrogen but also in air free from water va})OU]*. In pine nitrogtui con- 
siderably more scintillations occur than in a niixtur<^ of nitrogen and 
oxygen. From this it was inferred that the ll-ra/fs a rise front the. 
nitroifcn nvcleiiH. Magnetic deflection also l(*d to tlui correct value of 

* . In this wav the artificial transtormation of an atom was achieved 

for the first time and a dream of the alchemists attained ]*ealisation. 

Rutherford succeeded in shattering, be.. ales nitrogen, 'le followijig 
atoms I)y means of a-rays of RaC' : 

B, F, Xa. Al, 1>. 

Here, too, the scintillation method was used as a jiroof. In tlu* cast‘ of 
the following elements, the result remained uncertain : 

Li, Be, Mg, Hi, (’1, K. 

Rays of long range were found to be missing with cei taiuty in tlu‘ case of : 

(’ O S (‘a Ti ^In (^i Sn 

12 l(i d2 40 48 o() (i;h(i 118-7. 

The figures, below the last row of elements show that we are heri' (bailing 
with atomic weights of the form 4 h essentially. As at tlu^ beginning of 
this section we may assume that such elements an* com])osed only of 
He-nnclei and that they contain no free ii-nuclei. Rutherford tlu‘r(‘fore 
coiries to the conclusion that only elements of atomic wtught 

4;i + (L where u == 1, 2, 8 

may become disintegrated hy losing Ti-rays. The emission of whohi lie- 
nuclei would be demonstrated by our present me'ans only if tlu'y possessed 
a greater range than that of the primary rays ; in fact, all mass-rays of 
less range would l)e beyond observation. We shall give r(‘asons below in 
su])pO]’t of the view that the He-iiuclei in their turn are not shattered — 
neither the impinging He-ruiclei nor those built into the atom that is 
struck. 

Tn the case of Al and P the observations of the scintillations disclosed 
surj)risiiigly great ranges : for Al the range was at least 80 cms. ! If, as 
is to be presumed, we are here dealing with JT-i*ays, tluu’r initial eneigy 
in this case would be 28 per cent greater than the energy of the exciting 
a-rays. (Tf the carrier were of greater mass, this energy would obviously 
be still greater.) 
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In view of these facts we cannot regard the shattering of the atom 
other than as radioactivity that has been set going by forcible means. In 
spite of the great energy of the impinging a-rays, it does not suffice to 
account for the energy of the secondary mass-ray. At least a fraction of 
this energy conies from the shattered nucleus itself. The action of the 
impinging energy is essentially to loosen and to excite the constituents of 
the nucleus. 

What becomes of the shattered atom in each case cannot yet be de- 
termined with certainty. It is surmised that N gives off two H-nuclei 
and becomes transformed into C. 

In addition to H-rays, Kutherford believed that he would have to 
assume the presence of He-rays in the case of scintillations that corres- 
ponded to a distance of 9 cms. Their behaviour in a magnetic field led 
him to conclude that they were He-nuclei with a charge 2 and a mass 3, 
that is, an isotope of helium. Recently, however, Rutherford has come 
to the conclusion that this inference is not inevitable. 

It is easy to understand why only rather light nuclei can be artifically 
disintegrated. In the case of greater nuclear charges the approaching 
«-particles lose too much speed to be effective. They run themselves to 
a standstill in the field of the nuclear charge. Let us work this out for 
the casci of Pb, ir which Z = H2. The work done by the electric re- 
pulsion wliich the charge 82c exerts on the charge 2c of the a-particle 
when the latter a])proaches from infinity to within a distance a, is : 


2 . 82 . 


(3) 


(c is measui-ed in E.S, units). The initial energy of the a-particle is for 
r = 2 . 10‘‘ cms. per sec. = .r^^c : 


1 . ^ / 2 \- 


The velocity will have been reduced to zero when 

82 . 

— .O. (I = 

(I 





{i) 


(5) 


Here c, 


l*o9 . 10 and = 9619 (cf p. 5). Hence 

nin 

a = 2-9.10 cms. 


If the radius of the Pb-nucleus is smaller than this value, the a-particle 
will reverse its direction before getting to the periphery of the nucleus. 
If the radius is greater than this, the a-particle \vill be able to penetrate 
into the Pb-nucleus, but only with considerably reduced velocity. Hence 
it is unlikely that a-rays will be able ter shatter heavy atomic nuclei. 
Even in the case of the lighter elements this reduction of the initial 
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velocity of the a- rays is to b(3 taken into account. Our inference, tMirlier, 
that the energy of the mass-rays observed by Kutherford do not arise from ^ 
the impinging projectile but from the struck nucleus, holds a fortiori in 
view of this reduction of velocity. 

The above calculation at the same time gives us a lower limit for the 
nuclear radius of the substance emitting the a-rays. EaC is an isotope of 
Bismuth, for which Z « 83. If the o-particle leaves the periphery of its 
pai*ent nucleus with zero velocity and if it owes its velocity only to the 
repulsion of this nucleus, the process by which its velocity increases from 
the value zero up to the value v, which it attains at infinitely great 
distances, will be described exactly by equation (5), in which a now signifies 
the radius of the parent substance (the difference between 82 and 83 is 
clearly of no account for the accuracy of the calculation). Hence we 
conclude that the nuclear radius of EaC is at least equal to 2-9 . 10“ erns. 
If it were less the velocity of the a-rays of Ea(3 would have to be greater 
than 2 . 10-’ cms. per sec. If it is greater, we need only assume that the 
a-particle of the periphery of the nucleus starts out with a certain initial 
velocity. It is worth noticing that the lower limit thus obtained for the 
size of the nucleus agrees fairly well with that mentioned on ])age 56, which 
was derived empirically. 

There is a further possibility that we must not 1 os;l' sight of, naiTiely, 
that in heavy atoms there may be, in addition to He- nuclei, still other 
groups of positive and negative (dectrons that are more closely inter- 
related among themselves than with the other constituents of the nucleus. 
As yet, there is no empirical evidence in support of this. Only the lie- 
group of four II^ and two electrons has been shown with certainty by the 
general laws of radioactive decay to be a generally ])resent element of 
nuclear structure. We have now to deal with the latter in greater detail. 

That the He-nuclei cannot be pure point-charges but must contain 
negative charges, too, seems clear when we consider how often atomic 
weights of the form 4n occur, in so far as we imagine these built up of 
n He-nuclei and held together by electrical forces. If they were pure 
positive charges, they would have to repel one another throughout. Only 
the presence of negative charges inside the He-nuclei renders it possible 
for several He-nuclei to be so interlocked that the attractive action between 
the j)Ositive and the negative parts preponderates and keeps the whole 
together. 

The atomic weight of He appears to contradict the view that it is 
composed of four H-nuclei. According to the most accurate measure- 
ments, the atomic weight of H is 1*0077 ; that of He is 4*00 (the data 
fluctuate between 3*99 and 4*002). Hence when these four H-nuclei 
combine to form He, they must suffer a loss in mass, which, calculated 
for the gramme-atom, is given by 


Am = 4 . 1*0077 - 4*00 = 0*03 . 


( 6 ) 
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W<‘ have neglected the mass of the two electrons that should really be 
ad(lfjd to that of the four H-nuclei, since they affect only higher decimal 
places of dm. 

This defect of mass is, however, only a seeming contradiction to the 
statement that He is built up of four H*s. In reality, it accounts in a 
very satisfactory way for the great stability of the He-nucleus. 

As early as 1900, Lorentz concluded from the electromagnetic point 
of view of inertia that the mass of a system of very close positive and 
negative charges must be smaller than the sum of the individual masses 
of these charges. The theoiy of relativity has intensified and generalised 
this result. According to Einstein (cf. Chap. VIII, § 1) every form of 
energy (not only electromagnetic energy) possesses inertia. Each amount 
of energy E corresponds to a mass 77l that is given by the equation 



Hence if any system loost^s energy fe.g. by radiation), it suffers a loss in 
mass. Conversely, we may infer that a loss of mass Am is due to a loss 
of energy of the magnitude 

Ae = c“Am ..... (7) 

Accordingly we sliall assume that when the four H-nuclei combine to 
form the He-mujlefjs^ they emit the energy determined by (7). We are 
familiar with such a loss of energy in the case of atomic chemical com- 
pounds. In this case we call it, expressed in heat-units, “ heat of com- 
bination,” ami, moreover, we call a process of combination exothermic if 
it is accompanied hy loss of energy. This w’ay of regarding things and 
this terminology is to be applied to our nuclear reaction. The loss of 
energy, according to (6) and (7), amounts to 

AE = o-Aw. - .... (8) 

when calculated for the gramme-atom of He. 

At the same time this quantity expresses the work that has to be done 
to separate each He-nucleus of the gramme-atom into its four H-iiuclei ; 
and hence it furnishes us wdth a measure of the stability of the He-nucleus. 
This amount of w^ork is so great that no means of physics at our disposal 
can yield it. Let us compare it, for example, with the energy that is 
available in the motion of a-particles of EaC. According to equation (4) 
this is, per gramme-atom, = 0*009c-. It is thus three times smaller 

than the energy (8), calculated in the same terms, that is, per gramme- 
atom. 

By dividing AE by the mechanical equivalent of heat we express AE 
in terms of major calories (1 major calorie ~ 4T9 . 10^^’ ergs) and we then 
speak, as in the case of chemical compounds of atoms, of the heat of 
formation or combination Q of our nuclear compound, thus : 

^ 0*03c2 TQ • 1 

^ “ 4-19 .10i» “ ® ^ 
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As a means of eomparison we mention the datiini tliat the heat of com- 
hinatiou in usual chemical processes is of the ordei 1.00 major cals. In 
the proportion of these two li^ures our lle jiucle.ir com])Oim(l is more 
stable than ordinary chemical com})ounds. Whereas in the caij|^ oi the 
latter, thermal motion in many instances leads to a splitting up of the 
compounds, in the case of our nuclear compound not even the energy of 
the most rapid a-rays suffices to achieve this. 

From these noteworthy general considerations which require no par- 
ticular form for the constitution of the nucleus but only the trustworthy 
“ Principle of the Inertia of Energy,** we see that the stability of the He- 
nucleus is firmly established and that it seems impossible to explode this 
nucleus into four H-nuclei by the means at present available. Applied 
to Rutherford’s experiments these reflections mean that not only the 
bombarded He-units but also the impinging a-particles are very stable. 
Of course, our conclusion of stability is l estricted to the assum))tion that 

the Ile-nucleus dissociates 
directly into foui' II- nuclei. 
In the event of only a partial 
disintegration, e.g. splitting otf 
of one ll-nuele,us, nothing 
can be ;u^s(*rte(l about the 
energy of the lesultant re- 
maining ])roduct, and thei*e- 
foi*(? no statement about stabil- 
ity can be made. 

If, as Aston’s experiments 
seem to indicati^, all higher 
atomic weights will ultimately come out as whole numbers, this would 
lead us to conclude that in the further construction of lie-nuclei, 11-nuclei, 
etc., no nuclear reactions occur that could compare with the He-nucleus 
in closeness of union. Otherwise depailures from the rule of integral 
numbers would have to become ])ei-ceptible in the case of higlua* atomic 
weights also. In tins connexion w(i may r(^gal’d it as a particularly 
tortunate circumstance that in chemistry the atomic weights are referred 
not to 11=1 hut to 0 = 1(>. With 11=1 the rule of whole numbers 
would be (intirely obsciu'ed. 

Finally, we wish, without committing our.selves, to try to form a model 
of the possible construction of the Tfe-nucleus from 11-riuclei. In doing so 
we follow a suggestioti of W. Leiiz,^ which we illustrate in Fig. 28. As a 
development from Bohr’s model of the IL-inolecule, this inpresents in the 
first ])lace a model of the (1, -molecule that was formerly suggested by the 

* Miinohoncr Akadeniie, I'.UH, p. S55. In this paper the above relativistic-oiiergotic 
reasoning for the stability of the He-nucleus is developed ; it applies iudei)endontly of 
the special model. Similar views were put forward earlier by Harkins and Wilson, 

Zeitschr. f. auorgan Cliern., 95. f (HHC). 


+ 2e 
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author: four electrons - e arc to move uniformly iti a ciide around the 
line connecting the two remnants of the oxygen atom (not atomic nuclei). 
Since each oxygen atom has lost two electrons from the equatorial electron 
l ing of the model, it acts outwards in both cases with the charge + 2e, as 
indicated in the figure. It was pointed out earlier (p. 79) that this model 
does not, according to our modern view, correctly represent the constitu- 
tion of the OVmolecule. 

ljen;5 calls his model of the lie-nucleus an “ inverted oxygen mole- 
cule.’' This has the following sense. When, in Fig. 23, the four negative 
electrons are replaced by four positive H-nuclei, and the two positive 
atomic remnants are replaced by two negative electrons, a configuration 
results, which has the mass 4m„ and the nuclear charge (4 - 2)e = + 2^, 
as is to be demanded of a model for an He-nucleus. Just as little as in 
the case of the Oo- model do we know, a priori, whether this conforms with 
reality and can only prove it by experimental tests. In the case of the 
lie-nucleus the following data, admittedly rather unconvincing, present 
themselves : — 

1. Th(^ distribution of H-rays that are generated in hydrogen gas by 
a-particles is very dilTerent from that which we should expect if the 
a-particles acted as point-cliarges. Indeed, Euthei*ford says : The observed 
effects are of such a kind as tcould arise if, for example, the helium imcleus 
consisted of a char(/cd disc of approximatelif the radvus 3 . 10“^^ cms,,ichi€h 
in the a-rat/s sets itself perpendicular to the direction of mdion. Now*, our 
model witli the four 11-nuclei circulating in one plane actually bears a 
certain resemblance to a charged disc. 

2. If we apply the same laws of the quantum theory, which served to 
fix numerically the size of the atomic models, to our hle-nuclear model, 
we got for the radius of the Il-nuclei an order of magnitude which is 

snutller in the ratio (that is, to the extent 1 : 2000) than the radius 
7//h 

of the 11-atom. Thus, in this way, we arrive at suh-aiomic dimensions 
foi- the Ile-nucleus ; certainly these are still considerably greater, according 
to Rutherford, than is estimated from the observations. 

3. In addition to this insufficient agreement in size there is, as Lenz 
has remarked, an insufficient stability of the model. Even hard X-niys 
should suffice to disintegrate the model. To escape both these objections 
henz suggests that we should no longer regard Coulomb’s law as 
valid in such concentrated fields of force as must exist in the interior 
of nuclei. 

In Chapter TV we shall develop the laws of the quantum theory and 
shall apply it in particular to the model of the hydrogen atom. There 
we shall refer once again briefly to the model of the He-nucleus and the 
determination of its size. We feel impelled to express the conviction 
here that the construction of nuclei out of elementary constituents very 
probably takes place according to the same principles as underlie the 
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construction of atoms out of nuclei and electrons, namely, according to 
the rules of the quantum theory. 

§ 7. Peripheral and Central Properties of the Atom. Visible and 
X-ray Spectra. Configurations of the Inert Gases 

In the representation of tlie periodic system given in the first para- 
graph we followed the example of ^lendeleef essentially, both in the S(*tting 
out of t!ie tal)le as in giving valency the predominant position as th(^ regu- 
lative principle for the various groups of elements. The grtnit p(M’iods 
of eighteen to thirty-two elements were thereby inserted sonu'what 



forcibly into the rows of eight given by the smaller jjeriods. It remains 
now to develop the i-(q)resentation that Cothar Meyer gave the periodic 
system at the same time as ^lendeleef. Its crowning feat is tlie classical 
curve of atomic volumes, which, since the date when it was made known, 
1870, has excited the astonishment and interest of chemists and physicists 
alike. 

As we know, atomic volume denotes thf; ratio 

atomic weight 
density 

This ratio has the dimensions of a volume (crn.*^) ; it denotes, how- 
ever, not the volume of one atom, but of so many atoms as are contained 
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in the number of grammes given by the atomic weight. Instead of atomic 
volume we might say more correctly gramme-atom volume. We shall, 
however, retain the term that has been sanctioned by usage. 

The atomic volume is, of course, defined only for the solid and liquid 
state. The gaseous state admits of no proper volume that is characteristic 
of a substance (unless we calculate such a volume from van der Waal’s 
gas equation). In the case of the so-called permanent gases we must, 
therefore, in defining the atomic volume, derive the density from the 
liquefied state. In the case of solids that occur in various allotropic 
modifications (diamond, graphite), we get several values. We exhibit 
Table G set up by Stefan Meyer'*' for the atomic volumes (“At. Vol.”). 
We plot the values of this table as ordinates in Fig. 24. 

As abscissiu we naturally use nowadays in ])lace of the atomic weights 
the atomic numbers, which smooth out several irregularities of the curve 
(for example, at Se and Te). 

We call attention to the following prominent features of the curve : 
the steep maxima at the points occupied by the alkalies, the immediately 
following descending branches of the curve, the flat minimum in the 
middle of the period, the ascending branches before the next successive 
alkali, the likewise high ordinates of the x^oints occiqued by the inert 
gases, and particubirly the similarity of a]jpearance between the great 
Xjeriods of IS, 18, and 32 elements with the small periods of 8 and again 
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8 members ; this similarity is such that in this representation of the periodic 
system there is no sign of a subdivision of the great periods into two 
small periods. 

Later, a series of other properties were discovered which exhibited an 
analogous behaviour in their mode of dependence on the atomic weight 
(or atomic number, respectively). In Fig. 25 we exhibit as examples of 
such jH'operties : the comjn'essibility k , the coefticient of ex 2 )ansion «, the 

reciprocal of the melting-point (as an inverse nu^asun! of the tendency 

of the element in question to ho a solid) ; these are ])ro2)erties tliat con- 
cern not the lining of spa(!e itself as in the case of the atomic volume, but 
the alteration of the volume occupied owing to 2 )ressure and tein]K*rature 



changes. In a broad s(uisfs these curves lain ]mi*all(.‘l to those of the 
atomic volumes, ])ut they seem a little less regular. In the curve of the 
reci])iocal melting-points, tlui maxima are not at the alkalies but, as is 
easy to understand, at the inert gasc^s, which show^ the least inclination 
towai'ds lH:Coming solids. 

All these things concern a ])ronouncecl c'xiernal ])ro2)erty of the atom, 
naniely its claim on s])ace. Its connexion witli vaUmcy conditions and 
the structure of the j)eriodic system in Lothar Ah^yer’s curve show's that 
chemical artions, loo, drpevd on external jn'opcr I ien of the atom. In actual 
fact, they re.gulate the external relations of atoms to one another and 
depend on the number and arrangement of the external electrons that 
determine the valency. Also the elastic and cohesive properties of atoms, 
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their thermal behaviour as shown by Dulong and Petit's law of specific 
heats, the electrical conductivity, and the magnetic permeability give a 
picture analogous to that given by atomic volumes, and thereby prove that 
they too are external pro 2 )erties of the atovL 

But also the ptl^uomena that give rise to the emission of visible spectra 
occur at the 2 >eri 2 jhery of the akrtu. The spectra of the alkalies exhibit an 
essentially similar structure in spite of their greatly different atomic num- 
bers, Z = 3, 11, lU, 37, 5/5, and the consequent increase in complexity of 
the interior atomic structure. Only the peripheral arrangement of 
electrons in the series of alkalies is similar ; but this suffices to bring 
about an essential similarity in their visible spectra. The same corres- 
pondence exists between the spectra of the alkaline earths Ca, Sr, Ba, 
as well as between Zn, Cd, Hg. Almost in every case i\\Q position of the 
element in its 2 uo'iod and not its position in the system as a whole, its 
atomic number, is tlui decisive factor. The latter (atomic number) gives 
only a slight sign of itself, in that the spectral lines are in general not 
simple lines but consist of two or three lines that belong together and are 
more or less close together in the spectrum. The differences between the 
frequencies of this “doublet” and “triplet” increase I’eguhuly with the 
atomic weight, as used to he stated, oi*, as we now say, with the atomic 
number or nuclea. charge. But the pari played by the nuclear charge in 
the optical s]jectra is hut a minor one. 

'Uhis is different in the case of X-rnu spectra. For this, the atomic 
number is the chief factor, in that from the atomic numher of the element 
the corres^jonding X-ray line and, conversely, from the X-ray spectrum the 
atomic numher could be determined uniquely. The frequency of a 
delinite^ X-ray line, for example, the principle line of the K-series (cf. the 
next chapter, 4), incr(‘ases uniformly and continuously with the atomic 
numher throughout the whole system of elements without showing a trace 
of periodicity. In this cast* it is not the ^^osition of t^he element within 
the ptuiod of the .system but its position in the systetn as a trhole that is 
the atkimportant factor. 

Now, what does it signify that in X-ray spectra the atomic number of 
the element, its nuclear charge, exhibits itself so strikingly, whereas in the 
spectra of the visible region it hides itself? This signifies that the region 
in lohich the X-ray sjiectram takes its origin is the inner?nost (f the 

atom^ the imincdiatc vicinity of the ?ii{clens, and that, on the other hand, at 
the 2 >^'ri 2 )herij of the atom, where the ojdical spectra are produced, the 
nuclear charge, is screened off by the cloud of inner electrons cr just shines 
faintly througJi them. Jt is owing to the fact that the X-ray spectra take 
their origin from the central region near the nucleus, where the forces are 
strongest and least weakened, that their penetrative power and hardness 
is so great. In contrast with this, the visible spectra require for their 
excitation only small amounts of energy, compared with the extraordinary 
amounts t}u|^t are available in the interior of the atom and that are 
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necessary to excite X-rays. At the surface of the atom the events occur 
on a moderate scale but in the interior of the atom they become ex- 
aggerated to an extreme degree. 

The nucleus and the innermost regions of the atom around it are not 
built up periodically but, in view of the intensity of the lields of force, 
their structure is a continuous growth in conformity with the continuous 
increase of the atomic number. The X-ray .spectra reflect this syshunatic 
increase of growth and thereby loose all connexion with the periodic 
sii-ucture of the natural system. Periodirit y i.s (in (wternal, and not an 
internal, property of atiymic strnetnre. 

A general inference about the arrangement of the electrons about the 
nucleus mav be drawn from observations concerning isotopes. Two 
laotopea (U' an (dement cannot he separated hy chemical means (e.g. radium 
and inesothorium, thorium and radiothoriuir. neon and metaneon, oi' 
CL;, and ; that is, the peripheral parts of their atoms are built uj) 
similarly, since it is these parts that are of account in cliemical reactions. 
Moreo\er, two isotopic elements have smilar spectra'*' in the risible and the 
nltra-violet regions (for example, thorium and ionium or mixtures of the 
tw'O) : tliis similaiity also leads us to conclude w’ith great certainty that 
the arrangement of the external elements is the same. Hut two isotojnc 
elements have also the same X-ray spectra (e.g. in the case of lead and ihiCj*, 
according to Siegbahn and Stenstrdm : hence they are also alike in the 
arrangement of the internal electrons. Hence the whole atomic; structure 
is determined uni(|uely by the nuclear charge; given tlie same nuclear 
chaige we get tlie same atomic structure, in spite of varying atomic 
weights ; this applies, in particular, to the radioactive ehunents. As the 
decay continues and the nuclear charge alters, the; new' ai’rangement of 
the electrons that coi'responds to tlie new' nuclear charge is etlected auto- 
matically. Although we, do not know the atomic structure in detail, we 
know the lair hy which it is governed, the law that is dictated hy the nuclear 
charge through the agency (f electrical attractions and repulsions. 'The 
atomic structure is uniformly regulated by electrical agency from within 
outwards as far as the perljdiery of the atom hy the magnitude of the 
nu( tear charge. 

The question as to how' the electrons are distri})uted numerically among 
the individual shedls of tin; atom is more dillicult to answer. The X-ray 
spectra do, indeed, furnish us with the evidence in w'bich the; dehnite 
answer will be; found, Imt w'e are not yet in a position to intt‘i’})ret these 
data completcdy. The next chapter will give us further clu«;s. Here w'e 
shall just speak of the; information that we get from the ]jeriodic system 
of elements for the outcumiost shcdl of the atom. 

*In the case of the line x — 405HA of lead, difTerenres between uranium load 
thorium load, and ordinary lead have been observed by Harkins and Aronborg on the 
one liand, and Morton on the other (cf. Nature, 104, 406 Jiut they amount to 

only a millionth of the whole value. 
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We picture to ourselves the progressive synthesis of the atoms in the 
order of the jjeriodic system. At each step a new electron is added. In 
general the new electron attaches itself to the outside, as we may assume 
that in the interior of the atom there is no room for the immigration of 
additional electrons. As the number of external electrons increases, step 
by step, a limit is leached which, for reasons of stability, cannot be ex- 
ceedeid. Prom that point onwards a new outer shell begins to form, the 
])revious outermost shell contracting inwards. To pictuie this, we need 
onl}' rmneinlKii* the rings of a tree in its yearly growth. 

The alkalies are decidedly univalent and electropositive. There can 
be no doubt that we must assign to them in each ])eriod one outer electron 
in the outermost shell. The alkaline earths are divalent, the eaiths are 
trivalent; to these must be ascribed, respectively, one, two, and three 
outer electrons (valency- electrons). In general we ascribe to the electro- 
positive atoms at the beginning of each pei’iod just as many outer electrons 
as is expressed l)y their valency with lespect to oxygen (cf. p. 56). 
Hlectropositive character denotes readiness to jmrt irith electrons. EJectro- 
neijatlre character deviates readiness to take up electrons (“electron- 
hunger”). The electronegative atoms lack just as many electrons as 
they have hydrogen-valency; fluorine wants one, oxygen two, nitrogen 
three. These electrons are not w’anting in them for electrical neutralisa- 
tion but foi* electro-mechanical stabilisation. 

Between the electropositive elements following the end of a period 
and the electronegative elements preceding it there is situated in each 
case an inert gas. When the electropositive elements give up their 
valency-electrons, iheij reduce their conjitjuraiion to that of inert (jases ; 
whei'eas when the electronegative elements satisfy their valencies by 
taking up electrons, theu complete iheniselvcs as conjiijuratwns oj the inert 
(lases. Thus both parties strive towards this goal. . Hence we must 
asifiume that tlie contiguration of inert gases possesses a special degree of 
stability, and w(‘ see why in the progressive synthesis of the atoms in the 
natural system each period ends with an inert gas and that then a new 
shell begins. To avoid misunderstanding, we must, however, emphasise 
that we only assert the stability of the configuration of the inert gases as 
a chemical fact but cannot yet give reasons for it. 

The two small periods each contain eight elements. The inert gases 
neon and argon that stand at the end of these periods are thus entitled to 
eight electrons in the outer shell. Bohr gives good reasons (cf. the end 
of this section) for thinking that the other inert gases, also, as far as the 
emanation are to ho credited with eight outer electrons. Instead of 
confi (juration of inert (jases we might just as well say “ 8 -shell.” Helium 
with its two outer electrons is, of course, an exception. 

The union of electropositive and electronegative elements denotes in 
the simplest cases the creation of one or more 8 -shells. We call to mind 
IIP, H.,0, MH 3 . Pluorine, by taking from H the electron that it lacks, 
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completes as an 8-sheIl ; in the same way, oxygen and nitrogen do 

likewise by depriving two or three liydrogen atoms of their electrons. ,ln 
all cases the result is the neon configuration witli attaclied hydrogen 
nuclei. How these nuclei lie with respect to the neon shell, whether, for 
example, in the case of water they are arrang('d diameirally and sym- 
metrically, whether they have definite positions at all, is still open to 
discussion. Further, in the formation of NaCl two full H-shells come 
about : the outer electron of Na emigrates to FI ; FI hecoines raised to 
the argon type, and Na hecoines lowered to the neon type. The ions 
Na"* and FI”, on the formation and electrical atti-action of wliich the 
compound Na(!l doubtless depends, both have in their t*xternal con- 
figuration the character of inert gases. They are distinguished from Ne 
and A only by a ± 1 difference in the nuclear charge'. The same holds 
for all alkali halogen salts and for univalent ]'olar compounds, fn the 
case of divalent polar compounds two electrons emigrate fi’om tlij electi'O- 
positive to the electi'onegative component. In this way tlierei result, for 
example, in the cast' of (.'aO two 8-shells, the one, Fa’ ’, being of the 
argon type, the other, O being of the neon tyjie. 

W. Kossel,* by reviving Berzelius’ theory, has worke.d out fully this 
view of chemical action and has tested it in Weriu'r’s (‘omiilex compounds 
in addition to the typical simple polar compounds. .He arrives at the 
result that in all compounds that are given as forming ions or that ai’e 
built up analogously to ioii-foi'ming compounds, the atoms are present as 
ions in the undissociated state also, (’onsequently tlui single forces 
represented in the old chemical scheme by hyphens witli their mystic 
directions become replac('fl l>y the physically mor(' intelligible t'lectlric 
forces of the ions. Of course, on this view we cannot occoimt for liomceo- 
polar t combinations, that is, combinations in which ions cannot bt‘ 
assumetl, as, for, example, those of di-atomic gases : the ditVuiulty of 
understanding tlie latter ])resented itself to us suflicienlly clearly in 4 in 
the case of the simplest hoimjeopolar problem, tliat of the 11., -molecule. 
But apart from tliis the successes achieved by the electrical scheme arti 
astonishing, ll would take us much too far from our triu', object to offia* 
everi only a sketch of it. 

Almost at tluj same, time as Kossel, G. N. Lewis ; recognisial the jiart 
played by the configuration t>pe. of inert gasi's as the goal of chi'inical 
reactions, and pictured them in tlie s])ecial form of a (uihe, in the (*ight 
corners of wliich the electrons of the 8-shell ai’(‘ stalioiu'd. Tlu; same 
picture was ^sketched out a second tinn*. liy Born and Lande,):; 

* In his long papt.T : jJher MulekiUhildniui ah Ftuiqc di’s A tonihd Ann. d. 
Phys., 49, (J'JJO). ('f. alM) ; Cher die pJtj/stktfh'icJie Aidtnr der Vdlen.>kr(iftt\ 
Natuiwiss., 7 , 'AIVJ and dtJO (HIIU), or th(i monograph: \'ale'ft::krafte inul Ituntgen- 
}ipektre?i (Springer, lh21). 

t This t(.*rni i?^ due to Jl. Ahegg, wIjo pre])are(l the way for Kossel’s tlieory. 

*Journ. Anier. Cheni. Soe., 38, 7h2 (19 Hi) ; cf. also, as an extension of thesi' vit^ws, 
J. Langmuir, thid., 41, hhM (1919). 

JjBorn and liande, Verh. d. I). J^hys. Gcs., 20, -It) (191K); Horn, tbul., 20, 
( 1918 ). * 
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based, indeed, on exact calculations of the density and compressibility 
of crystals of the type NaCl. Land6* then set himself the difficult task 
of investigating the dynamical possibility of the cubic arrangement, which 
was, originally, only a postulate. He proceeded, not by supposing the 
electrons fixed in the corners of the cube (statical cubic model), but by 
inquiring after orbits in which they can keep themselves dynamically in 
equilibrium, whilst prescirving their cubical symmetry. It is indeed 
enticing to bi’ing the saci-ed number 8 of the periodic system into re- 
lationship with the number of corners of a cube and to picture the 
chemical ideal of the H-shell in the form of the cube. At any rate this is 
a first step towaids solving the problem, proposed at the end of S 3, of 
getting tangil)le ideas of the shell arrangement of the electrons in the 
atom. But, apart from the fact that a more detailed discussion of this 
question would again take us too far, we must not omit to mention that 
l ecently Bohr (in the letter to “ Nature ” quoted on pp. 59 and 69) has 
raised objections of a general character against this j)erha 2 )S already too 
specialised 2)icture. Presumably the symmetry of arrangement that was 
demanded by Born to explain in particular the com 2 )ressibility of regular 
crystals, remains unatfected by these objections. 

It has been held uj) as a rej^roach to KossePs line of reasoning, that, 
in the effort to trace chemical actions back to electrostatic forces alone, 
it has neglected tlie quintessence of the modern 2 :)hysics of the atom, 
namely, the quantum theory. The author is of the 02 )inion that in 
Kossel’s theory the quantum ingredient is reijresented by the fact that, 
going beyond Berzelius, Kossel takes the atomic volumes (better, the 
ionic values) into account whereby, for example, the decrease in the 
intensity of the ^J^lar union with increase of atomic size is exjjlained 
according to Coulomb's law. In fact, the size of atoms is given, according 
to our modern view, merely by the extent of their ^^eripheral electronic 
orbits, and these, in turn, are determined essentially by quantum relations 
and quantum numbers (cf. wliat was said about liydrogen in 3 and 4). 
So that as Kossel works with im 2 )enetrable atomic shells, latent quantum 
effects are involved in his calculations. 

This brings us for a moment back once again to tlie curve of atomic 
volumes, with which we started this section. The downward course of 
the curve at the beginning of each 2 >eriod may be made clear quite simply, 
if superficially, by the following consideration. In the case of a neutral 
atom of an alkali metal, an external electron is situated in the field of an 
atomic residue carrying a single positive charge. In the case of a metal 
of the alkaline earths, or of the following group, if they are elec rically 
neutral we have two or three outer electrons in the field of a doubly or 
trebly charged jjositive atomic residue. If we assume that these two or 
three electrons move in a circle diametrally, or at equal distances from 

* Berliner Sitzungabor., 1919, p. 101 ; Verli. d. D. Phys. Ges., 21, 2, 614, 653 (1919) ; 
Zeitsehr. f. Phys., ^2, ^3, 380 (1920). 
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one another, respectively (which need not be accepted, of course), and if 
we extend this idea to the following column of the vertical system (for 
which the arrangement in a circle obviously seems very doubtful, in vi(‘AV of 
the tetrahedral valencies of carbon), we may make use of ecjuation (5), of 
page 71, to determine the orbital 1 ‘adius of the outer (dectrons. fn eveiy 
])ei-iod this radius, then, comes out as inversely proportional to = 
/i - ]) - Here (/ is, for all columns from the first to the fourth, e(pial 
to 1, 2, d, 1. and according to Table 3, of page 70, is equal to O OO, 0*25, 
0*0/ / , 0'1)57. Further, Z -- that is, the nuclear charge niiniiH tlu* 
numhtn* of electrons of tlu‘ atomic residue that scr{‘ens it off, is likewise, 
on account of the, neutrality of the whole atom, (‘(]ual to 1, 2, 3, 4. We 
may, therefoie, wi'ite down the following table: — 


Tahi.e 7 


'I 

1 2 

:i 

{ 

y^.jr 

1 

()'577 

•1 ()*‘)57 

1 

■ • • 

1 o-r)7 

0-41 

! 


The bottom line gives, according to equation (5) of j)age 74, a measurt* 
for the radius of the ])(M*q)h(‘ral shell (imagim*d cii'ciilar) of th<' atom, and 
it shows how it diminishes ste‘p in* sUq) und(‘r tlu‘ inthumce of lli(‘ 
gradually increasing chargf* of the atomic r(‘sidu(‘. W(* lKivt‘ thus a 
(jualilative * count(*rpart to the descendi/ig hranclu^s of tlu‘ ciii ve of 
atomic volumes. Oui* argument clearly furnishes us with no analogv foi* 
the asciniding branches at the ends of the periods, ])articulai'ly if we 
retain the idea of a circular ring (which is in this case ctn taiidy inad- 
missilde). 

(-)f greater ])ractical importance for eiiemical pur))oses, we find the 
ionic volume, inasmuch as it asserts itself directly in the polar com- 
pounds of the solid ciystaliino state. Fi'Om tlie ])()inl of view' of tht'ory, 
too, the ionic volunu! is hctt(‘r defined and more easily accessihle than the 
atomic volume*, in th(^ inter])retation of which the dillicultitjs of the 
hoiiKJcopolar union, and in the case of metals, in particulai', our ignorance 

* It is very surprising tliat if wc form llie relative atomic volumes ” from Lotliar 
^leycr’s curve in <‘ac*h ca^e, that is, the atomi(5 volume in the sckuiikI, third, and 
fourth cohlmn divided hy that of the preceding alkali in the first column, we get 
almost the same figures, and, indeed, the same l»)r each permd. Tins might tempt 
us, for example, to calculate tlie not \et experimentally determined atomic volume of 
scHrjcliujfj /torn timt of jiotashiiuii, which in tlie alkali that precedes ; wo would get 
0*11.4.7*5 - is-f). In the previous editions of this hook, the remarkahh* parallelism 
between Llie real eoiirsi; of the atomic volumes and the calcnlation of afyomie. radii 
sketched out ah JVC, was discussed further, lu its (juantitative aspect, it is an 
unsolved mystery, for atomic volume is the third power of a lesigth, whereas our 
atomic radius is the first power of a length. Gonscfpiently we have rostriertod our- 
sidves to the brief indi<;ations of the text. 
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of the disposition of the conduction of electrons, makes itself felt. Thanks 
to the courtejsy of Mr. 11. Grirnm * the author is in a position to exhibit a 
curve (Fi^^ 2Gj of ionic sizes, as a counterpart to the Lothar Meyer curve. 
There are still ^ay)S in it, and its absolute values are a little uncertain, but 
its course is characteristic and full of meaning. 

The atomic numbers are marked off along the abscissa, and the ionic 
sizes R (delined as the radii of the sphere circumscribed about the 8-con> 
figuration in (juestion) artj marked off along the ordinate axis. Branch I 
of the curve ie])re.sents all those ions that tend to the neon type from the 
one side or the other; the curves II, III, and IV relate to those ions 
that, similaily, hcilong to A, Kr, and X respectively. For exam])le, on the 
branch 1 we lind, besides Ne itself, if we start from Ne and pass succes- 
sively downwards, that is, 
to smaller ionic sizes and 
greater atomic numbers, ae. 

Na‘^, Mg' and, on the 
other side, that is, to 
great(n* ionic radii and 
smaller atomic niuiihers, 

0.9 

F , O . Corresponding 

to this, ^\e lind fjr^ the 

Argon branch, on the one 0.7 

side, the grouj) K ' , Ca ’ ' , 0.6 

and on the other C\ , S ' . 

The steep slope of all the 

))ranches is explicable from 

the same ])oint of view as 0,3 

rc'ceives exjiression in the q 2 

descending branches of the 

.. , 0.1 

curvt‘ of atomic volumes 

of Tabl(‘ 7, namely, the 
same outer shell of elec- 
trons as occurs in the 
neutral inert gas is contracted by electrostatic attraction when the nuclear 
charge increases, and becomes distended by electrostatic repulsion as the 
nuclear charge decreases. For example, wo get the rule that tlic nefjdtive 
ions are greater than the positive ions. The unique position of the alkalies 
that was so prominent at the maxima of the curve of atomic volumes, 
has vanished entirely in our ionic curves. This is easy to understand, 
since the single valency (electron that was responsible for this unique 
})osition of the alkalies is no longer present in the ions. 

In Fig. 2() we have drawn in addition to the curves that run from 
above to below and that belong to the same period, two connecting lines, 
from left to right, that link up the ions in the same group of the periodic 

* * Cf. Zeitschr. f. Physikal. Cheiii., 1921. 





108 Chapter II. The Natural System of Elements 

system, namely, the alkali and the halogen ions. Concerning the dif- 
ferences between the consecutive steps of these connecting lines, we read 
from the figure the following rule : 

I II > III IV > 11 III. 

And, indeed, this rule holds not only for ionic sizes but also for numerous 
other physical ])roperties, and not only for the alkalies and tlie lialog(uis, 
but also for other groups of the periodic system. In })articular, the 
height of the step I II tells us why, in isomoipliic crystals, the ions JJ, 
HI, and IV can be represented l)y one another isomor]>hically hut not 
by 1. 

Concerning the empirical origin of the ionic radii, tlu' hint iimst 
sutVice that it is founded on the measurement and calculation of the 
width of mesh of crystal lattices of the type NaCl. Fajaus, (Irimm, aiid 
Herzfeld,* starting from the cube conceptioii, have set u] and tested 
simple linear formuUe that connect the molecular volumes of crvstallis(‘d 
salts with one another, and their lattice constant with the ionic size of ihe 
component parts. In the case of the inert gases, of course, the ionic radii 
(here atomic radii) could not be determined in this way, hut tlu*y hav(^ 
been inserted as the arithmetic means of the alkali and halogen ions. A 
check for this is furnished hy the w’ork, determined spectroscopically, that 
is necessary to form the ions, starting from an iiiitial netural state (cf. 
Chap. VI, 3). 

Bo much for the outer shells of atoms and ions. Now, what does the 
periodic system tell us about the inner sIicUh and how' they are occupied 
by electrons? As already explained above, we may assume lliat <.‘ach 
new’ period marks the beginning of a new’ shell, wheiH'by tlu‘- one just 
completed becomes the shell second fi’om without. Thus, 1/i.e periodic 
numbers 

2, 8, 8, 18, 18, 32 

give UH an index of the j^robahle number of the electrons that oaoipy the 
successive inner shells. 

But this does not imply that, as we ])roceed in the system, the 
nurnbei's of electrons in the inner shells remain the same, or even the 
same as the numbers of electrons which occupied tlie same shells w’hen 
these formerly wei'c complete as outer shells of a foriiHa’ element. It is 
easy to see that the conditions of stability in an inner shell arc different, 
and indeed more favourable, than wdien the satiu', shell formed the 
periphery of the atom. As an imioi* shell it would thus (as a consequence 
of the repulsive action of the new'ly added outer el(‘ctrons) he able to hold 
more electrons than when it formed the })eriphery of the atom. Hence 
it may happen that at certain points of the jjfjriodic system a luwv electi*on 
that is added is not attached to the outside, hut takes up a })osition in an 
inner shell. The points that come into question for this phenomenon are 

* Zeitschr. f. Phyn., 2, ‘21W and 809 (19*20). . 
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the triads, FeCoNi, BuRhPd, OalrPt, and the whole group of rare earthy. 
These elements are closely related chemically and hence we surmise that 
the number and arrangement of their external electrons is the same. 

These considerations which were undertaken some time ago,* have 
received a much firmer foundation through the later views of Bohr, which 
were accomjianiod by calculations, and which he communicated to us at 
the conclusion of his letter to “Nature” (cf. p. 69 ). According to these 
v'iews, the successive shells in the case of the inert gases are occupied by 
the following number of electrons : — 

Tahlk 8 

H(! ... 2 I Kr . . 2 8 18 8 

Nc . . . ‘2 8 1 X .. 2 8 18 18 8 

A . . . . 2 H 8 Em . . 2 8 18 32 18 8 

As wo sot*, thosf. iiuinbers at first increase and then decrease to 8 again. 
J //. inrr/ r/ases are surrounded by an outer S-shell. The numbers of elements 
in the pei’iods of the natural system do, indeed, furnish us with the 
correct strengths {Beset zunyszahlen) of the shells, but, in general, iwt in th-e 
riifht order of sequeiia\ 

How are we to r{‘prest‘nt to ourselves the difference between the period 
numbers of the system and the strengths of the shells in individual cases? 
Between A and Kr a »irst rearrangement of the electronic configuration 
occurs. The completed 8-shell of A is not preserved in the case of Kr, 
but is re-formed into an 18-shell. The point of the periodic system, at 
which this occurs, is occupied by the triad FeCoNi. The same arrange- 
m(*nt occurs a second time between Kr and X, namely, at the point 
occupied by the triad KuRhPd. The third revolution is very radical and 
leads to the formation of an inner shell of thirty-two electrons ; it has a 
connexion wuth the occurrence of the rare earths in the periodic system. 

From these remarks we see how the problems of atomic structure are 
transfused with questions relating to the periodic system, and we recognise 
that advances in problems of the former kind also entail the unravelling 
of those latter types. 

^Physikal. Zeitsclir., 19 , 229 (1918). Cf. also L. Ladenburg, Naturwss., 1920, 
Hoft 1, in whicii lie conjectures tliat a rearrangement of the external shell of electrons 
takes place before the middle of the great periods, and in which he comes to the 
conclusion tliat not only the inert gases Ne and A, but also Kr and X must have an 
8-sholl on the outside. 
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X-HAV SPK(!TKA 


1. Lane’s Discovery * 

I N our introductory note on Kont^en or X-rays (('ha]). I, 5), we saw 
that Kdnt^aui radiation is a radiation of tnuisrcrsv waves. Wo 
spoke of the U'ave-Jentjih and of the sperhirm of X-raif ntdiatiov, 
both in tile case of tht*- characteriafw radiation, which is thf* part tiiat is 
characteristic of the material composing the anti-cathod(', corr(‘S]ionfling to 
the free vilirations of the electrons of the anti-cathode, and in that of the 
ivipnUc radiation, which is the part that is characteristic of tht‘ volta^^e of 
the X-ray tuije, corres])onding to forced radiation of tlu^ electrons of the 
cathode rays. Assuming the results of experiment, we described the 
spectrum of the cliaracterUtir radiation as a line-sjurtnoni, that is, as a 
discrete series of individual wave-lengths, and tlu* specti’um of impulse 
radiation as a cojitinuous spectrum which stretches fi*om long wave- 
lengths over a region of maximum intensity to a shar})ly (l(‘tin(‘d edge of 
short wave-length, fn both cases the wave-length (the dominant wave- 
length, the region of greatest intensity) is an inverse measures of the hard- 
ness, a direct measure of the softness, of X-rays. 

How are th(^ wave-lengths of X-rays measured ? Tlu' general ))ro])(‘rtii5S 
of X-rays, compared with those of visible light, sliow that their wave- 
lengths must be very much smaller than optical wave-lengths. In optics 
the liest method of measuring wave-lengths, and the OTily method that 
leads to absolute determination of them, is that founded on diffraction. 
By measuring the positions of the maxima and minima of diffi’action, we 
compare the wave-length with the dimensions of the dilfracting apca’turo 
and in this way reduce it to absolute measure. The greater tlie wave- 
hmgth of the light used, the less will Ije the distances between the dif- 
fraction fringes and the more will the ])ath of the ray deviate from that 
of a straight line. Red will he diffracted moi*e than blue, the dilfracting 
aperture being of the same size for both. Conversely, the srnallei- the dif- 
fracting aperture, the greater will bo the angle of diffracition fora constant 
wave-length of light. From this it is clear that the dimensions of the 

* Lau(j has given a comprolieusivo account of fiis tliscov(3ry in Jahrhiicli fiir 
Jlarlioaktivitiit und Ehjktronik, H, .*308 (1014). Its application to crystal analysis is 
described in the book, “X-Rays and Crystal Structure,” by W. II. Hragg. Ijoiidon, 
191 G (I3ell). 
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diffraction apparatus must be chosen much finer in the case of Sontgen 
rays than in that of ordinary light. 

As early as 1895 Rontgen himself had made tentative diffraction ex- 
periments with his X-rays, but the result was negative. Results by other 
experimenters, which were claimed to be positive, were later proved to be 
due to optical illusions, half-shadow effects arising from the scattering of 
the secondary radiation. Accurate diffraction photographs were first 
obtained in 1900 by Haga and Wind, who used a slit that was placed 
perpendicular to the course of the ray ; tlie jaws of the slit were not, as is 
usual, ])arallel to one another, but met at the lower end, so that its opening, 
which had a width of s(3veral jit the upper end, became reduced to 
several /x/x at the lower end. The diffraction effect was to manifest itself 
in a broadening of the dark hand of the nc^gative at the lower end of the 
slit. Th( 3 se ]ihotographs wore repeated with greater refinement by Walter 
and Pohl. Th(i })lat(^s were worked 
out by tVie author, after V. P. Koch 
(of Hamburg) had measunnl them 
out ])hotonH3tri(jally with great care 
by his ov;n imdhod. Prom a photo- 
graph taken with hard Rontgen radia- 
tion the dominai^t wave-length 
{“ width of impulse,” its it was called 
at that time) was found by calculation 
to he A 2^ 4 . 10 - •' cms. Contrast with 
this the wave-length of yellow light, 
which is 0 . 10"*’* cins. 

The fact that the wave-length de- 
t(M’mines qualitatively the hardness of 
the X-ray tube becomes clear when 
we co]ii})are the two diffraction nega- 
tives which have been worked out ])hotometrically by Koch in Fig. 27 (a) 
and (b). The negatives were produced by Haga and Wind ; in the case (a) 
they used a veiy soft tube, in the case (b) a very hard one. They both 
pr( 3 sent the left half of the picture of the wedge-shaped slit, of which the 
geometrical shadow is indicated by the dotted line (the right half is to be 
imagined added symmetrically about the middle line The con- 

tinuous lines are lines of equal darkness on the photographic plate, and we 
see that the intensity of darkness decreases from the middle to the side. 
In the absence of diffraction (wave-length A = 0) darkness would occur 
only within the geometrical shadow of the slit and a neighbouring region 
,of penumbra. Now, a characteristic feature is exhibited in that, in Fig. 
27 {b) (hard tube), the curves of ecjual dai'kness are closer to the geo- 
metrical projection of the slit than in Fig. 27 (a) (soft tube). Thus, the 
diffraction, that is, the deviation of the path of the ray from that demanded 

*P. P. Koch, Add. d. Phys., 38 » 507 (1912). 
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by geometrical optics, is thus loss in the case of greater hardness ; great ef 
Jiardneiis corre}tpoyid}i to shorter ware-length. 

Only a year after these results were made known, this determination 
of wave-lengths was to be surpassed in accuracy and certainty in an un- 
dreamt-of manner by Lane’s discovery. 

In optics, the di fraction grating is more effective than the diffraction 
slit, both as regards the intensity of its light and its resolving power. 
The action of the dittVaction grating depends on the regular succession of 
the lines of the grating, the distance between which we shall call the 
“ grating constant ” a. The width of the foi-m of these lines have no in- 
fluence on the angle of diffraction and are only of secondary importance 
even for the distribution of intensity among the specti’a of various orders. 

The theory of the ditfraction grating is one of the most familiar 
branches of the optics of the wave theory. Nevertheless, to lay hare the 
root of Tjaue’s discovery, we must here set out some of its ess( itials. 

In Fig. 28 we exhibit a section of the grating; 1, 2, 3, . . . an' the. 
traces of the lines of the grating; the distances (1,2) = (2, ‘3) = . . . 

are equal to the grating constant a. Let 
the angle between the inci(l(*nt beam of 
rays and tin.' trace of th(' grating 1. 2, 3, 
. . . have the din'ction cosine the 
dii*ection cosiiu' of tlu' (jnn.'rgent bc'am and 
tlu‘ same line 1, 2, 3, . . . being a. and 
a are simultaneously thi* siiu's of tin' angles 
of incidence and einei'gence.) Using 
Tluyghen’s Principle, hit us imagine rays 
starting out from each grating line in all 
for the present, we may regard a as any arbitrary 
In the figure the case of tninsinltted liglit is pictured. 

about the axis J, 2, 3, . . 



directions. Thus, 
angle whatsoever. 


By folding the diffracted rays in the figure 
we get the case of light reflected by diffraction. 

The theory of the diffraction grating is contained in the equation : 


a[a a,,) = liX . . . . (1) 

In (1) the left-hand side denotes the difference in huigth of patli 
between the ray, for example, that goes through ap(^rture 1 and that which 
goes through aperture 2 (and, generally, the difference of path between 
any such ray and its neighbours). For aa = IP is the diffei-ence of path 
between the diffracted rays through 1 and 2, and likewise', is the 
difference between the lengths of path of the incident rays through 2 and 
1. Thus our equation demands that the path-difference in the whole 
course of the rays be equal to a wave-length, or a multiple of the wave- 
length (that is, h must be an integer). In this case we get an amplifica- 
tion of intensity through interference, that is, a diffraction maximum. 
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We ^et diffraction minima, that is, a neutralisation of intensity by 
choosing h ^ ov h = integer 4- 

In the first place, equation (1) shows that the diffraction grating is a 
spectnil apparatus, inasmuch as it gives for each wave-length X a definite 
angle of diffraction. Hence incident white light is analysed into its 
spectral components. Again, red is more strongly diffracted than blue. 
For h 1, we get a Hjyexlrum of the first order ; for k = 2, we get one of 
the second order, and so forth. Corresponding to the case /i 0 is direct 
liijht, which is not resolved spectrally. On the other side of the direct 
ray spectra of the fi I S t, second, . . . order also occur, namely, for //, = - 1, 
h = - 2, and so forth. The separation of the colours (the dispersion) is 
double as great for a spectrum of the second order as for one of the first 
order, and so forth. Further, equation (1) tells us that the grating 
constant a must he greater than X, but not too much greater. For if 

a<CX, we should have and hence h- could not be equal to 

a a 

a - as is demanded by (1) (since a - a,,, being the difference between 
two cosines, is <; 1). If, on the other hand, a ^ X, then a - will 
become very small for moderate values of h, and the spectra of first, 
second, . . . order, if caught on a screen, would lie very close to the 
direct light; the disjjersion would be insufficient and the grating would 
fail to be of use as a spectral apparatus. In the case of Rowland gratings, 

which are of perfect construction ~ amounts to less than 10 units. 

A 

Besides the grating constant a, a decisive feature for the excellence of 
a grating is the iiuinbei* of lines N of the grating. It conditions not only 
the brightness of the diffraction spectra, as is immediately apparent, but 
also the resolving power of the grating, that is, the power to separate 
and make measurable spectral lines whose wave-lengths differ only 
slightly from one another. The resolving power is given directly by the 
number of lines N. 

From the simple line-grating we jmss on to the crossed grating, or 
lattice. Fvery one knows the beautiful diffraction spectra that are pre- 
sented to the eye when we look at a distant source of light through 
gauze. Wt) shall confine our attention in particular to a quadratic 
system of fine apertures, that is, we su])pose the threads of the web or 
network to lun at right angles to one another and suppose them to be 
comparatively thick, so that the intermediate spaces that let through the 
light may be regarded as mere points. The distance between each two 
neighbouring apertures is to be called the “lattice constant” a. In 
Fig. 29 we take two rows of such apertures as our .r- and //-axis ; we 
draw a ^-axis perpendicular to both. We cannot picture the course of 
the beam for the incident and diffracted rays since their paths lie in space. 
Nevertheless w^e may say exactly as in Fig. 28 let a^^y be the. direction 
cosines of the incident ray with respect to the a*- and //-axis, respectively ; 

H • 
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let 13 be those ot‘ the difiViicted ray. In the dilli'aet(‘d im\ the eon- 
tribiitions of all apertures are to streiif^then oiu' aiiotlu'r adiliiivt'ly a.s a, 
result of tlie inference. For exani])le, ](*t us eonsidei- tht' conlribiilions of 
1 and 2. If they strengthen one another then 

a{a — tt„) == . . . (^) 

where = an integer. The projection of the distanctj a of tlie lattice- 
points 1 and 2 on the incident and the diltracted ray gives us ])iecisely 
Fig. 28 (only that, where necessary, the upper and lower half-jjlanes in 
Fig. 28 must now be considered inclined to one another) and thus proves 
the truth of (2). In the same way the contributions of 1 and 2' are to 
act additively through interference. To assure this, we must have 

" y^o) = .... (2') 

where h., = an integer. This equation, too, may be read ofT from Fig. 28, if 
we project the distance between 1 and 2' on the incident and the diffracted 
ray. But if 1 acts together with 2 and 2' to produce increase of bright- 
ness as a result of the interfej'ciuce, tluui eveiy 
opening acts in the same sense', since', tlu'u, the 
difference of path between each two o]K‘nings is 
ecpial to a whole number of wavc‘- lengths. 

Likewise the lattice (crossexl grating) re'solvc's 
the incident light into its s])('ctral components. 
Foj’, fj'oni equations (2) and (2'j, if //, and h,^ are 
given, the.‘i-e is defined for eacli A a dilfere'iit direc- 
tion of the diffracted rays. Wo construct tbe^ path 
of this i-ay as follows. W’e de*scribe about tlu* 
a’-axis of Fig. 21) a cone such that the cosines of its angle of ape'iture is 
equal to the direction cosine a, as obtained fiom ee|uation (2). In the 
same way we describe about the; //-axis a cone which is similarly de- 
termined by the direction cosine /3 given by (2'j. Tbe‘se‘ cone's intersect 
in the ray wdiose position w^e require (as well as in the ray that is sym- 
metrical to the latter wdth respect to the r/y-plane, the lattice acting, so to 
speak, as a reflecting plane). Our construction liolds for a dt'linite wave- 
length A. For a new A the apertures of the cones must be altered to accord 
with (2) and (2'), and thus we get a new diniction for the diffi’acted ray. 
Hence, for given values of and we obtain a spcctncni, wfiich cor- 
responds to the tw'o order numhera /tp and by varying //.^, we get a 
tiro-fold 7Jian:ifold of .spre/ra. Each of these spectra repeats the complete 
series of s])ectral colours from red (on the outside) to violet (on the inside), 
wfth tlie exception of the spectrum (0*0), the continuation of the incident 
ray, which is not analysed in this special case. The spectra (1*0), (2*0), 
(-3*0) . . . lie in the plane thi’ough the incident ray and tlie .r-axis ; the 
spectra (0*1), (0*2), (0*J3) ... lie in the plane through the incident ray 
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and iho //-axis. The spectra (1*1), (2*2), (3-3) . . further, are situated 
in the ])lane thi'ough the incident ray and tlie bisectois of the angle between 
the ./‘-axis and the; ;/y-axis, and so forth for the other spectra. Besides the 
S])eelra (+ + /e,)» fhere are, alloted to the other quadrants of the xy- 

phiJie, spectra (+ - h.,), ( - /q, + k.,), and (~ /q, - h.,). As in the 

cas(‘ of th(i line-gi’ating we must have a \ but we cannot allow 
The equations (2) and (2') comprise the whole theory of the crossed grating 
or lattice, just as equation (1) comprised the theory of the line-grating. 
Concerning the resolving power of the lattice, the numbers Nj, of the 
lattice aperture in the one or the other direction serve as indices. 

From the crossed grating or plane-lattice we pass on to consider the 
case of a space-lattice, for example, a cubical space-lattice. We may 
imagine that there is added to the quadratic system of openings of Fig. 
29 a whole system of similar systems placed one behind another at equal 
distances a. For this purpose we prefer to talk, not of “ apertures,’’ but 
of “lattice-points,” which act as “diffraction centres” or as “scattering 
points.” Thus we have a cubical system of lattice-points, of which each 
two neighbours an^ separated by a distance equal to the lattice constant a 
along the direction of each axis, ./*, yy, z, Wtj allow light to fall into the 
system of lattice-points in the direction (these being the direction 

cosines with resp^ ct to the three axes, respectively). At each of our 
lattice-])oints a fraction of the incident light will be diffracted or scattered 
in all directions, for example, in the direction a/5y. At a great distance 
from our S2)ace-lattice the waves that emerge in the direction a/3y from 
each lattice-point form a homogeneous ray, namely, the ray a/3y diffracted 
])y our space-lattice. (In order that this ray might form without obstruc- 
tion in all directions, it was necessary to replace the idea of “ ditfraction 
apertures ” by that of “ diffraction centres,” otherwise the formation of 
the diffracte^d ray would be impeded by the diffracting screens that we 
slioidd have to assume between the diffraction apertures.) 

The diffracted ray afSy^ howevtu’, is appreciably bright only when the 
contributions of all the lattice-points act togethei’ in the same phase in 
})roducing it. For this it is necessary that the path-difference of the rays 
f 1*0111 neighbouring lattice-points be a whole number of wave-lengths. 
Thus w*e ari*ive at (Jure conditiouSy one for the direction of x (that is, for 
two neighbours that are at a distance a from one another in the direction 
of .r), one for the 7/-direction, and one for the .r-direction : 


(l(a 

~ “«) ” 

■ . (3) 


- M . . 

■ • (3') 

a{y 

- To) = 

. • (3”) 


When these conditions are fulfilled, the effect of interference is to 
amplify the intensity, and indeed, not only of that due to two neighbours 
but generally, to that due to any tw^o of oup* lattice-points, since for them 
the path -difference is a w hole multiple of the difference of path for two 
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neighbours. These rays that are thus intensified as a result of inter- 
ference from all the lattice-points are, furthermore, the only ones that are 
appreciably bright. For, in the case of a sufficiently great number of 
lattice-points (Np No, in the three co-ordinate directions), rays that are 
intensilied through the combined action of only a fraction of these lattice- 
points (for example, only the lattice-points, Nj^ and No) would appear 
infinitely faint compared with those discussed above. 

Equation (3) comprises the essential features of the theory of the space- 
lattice. We read out of it that : e^'ery interferhuj my is characterised hy 
three whole mimhcrs {/ip /io, h.j) the order numbers of the interference idiem)- 
nienon in question. We cannot, however, as before speak of a sjtectrwn of 
the order (/ip /io, /i^). The light that is diffracted by the space-lattice no 
longer contains all the wave-lengths in juxtaposition, as happens in the 
case of the crossed grating or plane-lattice ; it is, on the contrary, mono- 
chromatic liqht. 

From equation (3) it follows that 

a = ay -f /ii ^ + /io y = yy -f /i,.. - . (4) 

a It a 


Moreover, we have the Pythagorean relation between the direction cosines : 

a- + /?- + y- = 1, and likewise ar; -1- f yf) = I . (5) 

By squaring each member of (4) and then summing, using (o), we get 


1 = 1 4- ^f/i^Uy -h /i.j^y H- h.;y^^) - + (/if + /i.i + /io) -j 

a a" 


and hence, 


/i,ay 4- /io/i/y 4- /i;;y<» 
/if 4" /io 4” /if; 


( 6 ) 


Thus, the wave-length that can be diffracted in tlie interference ray of 
order (/ip /io, /i.,) is fully determined for a given dinjction of incidence. 
We may express this in some such terms as these : The third condition 
that becomes added to those of the plane-lattic(‘, when we deal with 
space-lattices, singles out one wave-length fi’om all those of the ]dane- 
lattice, and excludes the others. We illustrate this by a conical con- 
struction analagous to that which we have already used in the case of the 
plane-lattice. About the j:-, y-, ,^-axis in turn we descril)e cones whose 
angular apertures have cosines such as are demanded l)y equation (4). 
Two of these will intersect, whereas the thiid will not, in general, j)ass 
through a line of intersection of the other two. But the latter condition 
is absolutely necessary if the amplification produced by interference is to 
reach full strength. Hence, for an arbitrarily cb.osen A, there will, in 
general, be no diffracted ray. J3y altering A we also alter, according to 
(4), the conical apertures continuously. We may carry out the change of 
A in such a way that the sheet of our third cone gradually a])proaches the 
intersection of our first two cones. If we ))roceed in this way we shall 
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succeed, at a certain value of X, in malcing all three cones have a common 
line of intersection. This is the interference ray {afiy ) ; the corresponding 
wave-length is that which was calculated in (G). 

From equation (3) we shall straightway make a further deduction. 
For this purpose we introduce the following symbols (cf. Fig. 30) : 26 is to 
denote the angle between the incident and the diffracted ray, that is, 6 is 
the angle which the incident or the diffracted makes with the middle 
plane MM between both. We then have 

cos 26 = aa^^ . • (7) 

By squaring each member of (3), then summing and using (5) and (7), 
we get 

(a - a,,)'- + ip ~ ^,0" + (y ~ y<))“ = 2-2 cos 2^ = 4 sin- 6 

— + i'o./) (8j 

Taking the square root, we get 

sin 6 = • • • (^) 

Wo shall find that this equation will be of funda- 
mental importance in S 3. 

In the region optics our space-lattice is 
only a fiction, a model which we have conceived 
so as to generalise the scheme of diffraction as • 
presented l)y ordinary diffraction gratings. The ^ 
art of the mechanic and of the weaver are of no 
avail for producing such space-lattices. In the 
realm of Ecintgen radiation, the position is differ- 
ent. The brilliance of Ijaue^s idea consisted in 
his recognising that the sjiace-structure of 
crystals is just as happily adapted to the wave- 
length of liontgen radiation, as the structure of 
a Eowland grating was adapted to the wave-length of ordinary light, 
that is, that we can take directly out of the hands of Natui’e the diffraction 
ap})aratus necessary for Edntgen rays, in the form of one of her master- 
pieces, a crystal of regular growth. 

It was a favourite idea of mineralogists and mathematicians (Hauy, 
Bravais, Sohnke, Fedorow, Schonflies) to account for the regular shape 
and structure of crystals by the regular arrangement of their elements of 
structure, of their molecules or atoms. According to this, a lattice of the 
cubical t}q3e woukl have to be ascribed to a crystal of the regular or 
cubical system. If we determine the lattice constant a of such a crystal 
from the density of the crystal and the mass of the atoms composing it 
(as we shall do at the end of § 3 of this chapter for the case of rock- 
salt), we find that a is of the order of magnitude 10'“^ (for example, 
a r= 5*0 . 10“^ in the case of NaCl). This is the same order as that 



»o/?o yo 

Fig. 80. 
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which has hoeii found for the sp]i(»ro of action of nmlt'cnlc's, according to 
various methods of determination founded on the kinetic tlu'ory of 
On the other hand, we saw at the he^innin^^ of this sce.tiou that th(‘ \vav(^ 
length of Ihinti^en rays is to he placed between tlie ord(‘rs of ma,L,mitu(h'. 
lO”-^ and 10“’^ cms. (4 . 10-*’ for a hard tube, accordin^^ to a rou^di calcula- 
tion based on the diffraction). We assert then that thr laUic.c nnisfanl n. 
of the crifi^tal is (jrcatpr than the wave-leiK/th \ of the Iwnhjvn rays, hut not 
too great in comparison wiili them. Thus a and \ are related to one 
another in just the way that we found above is necessary if a dilTraction 
apparatus is to be effective. We can read the same condition out of 


equation (9) ; if is a proper fraction that is not too small, we get for the 

a 

angle of diffraction 20, a possible and not too small value. The atoms 
that compose our space-lattice are directly effective as lattice-points. We 

encountered in Chapter T, ^ 5, 
their pro 2 )erly of forming diffrac- 
tion (or scattering) centies for 
^ ‘ Hcintgen rays ; thei’(‘. we saw that 

" ^ scattei ing is proportional to 

the numbei’ of (‘lectrons Z con- 
tained in thei^u.* 

Figs, r‘31, 32, 33 are repi*oduc- 
tions of the famous ])]iotogra})hs 
taken by Lane, hh*i(‘drich, and 
Knipping early in 1912. The 
experiment was ananged xavy 
simjdy. By means of lead guides 
(screens with holes), a fine beam 




;u. se])arated out of the liglit 

from an X-ray bulb. This beam 
falls on a crystal plate. —in the plates r<*produ(ied these wei-e of /inc 
blende, ZnS— about 0*5 mm. thick, 5 mm. wide and long, which was 
mounted on a S])ecliometer table, and ca])abh 3 of being accurately 
adjusted with it. WIhui the incident “primary'’ ray traverses the 
crystal plate, secondary “ interference rays are deflected out of it owing 
to diffraction by the atomic lattices of the crystal. These interferenc(i 
rays emerge fi*om the crystal as a wid(ily divergent l)(‘/am of many mem- 
bers. Several centimetres behind the ciystal is the ])hotographic plate. 
On it thei-e is traced besides the pi’imary ray (greatly magnified owing to 
irradiation) the^ track of the beam of inhirference rays. Tm the first 
photographs the time of exposure was many hours ; the tube was run with 
about 3 milliamps. and 60 kilovolts. The plate and the crystal were 
protected by being surrounded by lead. 

In Figs. 31 and 32 the crystal plate was cut parallel to the edge of the 
cube and placed at right angles to the incident ray, with the dilTerence 
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that ill Fi^,^ HI, the photo^ouphic ])late was H-5 crns. from the ciystal, 
wluMvas iti Fi^. H2. th(i distane(3 was only 1 cm. Thus Fi^. H2 is a section 
throned] tlie same interference })eam as Fi^. HI, hut ^reatly com])i'esse(i 
and l•(•duced in siz(\ In Fig. HI as well as in Fig. H2 the primary ray 
ti'avdled in th() direction of the four-fold axis of symmetry (edge of the 
cuhej. Cloirespondingly, the respective diffraction pictures are of four- 
fold symmetry. They have four planes of symmetry, two parallel to the 
edges, two parallel to the diagonals of the cube surface. Every spot that 
lies on one of these planes of symmetry in the picture occurs four times 
whereas every other spot occurs eight times. Each such group of con- 
nected spots that again arises from itself by rotation and reflection 
shows the same intensity and is marked on the plate by the same wave- 
length. If the photographic plate and our retina were sensitive to the 
imaginary colour of Eontgen rays, we should see each such group of 
points shining forth in one pure colour and each two different groups of 
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points in general emitting different colours. For example, there belong 
to the two particularly strongly pronounced 8-groups of s])ots in Figs. 31 
and 32, the fractional numbers 

\ O V ^ 

' = r:* {iiid = respectively. 
i(. 27 a Ho 

Since the lattice; constant for zinc blende is found to be 

(I = 5*43 . 10"'"' cms. 

we get the corresponding wave-lengths as 

A = 4*02 . 10-^ cms. and X = 3T1 . 10'^ cms. 

In Fig. 33, the crystal plate was cut parallel to a space diagonal of 
the cube, which represents a triply symmetrical axis for the substance of 
the crystal. The primary Eontgen radiation again fell ])erpendicularly on 
the plate, and thus traversed the crystal in ?he direction of one of its ihree- 
fold axes. Corresponding to this, Fig, 33 is of three-fold symmetry : it 
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possesses three planes of symmetry inclined to one another at an an<?le of 
120°. In general, each spot occurs six times, but in a particulai* ])Osltion 
on one of these planes of symmetry it occurs three-fold. Each 3- or (i- 
grouj) of spots, respectively, is produced l)y tlie same wave-length. l\)r 
example, in tlie case of the very prominent 6-group of spots we have 


X _ 2 

d ” 19x/3’ 


X = 3*30 . 10“'^ cms. 


The wave-lengths that are singled out in this way by the crystal 
structure and are dilTracted to definite points of the photographic ))late are- 
all contained in the primary bundle of rays, just as the colours of the rain- 
bow are contained in the white light of the sun. In Lane’s method the 
continuous spectrum is used to i^i’oducc the interfei*ence picture. This 
continuous spectrum, however, is not, as in the case of the line- <. rating or 
plane lattice (crossed grating), mapped out completely, but cei’tain in- 
dividual wave-lengths (more accurately, several narrow regions of wav(‘- 
lengths) that are appropriate for the crystal structure are selecjted from 
the continuous manifold of the specti*um and made prominent. The 
prominence of certain wave-lengths in the interference picture is partly 
due to the fact that the.y are particularly strongly i opr(*S(mt(jd in the 
primary spectrum (the region of maximum intensity of the continuous 
spectrum), and partly due to the fact that the ])hotographic ])late reacts 
particularly strongly to them (selective sensitivity of the silver broniidf*). 
Lane’s method tells us nothing of the line-spcctrum, of which th(‘ discrete* 
wave-lengths are not in general adapted to the crystal structurt*. Sinct*- 
the line-spectrum, as the characteristic radiation of the atoms of the anti- 
cathode, is particularly important for the study of atomic structui-e, we 
shall not require to draw further from Laue’s original method. Of coin se, 
the spectrometric methods that we shall discuss in the seqiu*! will differ 
from Laue’s method only in the mode of arrangement, not in tin? root 
idea. This idea, of using the crystal as an analyser for Eontgen rays, is 
as essential in them a -5 in the original method. 

So far we have given Laue’s theory for the case of the i*(*gular system 
with the lattice constant a. How this is to be extended to the oth(*r 
systems of crystals suggests itself to us immediately. In the case of th(i 
rhombic system, which is built upon three mutually peiqiendicular axes, it 
is only necessary to replace the quantity a in equation (3) by the lattice 
constants, a, by c, in the directions of the three axes respectively. We 
then get in jdace of equation (G) 
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In the same way, equation (9) now becomes 


sin 0 






ai; 


The case of the tetragonal system is given by setting h = a. In the 
remaining crystal systems, in which the axes of the lattice are in general 
inclined against one another (oblique), the direction amjles of the crystal 
ax(js ai)])('ar in the corresponding formula, besides the Imfjths of the edges. 

The loads of research ojiened up by Laue/s discovery branch otf in two 
directions. In one case ire measure out the liontgen spectrum of a given 
lube and of an anti-cathode of given material in terms of the lattice con- 
stants of a suitahly chosen crystal. On the other hand, we measure out 
the structure of a given crystal in terms of a suitahly cJwsen ivave-length (f 
a> libnigen ray. The results of the former type of research form the 
proper content of the ])resent chapter. The following section gives a few 
indications of the second type of research, which does not belong to our 
real theme. 


2. Results of Crystal Analysis 

In our desci’i])tion of Lane’s discovery we have tacitly assumed the 
space-lattice to be foriiuHl exclusively of similar lattice-points, for example, 
as a simple cubical lattice. In reality, this is not the actual case. In 
dealing with non-e‘lenientarv substances we are always concerned with 
lattices of different types of atoms fixed within each other. The structural 
(‘lemon ts of the crystal lattice are not crystal molecules but crystal atoms. 
The conception of molecules linds a ])lace only in the gaseous and liquid 
state (in the lattei*, on account of varying polymerisation, it is already 
som(^.what indeterminaU?), whereas in the solid, that is, the crystalline 
state, it is essentially resolved into the notion of atoms in juxtaposition. 
We do not deny that, in the structure of crystals, groups of atoms occur 
that are more closi'ly i*elated among themselves than with the remaining 
atoms of the crystal (for example, the gi’oup COy in the sti’ucture of fel- 
spar CaCOy). Nevertheless we have a certain right to say that the whole 
crystal forms a single giant molecule. It would be arbitrary and would 
sot an artificial restriction on many of the crystal models known at })re- 
sent to isolate', from the totality of systematically arranged atoms, in- 
dividual crystal molecules, corresponding to the chemical formula. 

Accordingly, the object of crystal analysis is not only to determine the 
lattice constants of the system (linear and angular dimensions), but also 
to determine the mutual position of all atoms that participate in the 
crystal structure. The possibility of ditlerentiating the various atoms 
fmm one another depends on the fact that their power of diffracting or 
scattering Rdntgen rays varies. As we know (cf. Chap. I, 5, p. 30, and 
Note 2), this scattering power is pi’oportional to the number of scattering 
electrons contained in the atom, that is proportional to the atomic 
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number Z. Therefore the heavier atoms contribute mon* to th(‘ inter- 
ference of X-rays than the lighter atoms. More precisely expressvnl, in 
the case of })olar salts it is not, as we already know, the atoms tluMnselves 
but their positive or negative ions that form the elements of structure of 
the crystal.* Hence wo must regard as the measui’o of the scattering 
power, not the electronic number Z of the neutral atoms, but the number 
of ions, which differs from the former by one or, in the case of multi- 
valent ions, by several units. For example, in the case of rock-salt, 
NaCI, Z = 11 for Na and Z = 17 for Cl. But since the electropositive 
Na gives one of its electrons to the electronegative Cl, the scattering 
power of the ions actually present in NaCl is 10 in the case of Na^, and 
18 in that of Cl“. In sylvine, KCl, the two ions and Cl“ have an 
equally great scattering pow^r, since the electronic numbers, Z = 19 for 
K, and Z =» 17 for Cl, equalise themselves in the corresponding ions to 
the electronic number 18 which is that of the argon configuration (cf. the 
final section of the preceding chapter, p. 103). 

For a more detailed investigation into the structure of ci-ystals, the 
use of the line-spectrum proves to be more productive than that of the 
continuous spectrum. Whereas in Laue’s method th(' wave-length varies 
from spot to spot and has to be carried along as an unknown in the 
interpretation of the interference picture, we avoil this unknown if we 
use the line-spectrum, and thus the problem is simplified. We shall see 
in the next paragraph how the experimental arrangements have to be 
altered for this process. The successes which Sir William .lh*agg aiid his 
son, Professor W. L. Bragg, liave obtained in investigating crystal 
structure is widely ascribed to the fact that theiy used the “ reflection 
method” as contrasted with Laue/s ^Uraiismissioii method.” .But this 
view is erroneous. The advantage and the simplicity of their method is 
due essentially to the fact that they used discontinuous line-spectra. 
Thus the antithesis is not; refJecMon method and travHmission meliiod, but 
disco ntiiiKons spectrum and contimious sped rani. 

A few examples will serve to illustrate the present state of crystal 
analysis. NaCl consists of a cubical latticti whose points are formed by 
alternate Na* - and Cl“-ions, in such w, way that each (Jl-ion is suri’oundtMi 
by six Na neighbours (cf. Fig. 34, in which tlie two kirids of ions are re- 
presented by white and black beads respectively). 

The Na-ions, taken alone, form a '\faca-centred'* cuhiciil lattice, like- 
wise the Cl-ions taken alone. The lattices, both of which are congruent 
in themse>v(is are placed witliin one another so that the points of one 
space-lattice occupy the centres of the edges of the otlnu* space-lattice. 
KCl, KBr, Kl, IjiCl, RbCl, and PbS (galena) have the same structure, the 
magnitude of a changing gradually. 

On the other hand, in OsCl, the Cs-ions, for their own part, form a 

* Tliis boautiful and obvious result has been proved experimentally for the ease of 
TjiF by Debye and Scherrer (Phys. Zeitschr., 19, 1918, !>. 474). « 
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slm])le rnhical lattice, and trie points of each lattice are situated in the 
mkldh' points of the elementary cubes of the other lattice. Since it is 
known that CsCl becomes a modification of another form at the tempera- 
ture C., we may assume that this other modification will be of the 
same face-centred type as the other alkaline halides. Further, we may 
assume that NaCl, etc., may also occur in two modifications but that the 
point at which the transformation into the simple cubical type takes place 
lie considerably below the room temperature. This assumption is sup- 
ported by the fact that in the case of NH 4 CI both modifications are 
known and have been measured by means of Rontgen rays : at 20® C. the 
simple cubical form was found, whereas at 250° C. the face-centred type 
was found to be present. The point of tranformation is at 184° C. 
NpyV and NH^I gave similar results, the transformation points being 
137° C. and - 18° C. respectively. 

Most of the regular elements, for example, Cu, Ag, Au, Al, Ni, Pb, 
and Th, crystallise in the form of simple face-centred lattkes, as is 
shown in Fig. 34, if we imagine one typo of ions removed from it. As, 
at present, we can make no certain statements about the state of ionisa- 
tion of their structural elements, we speak, in 
this case, of atoms rather than of ions, without 
wishing to indicate, however, that they are 
necessarily uncharged. 

It is characteristic of the stability of the 
face-centred arrangement that the lattice struc- 
ture and the lattice distance remain quite un- 
altered even when the metals are produced by 
“spotting” or in sizes extending to the colloidal state. The individual 
particles in this state appear to consist only of a few hundred atoms. 

Tungsten forms a space-centred lattice; its atoms are situated in the 
corners and in the centres of the space of the cube ; the centres of the 
surfaces remain unoccupied. The same type of lattice has been found 
in tlie case of Li, Na, P"e, Cr, l\[o, and Ta. A peculiar combination of 
space-centi ed and face-centred lattice occurs in cuprite, CuO^. In it the 
Cu -atoms foi in a space-centred lattice, whereas the 0 -atoms form a face- 
centred lattice. Their relative position may be described thus : connect 
the centre of a cube that is occupied by a Cu-atom with its eight corners ; 
place in the middle of each alternate semi-diagonal an O-atom, leaving 
the intermediate diagonals unoccupied. In this way each Cu-atom is 
surrounded by a tetrahedron of 0 -atoms : all 0 -atoms together form a 
face-centred lattice, which is interlocked with the space-centred lattice 
of Cu-atoms. 

A series of metals that crystallise hexagonally, namely, INIg, Zn 
(probably also Cd), and Be have a lattice form^that is built up as follows : 
Fill up a plane in the form of a regular triangle with spheres that touch 
one another ; p]^ice a second layer of spheres over these according to the 
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same scheme, so that they sink into the gaps of the first layer ; the third 
layer then lies vertically above the first and sinks into the gaps x)f the 
second ; the fourth layer lies vertically over the second, and so forth. 
The middle point of the spherical pile then corresponds “ essentially ” to 
the mid-points of the atoms in the hexagonal metals quoted (this is not 
to be taken as meaning that the surfaces of the atoms touch in just the 
same way as the spheres in our picture). “ Essentially ” signifies that 
the arrangement in the form of regular triangles is exactly legalised not 
only in the horizontal plane hut that in the vertical direction, too, the 
distance between the layers hears almost the same ratio to the side; of the 
triangle as in the case ol the s])herical ])ile, with slight deviations hetwefiii 
the individual elements. 

From the point of view of crystallography this arrangement could he 
resolved into two interlocked hexagonal latiices of the simule Fravais 
type, the one consisting of the layers 1, 3, 5, . . ., the otlnu' L l tlu'. laytn’s 
2, 1, (), . , . The circumstance, however, that just in the case of 
elementary substances always two such hexagonal crystals ajqx'ar in 
conjunction, and that the ratio of their axes approximates to that of our 
spherical pile shows clearly that, not the resolution into two sinqde- 
hexagonal lattices, hut our description by means of the spherical pilf‘. is, 
from the physical point of view, the description ap]fj’opriate to tlu^. natui’e 
of the case. 

The relationship that we get between this view and that given by the 
face-centred lattice, the other form in which sim])le elements present 
themselves, is also remarkable. For instance, if, starting fi’om oui- first 
and our second layers, we build in the next layer not so that it lies 
perpendicularly ov(?r the fu’st layer, hut over the gaps left by the second 
layer, that is, so that the fourth, fifth, and sixtli layers will he the first 
repetitions of the first, second, and third layers, we get exactly tlu^ fac(}- 
centred lattictjs of the regular type built up on tlie octaluxlral surfac(^ as 
base. Thus the hexagonal and the face-centred regular lattice form pass 
into oiif! anothei’ by means of a system of regular slidings along the 
octahedral surface, or, as we may siy, by a sort of twin-formation. The 
face-centred regular lattice, like the double hexagonal lattice, may be 
i*egardcd as a special form of spherical pile. 

Continuing from NaCl we may describe the sti'ucture of CaCO.^ in 
the following way : Let us imagine the NaCl-lattice ])laced with its space 
diagonal upright and let us replace Na everywhere by Ca, and Cl by C. 
liCt us then surround each C-atom (cf. Fig. 3e5) by a wreath of three 
0-atoms, whose plane is peryjendicular to the vertically placed diagonal. 
As a I'esult of this arrangement of the three O-atorns about the vertical 
axis, more space, so to syjeak, is used up in the horizontal plane than in 
the vertical axis. The original cube, therefore, becomes extended hori- 
zontally and becomes a rhombohedron, as is well known from the sur- 
faces of cleavage of fluor-spar. Carbonates and n Urates that are 
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isomorphic with fluor-spar have the same structure with slightly changed 
rhombphedral edges. 

The structure of zinc-blende may be described as a cubical face- 
centred lattice of Zn"*'‘^ -ions and a similar lattice of S'" "-ions, which is 
displaced with respect to the former by a quarter of a sj)ace diagonal. 
The polar nature of this axis that shows itself in the crystal form of 
zinc-blende (tetrahedral heraihedrism of the regular system*) and in its 
physical properties (pyro- and piezo-electricity), exhibits itself strikingly 
by the uneven occupation of the sx3ace- diagonals by Zn- and S-ions. 
In order not to confuse Fig. 36, we have filled in only the Zn- and S-ions 
on a diagonal (placed vertically) and have only sketched lightly the edges 
of the cube of the corresponding Zn- and S-lattices. 

From the lattice of zinc-blende we get that of fluor-spar, CaF^, by sub- 
stituting Zn f ■' by Ca ^ , and S — by F“ and then adding a second 
ion, F symmetrically on the other side, which is diametral to the fiist 


I 




F ~ . As a consequence of this symmetrical arrangement F “ Ca ^ F - 
of the three-fold axis, its polar character is destroyed. 

From zinc-blende we pass on to the diavumd by replacing both the 
Zn- and the S-ions by C-atoins. The polar nature of the three-fold axes 
is thus again destroyed ; the symmetry becomes holohedric, which is as it 
should be for diamond. But further : each C-atom lies at the centre of a 
regular tetrahedron whose corners are occupied by G-atoms. Cf. Fig. 37 
which represents a tetrahedron of this type that has been cut out of the 
crystal structure. The old chemical idea of the tetrahedron valencies 
of carbon (van ’t Hoff and Le Bel) is thus beautifully confirmed by the 
crystal model t of diamond. Of course we have had the same relative 

* Cf. W. H. l^ragg aud W. L. Bragg, “ X-Rays and Crystal Structure,” Bell & Sous, 
p. 14(3. Tliis book contains a detailed discussion of the i)oints enumerated in this 
section. H. L. B. 

t Proved by W. II. Bragg and W. L. Bragg, 1^13 ; it was surmised by A. Hold 
[Chem. /jtg., 29» 174 (1906)] and A. Schonflios (Vortrage iiber die kinetische Thcorie der 
Materie^ Gottingen, 1913, Teub. S. 66 der 1. Aufl.). 
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position of the atoms already in the case of zinc-blende, as its constvuct(Ml 
space-model (in contradistinction to our schematic sketcli of h'jK- 
immediately shows: in this case, too, each Zn-atom lies at the tamtre of 
a tetrahedron of S-atoms and vice versa. The same lattice as that of 
diamond is possessed by the element Si, which is chemically related to it. 

If the diamond model is uniformly stretched in the direction of the three- 
fold axis, which was placed upright in Fig. 36, we get from the cubical 
crystal form one that is of rhombohedral symmetry. 
This form belongs to Bi, Sb, As, the stretching in- 
creasing gradually. Since in the new form of 
symmetry the two face-centred lattices that are 
interlocked in diamond are no longer determinate 
but may be slid along the three-fold axis, their dis- 
tance from one another need no longer, as in the 
cubical case, amount to a quarter of the princi])al 
diagonal ; indeed, in the case of Sb, foi* which it has 
been determined, it appears to be considerably greatei-. 

The sti’ucture of the other modification of carbon, graphite, has also 
been ascertainable by means of Hontgen rays. Its horizontal plaiu‘s (base 
planes, planes of cleavage of graphite) are hexagons that join up with one 
another as in the case of honeycombs (cf. Fig. 38j.« The crystal system 
is rhombohedral (trigonal). In this case, too, the carbon is tetravalent in 
action. But only the three horizontal 
valency bonds that connect one of the 
hexagonal points with thi'ee neighbours are 
equal to one another; the fourth valency 
bond, directed upwards, which links u]j the 
point of the one horizontal plane \\'ith a 
point above or below it on the neighbouring 
horizontal plane, is much longer and 
hence much weaker. The exceptional 
tendency of graphite to cleave along the 
basal plane is connected with this fact. 

We get this graphite lattice from the 
two face-centred regular component lattices 
of diamond if we displace these relatively, 

not as in Fig. 36 by a quai'ter of the greatest diagonal, but by a third. In 
this reciprocal position the middle C-atom in Fig. 37 moves into the basal 
jjlane of the tetrahedron shown, and at the same time the system of 
tetrahedral diagonals darkened in Fig. 37 passes over into the hexagonal 
system of axes shown in dark type in Fig. 38. Finally we have yet to 
stretch the whole lattice uniformly in the direction of the vertical axis 
without altering the horizontal projections, which arc exactly equal in the 
case of diamond and graj)hite. 

Moreover, so-called amorphous carbon derived from the most varied 
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source s has shown itself to bo micro-crystalline graphite on examination 
by lioiitgen rays. Hence there are only two chemical forms of carbon : 
the (liamond lattice, tetrahedral in structure, being the type of aliphatic 
combinations of carbon, and the hexagorially constructed graphite lattice, 
the .archetype of all aromatic compounds of carbon (Debye). 

. By the same process of sliding as that by which we passed from the 
face-centred lattice of the regular elements to the hexagonal lattices of 
Zn, Mg, etc., we clearly also get from the two interpenetrating face-centred 
lattices of diamond to a new lattice of hexagonal structure. The tetra- 
hedral arrangement of atoms is not hereby destroyed ; that is, we get a 
lattice in which, as in diamond, each atom is connected by four valency 
links with its neighbour atoms. It was natural that, originally, w^e were 
inclined to fit tribute this lattice — we call it “pseudo-graphite lattice*' — 
to graphite. But, although later experimental investigations of graphite 
disclosed a ditferent lattice system, our pseudo-graphite lattice seems very 
probably to belong to a second modification of ZnS, namely, wurtzite ; it 
has been shown with certainty to exist in the case of ZnO, red zincite. 

Of the other dimorphic crystals TiO., has been examined in the form 
of anatas and vutil : both are tetragonal but their axial ratios differ and 
likewise their lattice structures. 

The knowledge of a great number of other crystals is so far incom- 
plete, that is, only the position of individual atomic groups and the 
lattice distance of their crystallographic basal form is known. Among 
these ar(i ice, (juartz, sulphur, and the crystals of the aluminium group. 

Figures and references about the lattices above described are added 
in note 3 at the end of the book.* 

3. Methods of Measuring Wave-lengths t 

Whereas in the first paragrapli we have discussed the diffraction by 
lattices exclusively from Laue's point of view, we shall now pass on to 
that of W. II. and W. \j. Bragg. For this purpose, we prove the follow- 
ing theorems : — 

1. The median plane MM between the incident ray and the 

diffracted ray (a/Sy) is a net jylanc of the crystal, that is, a plane that cuts 
an infinite net of points out of the crystal lattice, and may therefore be 
regarded as a possible crystallographic boundary surface. 

2. The diffi acted rays may be regarded as being generated by a reflec- 
tion at this net plane. 

In proving 1, we restrict ourselves, as in the first section, to the 
regular system. 

* Cf. also, besides the book by W. H. and W. L. Bragg, the consecutive account 
in the Zeitschrifb fiir Kristallographie, edited by P. Niggli, particularly the concluding 
sections of each issue since 1921. 

fThe experimental methods of Rdntgen ray specsiroscopy have been enumerated 
in detail by PI. Wagner, Physikal. Zeitschr., 18 Jahrg., 1917, p. 405, and M. Siegbabn, 
Jahrb. d. Kadioaktivitiit u. Eloktronik, 13, 296 (1916). 
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In Fig. 30, above, let the distances 

OP = OQ = 1. 

It’ we choose 0 as the origin of a rectangular system of co-ordinates, 
which coincides with the crystal axes, then the co-ordinates 

of P are «o^oyo» Q 

Jjet the co-ordinates of any point M in the median plane be .r, ;//, 2 . The 
median plane is the geometrical locus of equal distances, PM ~ Ql\r. 
Thus its equation is : 

(.r - aj- + (u - /SJ- + u - = {x - a)“ + (y - -f (z - y)- 

or, aftei* reduction, 

(a - a,j).r +(/3 ~ /S.iiy + (y - y,^)z = 0. 

If we insert into this the interference conditions (3) of ^ 1, we t 

\x + hjy + h.^z = 0 . . . • (I) 

Let n i)e some common division of the order numbers //-j, h,,, that is 

k,, ^ nh* . . . (2) 

whereby /if, /if, /if have no common factor. Kqivition (1) then states 
that a plane that is parallel to MM has intercepts on the ciyslallographic 
axes that are invei'sely proportional to the integers /if, /if, /if, which ai*e 
prime to one another. The numbers /if, /if, /if are called the indices of 
the surface MM. The fundamental law of crystallography, the “ law 
of rational indices ’’ states that every surface that has integral indices is 
a possible sui’face of a crystal. (As in the case of all physical laws in 
which rational I’atios occur, lational indices denote such as are jepre- 
sentable by the ratios of small integers.) From the point of view of the 
lattice idea, this law is self-evident. It states nothing else than that 
every boundary surface of a crvstal is occupied by a full net of lattice- 
points. 

We have thus seen that the ‘median ‘plane MM hciireen the incident 
iind the dijfracted ray is a net 'plane <f the crystal : the order numbers 
/ip /i^, h.^of the inierference phentyrnenon determine simnlta/nrously the in- 
dices /if, /if, /if (f this net plane. 

The incident and the diffracted ray make equal angles with this })lane, 
namely, the angle 0 in Fig. 30. Thus thei*e is nothing to prevent us 
from interpreting the phenomenon of diftVaction as a reflection at this 
net plane. This is, however, not surface rcjlection, but space rejiection. 
On the one hand, it is not necessary that the reflecting net plane of the 
crystal be a bounding jjlane of it : the reflection takes place just as well 
at the inner virtual crystal jdanes as at the external real ones. On the 
other hand, the whole system of parallel net planes reflects concurrently 
with the individual x^ane MM. As we saw in the first section, all lattice- 
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points on which the primary ray impinges contribute to the interference 
phenomenon. The lattice-points contained in the individual net planes 
would furnish^ only a vanishing fraction of the whole intensity. Even in 
the particular case in which MM is a bounding surface of the crystal, the 
intensity does not depend on the quality of the surface, as is the case in 
optical surface refiectiori ; we may roughen the boundary surface without 
thereby making the i’(iflectiou weaker or more diffuse. Thus the reflected 
intendty is derived from the inter krr of the crystal. 

But, further, we are here dealing not with a (jeneral reflect um of all 
ioare-lenyths, but with ^selective rejleclion of certain favoured ivave-lengtlis. 

White light ” is not reflected back as white light, as occurs in optics, 
but reappears “ coloured (we are applying the language of o}3tics here, 
as on p. II 9, to Kdntgen light). Whereas all other wave-lengths remain 
appreciably united in the primary ray, and traverse the crystal in a 
straight line, certain wave-lengths, of ap))ropriate length for the lattice 
structure, are selectcnl by the reflection. This selective colour of inter- 
ference rajs has already been met with in the first section. 

Let OA, OQ be the incident and reflected rays at the lattice-point A, 
and let PC, ('\i be the incident and leflected rays at the lattice-point C, 
which is situated in the })lane parallel and adjacent to MAI. The 
difference between the lengths of path of both sets of rays is* found by 
dropping from A th(i perpendiculars AB and AD on to PC and CE. The 
difference of path is, if d denotes the distance AC between the net planes, 

BC -f CD = 2d sin 0. 

This must be a whole multiple of A if the two reflected rays AQ and CR 
are to be in phase and are to strengthen one another by interference. 
This gives us the fundamental relation 

2d sin 0 ~ nX , . . . . (3) 

But in deriving this relation we have made an unnecessary specialisa- 
tion. It is not necessary that the two lattice-points A and C, in Fig. 39, 
which are being compared, lie directly behind one another, that is, on 
the same normal to MM as we found it convenient to assume for the 
sake of sim^dicity in the figure. Rather, we may displace the point (> 
arbitrarily in its net plane to V/. The course of the rays P'C/R' (dotted 
in Fig. 39) clearly has the same optical length as the course PCR, pro- 
vided that the two points PP' and RR' are assumed, in particulai*, to lie 
on a wave plane through the incident and reflected ray, respectively. 
This is shown clearly in Fig. 40, in which the points RR' are placed still 
more specially, namely, symmetrically to PP' with respect to the plane 
of symmetry thei'e drawn ; this has no effect on the phase-difference 
at R and R'. We see that the optical paths PCR and R'CT' are images 
of one another. If the two rays incident at^* and P' are in phase, then 
also the two reflected rays at R and R' will be in phase. But then it 
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follows from Fig. 39 that in it, too, there is the same difference of path 
between the reflected rays C/R' and AQ as between and AQ, namely, 
the ditference n\ ; the former strengthen one another by interference 
just as much as the latter. 

In fact, generally, any two lattice-points of the crystal, no matter 
whether they lie on two neighbouring net planes or on two net planes 
that are distant from one another by various multiples of d, no matter 
whethei’ they lie in the plane of incidence (that of the page) or not, 
will strengthen one another by interference, provided only that the wave- 
length and the angle of incidence are related to one another by the 
condition postulated in (3). It is not even necessary for the ])oints 
CCy ... to be arranged in lattice form, that is, ecjuidistantly, within 
their net plane. What is important for reflection at the system of planes 
MM is merely the regular sequence of these planes, not the regular 
sequence of points within a plane of the system. The la»^ter factor 
comes into account only when we wish to change tin? I’tdlection plane, 
that is, when the crystal, besides reflecting from the system of ])lanes 
MM, is also to reflect from other net planes running through the crystal. 



Fig. >VX Fig. 40 . 


For this, that is, for the existence of further net planes and for th(‘.ir 
action by interference, the necessary condition is that the lattice-points 
be regularly arranged in the first system of net planes. 

In optics we are familiar with the process of O. Wiener, in which, by 
means of stationary waves, silver particles are precipitate.d in parallel 
ec^uidistant planes in a layer of silver chloride. The silver particles 
succeed each other irregularly within each plane, but the planes succeed 
each other regularly at a distance equal to half that between two crests of 
the stationary light, that is, equal to half the wave-length of the mono- 
chromatic light used. These strata of Wiener have been used, as we 
know, in Lippinann’s process of photography in natural colours. Here 
we have the case assumed above of a regularly stratified system of 
planes, which, for their pai't, are irregularly occupied by silver granules. 
In interpreting such phenomena our equation (3) played a jiart,* long 
before its importance in the realm of Rdiitgen rays could be surmised in 
any way. 

Of course this equation must be identical with the formuhe (9) and 

* lu the theory of VV. Zenker. Cf. his Lchrtmch der Photochromies Berlin, 1868. 
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(11) for the wave-length. In fact, on the view that the quantities 
k*, K, hi are surface indices we see by a simple geometilcal argument 
that the distance d between two successive planes of the group parallel 
to MM is given in the cubic and the rhombic system, respectively, by 


1 1 
d 


+ h;^ + 


1 

d 



(4) 


If, taking account of (2), we introduce these values into (9) and fllj of 
the first section, both these equations resolve into our present (equation (3). 
We see from the method by which it has now been derived, that it is not 
confined to the case of the regular system hut is generally valid. The 
meaning, too, of the integral number n in- 
troduced in equation (2) (it is the greatest 
common factor of the order numbers 
//.j of the interference effect) is now also 
inttilligihle physically : n denotes the order 
numher of the I'eflection phenomenon, that is, 
the number of wave-lengths by which each 
reflected ray differs from its neighbouring 
rays that are reflected from the next or the 
pi’eceding net plane. 

For a given angle of reflection 6 and 
given distance d between the net planes, 
equation (3) determines one and only one 
quite definite wave-length, of the first 
order (for n == 1) that is capable of reflec- 
tion, and likewise one of the second, third, 

. . . order, Ao ==^', . . . (for n ■■= 2, 

2 .1 p 

3 . . .). Hence if we wish to reflect the 
whole spectrum from one and the same 
crystal surface, for example, in the first Fig. 4J. 

order, then 6 must be made variable. For 

the shoi-t-wave side of the spectrum, 0 is to be chosen small, for the long- 
wave side it must he chosen cori’espondingly great. This consideration 
leads us on directly to the method of revolving crystals, which in the 
hands of W. 11. and W. L. Bragg* has led to brilliant results, and, 
indeed, in the two directions Characterised on page 121, the analysis of 
ildntgon rays by means of crystals, and the analysis of crystal structure 
by Rdntgen rays. 

Fig. 41 gives a schematic horizontal section of the arrangement of 
apparatus in the method of revolving crystals. At the top the Rdntgen 
tube is indicated by its cathode K and its anti-cathode A. The slit in a 



* They used the iouisatioii method (see below). Do Broglie lirst used the revolv- 
ing crystal inetho^l for taking pliotographs. 
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lead plate singles out from the rays emitted from the focus of the anti- 
cathode a narrow beam of rays. is a second small slit of lead, which 
serves to limit the pencil of rays still further. This beam then falls on 
the crystal Kr, which is set up on a table T, carrying vernier divisions, 
in such a way that the front reflecting net plane of the crystal (for ex- 
ample, a cleavage plane of rock-salt) passes through the vertical axis of 
rotation 0 of the vernier table. The latter is slowly turned about the 
axis O within a certain range of angles. All wave-lengths of a certain 
range of wave-lengths then impinge on the table successively at the 
necessary angle of incidence 0 (or “glancing angle”) and are se])arat(*d 
spectrally by the rellection. They delineate themselves shaiply on the 
photographic film which is best fixed (see below) along tlie circle 
that passes through ; for a small range of angles, it may also 
be replaced by the plane ])hotographic plate P'P'. Now, Pj is the locus 
of the film, at which is marked the primary radiation of the, Kdntgen 
tube that has traversed the crystal without reflection ; thfire follow con- 
secutively on the film the shortest wave-lengths contained in the ])rimary 
beam of X-rays, and then the longer ones. The longest wave-hmgth 
which, according to equation (^1), may be reflected })y a crystal with a 
given distance d between the net planes is X = 2d ; the corresponding 

angle 6^ = The locus or track of the wave-length on the film Would 

coincide with S,. Tt is obvious that this maximum wave-length can be 
reflected only in the first order (n = 1). 

The scale of the X’s appears distorted in a certain way not only on the 
plan(‘, ]jlate P'P' hut also on the film that is fixed circularly. If P is the 
spot at whicli a certain wave-length X leaves its mark, then the distance 
P^P that is measured on the unrolled film is proportional to 20, whereas 
X itself, according to (3), is proportional to sin 6. Hence the X-ray spec- 
trum so obtained is drawn according to scale and in its natural pro- 
portions only for small values of 0 (hard wave-lengths). As 0 increases, 
the dispersion of this spectral picture increases more and more rapidly 

and finally becomes infinitely great for ^ For, by equation (3), we 

2i 

get that, for two wave-lengths X and X dX that differ by very little, and 
their corresponding angles 20 and 2{0 -f dO), 


do 

dX 


n 

2d cos 


= Qo for 0 ^ J 
A 




Plencc if wo wish to resolve a part of the spectrum very sharply (for 
example, the rf‘gion of a line-doublet), we must look for a crystal that 
reflects the. region of wave-lengths in question at the greatest possible 

angle 0. By equation (3), this is a crystal with d = for the reflection 
of the order. Only for comparatively great X’s (X> erns.) will it 
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be possible to realise this condition in the first order ; for smaller we 
should have to carry out the measurements in an aj^propriate higher 
order. 

At the same time, equation (5) shows that the revolution of neigh- 
bouring wave-lengths in the photographic picture increases with the 
magnitude of the order number Uy as has already been pointed out in the 
first section for the case of the optical diffraction grating, and as will be- 
come manifest in the specimens of spectral photographs of Fig. 44. As 
an actual fact narrow doublets are often measured in the second order 
and occasionally even in the fourth or fifth * order. The advantage of 
greater resolution is, however, counterbalanced by the disadvantage of 
diminished intensity. Fig. 44 gives a clear picture of this, too. 

We have yet to mention several refinements of the method of the 
revolving crystal. Among these is the elimination of the favlta of the 
crystal. Kven a naturally grown crystal 

surface, or one that is carefully prepared \ g 

by cleavage is not fre(^ from faults and 
local irregularities, ff w(^ use a crystal 
that is fixed in position, then every j*ay 
and every wavt‘-leiigth of the incidcmt 
pencil of rays will !)e reflected at only 
one point of the crystal, and the faults 
of the crystal at this spot will have 
their full effect and will betray them- 
selves by fogging the continuous spec- 
trum or by distorting the rectilinear 
course of the line-spectrum, as actually 
took place in the older photographs, in 
which the crystal was kejjt fixed. On P, 

tlie other hand, in the case of the re- ^ ^ 

volvimj crystal, in which the ray glides 

along over the crystal surface and finds in each position of the crystal the 
appropriate angle of reflection 6 for each wave-length in question, the 
faults neutralise one another (cf. Fig. 42). 

Let the position AA of the crystal be chosen so that the central ray of 
the pencil escaping through the lead slit S falls on to the middle O of the 
crystal at the correct angle 0 for the wave-length X under consideration. 
We describe the circle S^OBP through S^, which touches the line A A. 
Every point B of this circle is the apex of an angle at the circumference, 
standing on the arc S^O, and all these angles S^BO = 0. Draw BOB ; by 
•doing this, we obtain a new orientation of the crystal, in which the same 
wave-length X of the ray S^B is reflected at the spot B of the crystal sur- 
face. By continuously turning the crystal from the position AA to the 
jjosition BB, the point of reflection glides cdhtinuously from O to* B along 

* Gf., foj example, Duane and Steustrum, Phys. Rev., 15, 329 1920). 
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the crystal. This gliding motion ceases only at the boundary of the 
crystal surface or at tlu? boundary of the incident pencil of rays. 

Our Fig. 42 exhibits a further advantage of the niethod, namely, its 
power to focus the reflect cd rays of the same wa vc-lemjlh at one point. Fict 
P be the point at which the ray rt*tlected at O me(4s the circle 
Then S^OP tt ~~ is tlie angle subtended by the arc S^P at the cir- 
cumference. dMuis the angle = tt - 20, too, since it stands on the 

same arc. From this it follows, if we suppose the reflecting crystal plat(i 
in the position BB at which the ray is incident at the angle 0, that 
BV is likewise inclined at an angle 0 to BB, and thus represents the re- 
flected ray. lT(mc(\ while the ray glides along the revolving crystal ])late 
in the ])rocess of rcdlection, it always passt's through P: all i‘ays \vith the 
sainti A are focussed at P. If we ))ass on to considei* a different A, the 
position A A of the crystal plate, for which this A is reflected at (), will 
indeed change, as also the circle SjOP and the position of P. But the 
distance OP — OS^ will remain fixed. Hence each successive foeais P 
will lie on the fixed circle with its centi*e at O and with the ]*adius OS^. 
We thus get a sharply defined plioioijrapJiic piePu re of the 'irhole e.rtent of 
the spectrum if ice bend the film, as was depicted in Fig. 41, .s*e that it lies 
atony the circle described about O <is centre with the radius OSj, that is along 
the circle B,FPj of Figs. 41 and 42. 

The sharp definition of the photograph is, on tlie other hand, reduced 
by the circumstance that the revolving ci'ystal averages ovei* the ciystal 
faults of the region of surface used in the reflection. To counteract this, 
the sharpness of the lines is inci’eased by allowing the radiation to fall on 
a minimum portion of the surface. This is secured if a carefully selected 
good part of the crystal is narrowed off by a slit that is fixed close to the 
surface of the crystal. Thus the ideal arrangement (which is, howevei*, 
as we shall see bidow, possible only in the case of comparatively soft 
raysj would bo a revolving crystal, of which only a very small part, free 
from imperfections, was us('d. The consequent loss of intensity may be 
balanced by lengthening the time of exposure. Whijther the crystal is 
turned continuously by clockwork or, in stages, by hand, is of no con- 
sequence : nor does it matter whether the crystal is turned with r(isj)ect 
to tb(; X-ray i)ulb or vice vm’sa. Seemann and Friedrich* produce the 
slit that is to be fixed just in front of the crystal surface by bringing a 
metal edge closii up to th(^ latter; the other side of tlu', slit is furnished 
by th(j crystal itsidf. 

In the. case of hard rays the revolving crystal must bo rejected, and 
we use, instead of the rays reflected at the surface, transmitted I’ays. 
For, on account of the depth of pen(4ration of liard rays, the I’esulting 
deep position of the system of i-ellecting layers would bring about a 
broadening of the lines that would make impossible an accurate rneasuni- 


I’hysikal. 20 , 55 (1919). 
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ment ol* the angle of incidence. In the case of transmitted Rontgen 
light, the reflecting layers are inner net planes which, at least in the case 
of regular crystals, lie perpendicularly to the surface. The slit must then 
be fixed behind the crystal plate, ft marks off the emergent pencil and 
sharply defines the angle of reflection. A similar method has been used 
by Rutherford and Andrade* for analysing y- rays (see 6 of this chapter). 
It has been converted into a pr*ecision method by Siegbahn.t The dif- 
ferent angles of incidence that are requisite for the reflection of different 
wave-lengths must be furnished by adjusting the aperture of the incident 
pencil of rays. In spite of the absence of rotation, extremely sharp lines 
are obtained, provided that the slit is sufficiently narrow. The correct 
position of the lines cannot be checked from an individual photograph, 
but is secured in the precision measurements of Siegbahn (see 5 of this 
chapter) by the simple artifice of comparing with one another two photo- 
graphs taken in two positions of the crystal that are symmetrical with 
resp(3ct to the direction of the ray. 

If vtuw soft rays, which are strongly absorbed in several centimetres 
of air at atmospheilc pressure, are to be photographed, the whole course 
of the rays must lie in raciio. This requirement leads to the construc- 
tion of vacuum spectrographs, which have been developed by Siegbahn 
along the lines of Moseley. The whole apparatus (see Fig. 4.1) from the 
cii cle S^FF^ up to and including the jdate F'F' has for this reason been 
enclosed in a brass case connected with an air-pump. The X-ray tube is 
also to be considered in this figure as connected with this brass case by a 
tube that may be evacuated. 

We now proceed to discuss two other methods of X-i’ay spectroscopy, 
the first being the ionisation method of W. IT. .Bragg. In it the photo- 
graphic plate or film is rejjlaced by an ionisation chamber, that is, by a 
vess(‘l that is filled with a (preferably heavy) gas, which receives the 
reflected i-adiation at F (Fig. 41). The gaseous content becomes con- 
ducting (ionised) in proportion to the radiation absorbed ; the conductivity 
is measured by electrometers. The ionisation chamber must he turned, 
step by step, along the circle P^FS of Fig. 41 to the same extent as the 
crystal is turned forward, step by step, when we pass from one wave- 
hiiigth of the spectrum to another that is neighbouring to it. Thus, in 
this case, the spectrum is represented not by a continuous distribution of 
darkened spots, but by a discontinuous succession of electrometer de- 
flections. The method has its 'advantage in measuring the intensities in 
the X-ray spectrum, and, through the use of electrometers, it is specially 
sensitive and allows quantitative comparisons (on account of the aj^proxi- 
mate proportionality between X-ray intensity and ionisation). The 
method has been so far perfected, particularly by Ij. Webster and W. 

* Kutliorford and Andiudo, Pliil. Mag.. 28, 208 (1914). 

t Siegbaliii and Jdnsson, Physikal. Zoitschr., 20, 251 (1019). 
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Duane, tlvat it can com])ete \Yith the })lioto^n‘a])hi (5 in''tho(l ol measuring 
wave-hni^^ths. 

Secondly, in the nu'thod of crystal ]) 0 \vders, (1(‘\ iscal hy Dehy* and 
SchoiTor, the various anodes of incidence that are requisite foi’ tlu' \arimis 
wave-lengths of the spectrum are fui-nished hy the naimal lac'k ol or<l(‘r 
in the crystal powder. The same method lias hetai de\elop('(l in Anua'ir-a 
hy A. W. [full. Lt is a typical example of the iru‘vital)lriu‘ss of scientilic 
development that, in spite of the blockade diu^ to tlie ^^ar, the sanui idea, 
sprang up almost simultaneously in Germany and America. A nariow 
pencil of Rdntgen rays falls into a little tube which is filled with a micro- 
crystalline powder, and strikes one and the same crystal surface in all 
possible orientations. For each wave-length there are crystal surfaces 
inclined at the correct angles, and indeed in all positions around the 
direction of the incident ray. Hence, the reflected I’adiation forms for 
each wave-length a cone about the incident ray. A circularly cylindi ical 

lilm placed in position, will he 
darkened by the I'eflected 
radiation at its curve of inter- 
section with this com'. If the 
prirnaiy ray tra\'els along hori- 
zontally, the mantle (sheet) of 
the cylindrical lilm is placed 
vertically. Tlu*. ai’rang(*ment 
is particularly sim])le and lias 
ah’oady been of great service 
to crystal analysis, since most 
njinei’als occur moi’e often in 
the ])Owder form, so-called 
amoiqdious form, than in that of well-grown crystals; if necessajy, tlu' 
iineness of the granules may he increased artificially. For the puiposes 
of true X-ray analysis, however, this method hardly comes into question. 

We now give an indication of the ])Ower of X-ray s])ectiX)sco})y hy 
reproducing some typical photogiuphs. Fig. is the spectrum of a tube 
with a platinum anti-cathode, photographed from a revolving ciystal of 
rock-salt ; the picture is magnified four times in the repi’oduction. Th(‘. 
wave-lengths increase.* from left to j’ight. On the less expose'd right side 
of the figure the characteristic lines of platinum (so-called (j-series, denoted 
by a/?y8) stand out very conspicuously as straight lines, accompanied by 
several weaker lines of iridium, that is related to platinum, and several 
mercury lines.* On the left side of the figure, which was exposed to the 
reflected rays more often owing to the manner of adjustment of the . 
crystal, and was therefore darkened relatively more than tlie background 
of the right side of the picture, we see the continiwuH apectruvi depicted 
as a fairly uniforndy darkened field. The intensity of the darkness de- 
creases at the point rnaiked d (“bromine band,” cf. S 7 of this chapter) 
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in ji strikingly sudden way towards the right, owing to the selective sen- 
sitivity of the photographic layer of silver for X-rays. Hence we here get 
a docuneuit which gives the two components of X-rays, often mentioned 
above*, namely the continuous spectrum and the line-spectrum (impulse 
radiation). 

Th(‘ next ])icture is one of a s(jries of systematic photographs by means 
of which W. H. and W. L. Bi*agg have unravelled the structure of rock- 
salt (Fig. 44). The source of radiation was a tube with a rhodium anti- 
cathode. This gives, in addition to a weak continuous spectinim, two 
lines in particular, one, the more intense but softer a-line, and the other, the 
weaker but harder j8-line of the so-called K-series. The cube surface of 
rock-salt served as the reflecting crystal surface. The intensity of reflec- 
tion was measured by the ionisation method. The ordinates of the figure 
are thus electrometer deflections giving the intensity of the ionisation 
current; the abscissa} denote the angles 2^ (cf. Fig 41), through which 
the ionisation chamber must be turned so as to be able to receive the 
reflected intensity under consideration in turn. The figure shows the 
two lines a and P in three different positions. The difference between 


1 
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the lines, which gives a. measure of the spectroscopic resolution, increases 
with the order-number of the reflection ; at the same time, however, the 
intensity of the lines rapidly decreases (the amount of this decrease de- 
pends not only on the general conditions of the diftraction, but also on 
the particular structure of the crystal used). Both facts, increase of re- 
solution and decrease of intensity, have already been emphasised above. 
In addition to the line-spectrum, the continuous background ai3pears 
faintly. The sharpness of the lines, compared \vith the pi'eceding photo- 
graph, is by no means great in this ionisation picture. 

We give as our third picture a photograph,* taken by Debye and 
Scherrer, of very finely powdered, LiF. The source of radiation, a tube 
with a Cu-anti-cathode, again emits, in particular, two characteristic 
wave-lengths, the a- and the /SAine of the K-series, the former being a 
little more intense than the latter. The dark lines of the photograph are 
produced by these two wave-lengths, whereas the continuous spectrum 
of the Cu-tubo has produced no appreciable darkening. These dark lines 
are, as we remarked above, the intersections the film with the circular 

* Taken from the Gottinger Nachrichton of the year 1916. 
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cones that start out from the crystal powder, and are described about the 
direction axis of the incident X-ray pencil. In the middle of the picture 
the lines of darkness are straight, because the circular cone that is de- 
scribed about the primary ray becomes a plane when its angle of aperture is 
90°, and it therefore intersects the films in a straight line. Towards the 
right and the left ends of the picture (emergent and incident din^ctions 
of the primary ray) the curvature of the lines of intersection increases. 
The very dark lines correspond throughout to the a-line of (ki, likewise 
the moderately dark ones ; the weak lines correspond to ti ‘ /^?-line, in 
the main. The a-radiation and likewise tin S-radiation gives us not only 
one, but several dark images, because it is r lected apprecial' v at several 
surfaces of the micro-crystals (octahedral, nodeealiedral, cu ic surface, 
and, indeed, not only in the first order, but also in the second third, and 
fourth orders), whereby these surfaces must in each case ha\'e tlie ap- 
propriate orientation towards the incident Rdntgen light. Tins ]>hoto- 
graph, like all obtained by this method, serves the purpose of discoviu ing 
the ciystal form and crystal structui'e of the crystal powdtu* which is 
traversed by rays, and which cannot be measured out in any otlus* way. 

Jhit as it also allows us to 
recognise the com])Osition of 
the Kontgen radiation used, 
it is relat(Hl to they ]n*oper 
methods of X-i'ay spectro- 
scoj)}' above desci*ibed. 

But we must now follow 
the purpose stated in the title 
of this section — the weasNve- 
vmil of the wave-length of 
Rdntgen rays. This d(‘p(mds, 
as is clear from ecjuation (‘Ij and from Laue/s own fundamental idea, on 
a comparison of the wave-length sought witli the dimensions of the 
crystal lattice, in particular, with the distance d between the net planes. 

Let us return to the method of the revolving crystal and assume that a 
number of lim^s are photogiuphed very distinctly and sharply on the film 
FF of Fig. 41. The distance of an individual line from thti primary ray 
gives us the angle 20 directly (cf. Fig. 41). Fi-om this we calculate 0 and 
sin 0. Thus, so long as d is known, A can also })e given directly from (3). 
We find A to be of the order of magnitude 10 ^ cms. 

It only remains for us to decrihe how d is found.* To do this, we 
must re‘fer to the remaiks in the preceding paragraph about the construc- 
tion of crystals from tlieir atoms. Very careful measurements art? made 
of the cube-surfaces by using a piece of rock-salt that has been obtained 

by cleavage. I'or such a piece (cf. Fig. 34) ^ that is, equals half 

A 

* Cf. the detailed discussion by E. Wagner, Ann. d. Pliys., 4^ 625 (1016). 



Fig. 45. 


§3. Methods of Measuring Wave-lengths 


139 


the edge of the cube, in which Na-ions, on the one hand, and Cl-ions on 
the other, are arranged. In each cube plane we have a quadratic net, the 

distance between the meshes of which is and which is formed alter- 

nately by Na- and Cl-ions. The neighbouring net plane is at a distance 

d = ^ from this one, and is occupied by the same net, whereby, however, 

a Cl-ion is situated directly above an Na-ion and vice versa. If we 
imagine a cube rP described about each Na- and Cl-ion as centre, then 
these cubes completely fill the crystal. Hence, in the space 2d’* there 
will be a mass + nici. This mass amounts to 

(2.3 00 + 35-46)w„ = . 10-2», 

li 606 


that is, tlie sum of the atomic weights of Na and Cl multiplied by the 
mass of the hydrogen atom, or, more accurately,* with the reciprocal 
of li, JiOschmidt’s number per mol, the value of which we get from 
Fig. In on page 7. 

We get in this way, for the density of mass of rock-salt. 


58-46 

^ 0 06 . 2# 


10 - 


This density of mass is, on the other hand, known from direct observa- 
tion, or can ho determined experimentally for the crystal of I’ock-salt used 
in e.acli })articular case. A very exact measurement by Rontgen gives 

p - 2-164. 

By cornpai’ing the two values of p we find 


d 




58-46 . 10 
2 . 2-164 . 6-06 


= 2-814. 10 


^ cms. 


The most uncertain value of those used is Loschmidt’s number, the error 


* As we are liere dealing witli au experimentally precise determination of d, w'liich 
will affect the accuracy of all later data about wave-lengths, the following circum- 
stance must be emphasised. Our atomic weights, as we know, are referred to 
0 --- 10; the atomic w'cight of hydrogen then becomes not 1, but l*0OS. When we set 

the electrochemical equivalent charge of the mol, 9049-4 in Chapter I, § 2, equal to 

we intended nin to signify, not the mass of a real hydrogen atom, but the mass of an 
imaginary atom, which w^ould be exactly units in our table of atomic weights. We 
shall distinguish the true hydrogen atom by the symbol from the imagined hydro- 
gen atom ///n. The two are related by: — I'OOS . Loschmidt's number Ij, 

whi(!h refers to the mol of exactly 1 grin., is not equal to + , but to — . In the text 

^ uijj mu 

above, too, as well as throughout Chapter 1, nm Is to be taken as standing for the 
imagined hydrogen atom, and not for the real Only when we get to Chapter IV, 
in which we deal with the spectrum of real hydro^n, will the real mass of the 
hydrogen atom first come into question. 
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in which is at most 1 per cent ; as a result, the limit of error which may 
be imputed to the value of tjie lattice constant d is less than ^ per cent. 

The value d = 2*814 was used in the first determinations of wave- 
lengths by Moseley (1913), and has served for most of the later investiga- 
tions, in particular for those of Siegbahn, as the standard value for 
calculating the wave-lengths A. from the measured angle 6. Jf we carry 
out our observations, not with rock-salt, but with another crystal of, say, 
even an unknown structin‘e (gypsum, mica, Pi-ussian blue), it is suificifMit 
to compare a wave-length in botii scales, so as to be. able to refer the 
lattice constant d of the new crystal to that of rock-salt, and lienees to be 
able to calculate the wave-lengths from the measured angles ^ without 
incm-riiig new errors. 

The use of a standard lattice constant is indispensable for jibsolute 
measurements, as was pointed out in particular by Wagner.* Whether 
the lattice constant is exactly known is only of secondary unportance. 
The main thing is that all measurements must be referred to tlie same 
lattice constant. The conventional character of tlie “ d ” of rock-salt is 
clearly recognisable from the circumstance that, in th(^ inorcj rcicent work 
which has been done in Siegbahn’s laboratory, d has been given the 
numerical value 2*81400, and this is the value used in calculations ; it is 
thus not a result of measurement, but an ideal value that lias been fixed 
by convention. Of course, it may be found convenient to pass from rock- 
salt to calcsj)ar, d = 3*029 (or d = 3*02900), which is more appropriate 
on account of its crystalline constitution. But this, too, could not be 
done for an individual case, but would have to be agreed upon g(niei‘ally 
by convention. 

$ 4. Survey of the K-, L-, and M-series and the Corresponding 
Limits of Excitation 

We now enter into a region of physical research which was founded 
only in 1913 and which, in spite of the unfavourable conditions of the 
intervening years, has ah’eady ])eeri developed so far that to-day its 
structure is exposed to our gaze with greater clearness and harmony of 
detail than the regions which have been explored much longer and from 
which the new researches have borrowed their aims and methods. It is 
in fact true that the spectroscof y of Bontyen rays shows in many ways 
simpler and more satisfactory results than the illimitable s'pectroscoiry of 
the visible reyion. 

The reason for this striking fact was touched on at the end of the 
preceding chapter : the X-rays came from the inner part of the atom 
where the electrons, owing to the influence of the unweakened nuclear 
charge, obey simple laws : visible spectra start out from the peri^jbery of 
the atom, where the electrons accumulate and the nuclear charge loses 


Alin. d. Phy.s., 49, G46 (1916). 
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its regulative power. A further reason must be added : right from the 
outset X-ray spectroscopy had the new atomic theory of Bohr (1913) to 
guide it and direct it, whe reas optical spectroscopy was for decades without 
theoretical guidance and had first to generate from within, as it were, the 
facts on which the atomic theory could be founded. 

Let us next cast a glance at our knowledge of Rontgen radiation 
before Ijaiie’s discovery, that is at the character istio radiation of the 
elementn. Barkla, whose works are almost the only ones that come 
into account for this question, showed that every element, on to which 
cathode rays or X-rays are allowed to fall, emits characteristic primary 
or secondary Rfintgen rays of quite definite hardness. The hardness was 
measured by noting the coefficient of absorption of the radiation in the 
case of, say, aluminium. The simplicity of the law of absorption led 
to the conclusion that characteristic X-rays must to a great extent be 
homMjeneo'iis. Moreover, it was found that there is a simjile relation 
between the hai'dness of radiation and the atomic w^eight of the element 
emitting it. The hardness increases (that is, the absorption decreases) as 
the atomic weight increases. In the case of compounds, the characteristic 
I’adiation emitted was found to be the sum of the characteristic radiations 
of the elements constituting the compound. This proved that the 
characteristic part of the Rontgen radiation was a fundamental property 
of the atom and that it was conditioned by the atomic weight. 

Barkla succeeded in showing the existence of two series of charac- 
teristic radiation which, he called the K-neries and the Ij-series. He 
observed the K-series of rays in the case of the lighter metals (as far as 
Ag) and the L-series in that of heavy metals (e.g. An, Pt). The extra- 
polation of the observed L-rays for the case of the light elements made it 
evident that they would be so soft that, with the means at that time 
available, their presence could not be detected. For it is a general law 
of the excitation of a characteristic radiation that the exciting radiation 
must be harder than that which is excited. (Hence, if the characteristic 
X-ray radiation is produced as a secondary radiation by means of a 
primary one, the latter must be harder than the former. If it is produced 
as primary Rontgen radiation by cathode rays, the latter must exceed a 
certain limit of hiirdness, that is, of velocity, here.) This law of excitation 
pointed to an analogy in the realm of optics, namely to Stokes' rule far 
light produced hij fluorescence. If a fluorescent substance is to be made 
to fluoresce, the incident light must in general be of shorter wave-length 
than that of the light emitted by fluorescence. In this case, too, then, 
the exciting light must be “ harder ” than that which is excited. Hence 
•Barkla also called characteristic fluorescent light, thus characteris- 

ing their origin fittingly. Just as the fluorescence light is determined by 
the nature of the fluorescent body and is different in nature from the 
exciting light, so the fluorescence X-ray light is determined * by the 
structure of the emitting atom, independently of the constitution of the 
exciting radiation, prpvided that the latter is sufficiently hard. 
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After Ijaue’s discovery all these relations became incom])aial)ly nior(‘- 
certain and definite. The qualitative measurement of hardiu'ss by nutans 
of absorjytion was replaced by the quantitative measurcupent of irarc- 
UiKjlh, which was free from all arbitrariness. The /i(fm)(jcneUtf of the 
characteristic radiation was on the one hand sharpened and on the other 
narrowed down. The spectroscopic resolution of the characteristic radia- 
tion disclosed a spectrum of sharp lines, of which each, taken alone, 
represents Eontgen light of very great homogeneity, but the totality of 
which signifies an emission of light of a certain degree of heterogeneity. 
The general dependence of the hardness on the atomic weight could 
now, after the arbitrary mode of measurement by absorption had been 
replaced by the natural method of measuring wave-lengths, and after, 
thanks to Bohr*s theory, the somewhat indefinite atomic weight had 
been replaced by the simpler quantity, atomic ntimher, he expressed as a 
simple numerical laze hetweczi zcare-lcnyth a7id atomic mnuher. It also 
became possible to express the condituni of excitation (|uantitatively. 
When the exciting radiation was resolved spectroscopically, it was set^n 
by how much its short-wave end had to exceed the excited radiatio?! in 
hardness, in the sense of Stokes^ rule. Finally, it became ])Ossil>le to 
add to the tw'o characteristic emissions of Barkla, the K- and L-radia- 
tions, still a third which was appropriately called M-iudiaLion. 

We next give a general graphical survey of the wave-lengths of K-, 
L-, and M-radiation, which is dei’ived from an account giv(m by M. 
Siegbahn, the discoverer of M-rays (Fig. 4f)). We mark off th(^ wave- 
lengths horizontally, whereas vertically, starting from tlie top, we 
measure off the increasing atomic numbers of the elements emitting these 
wave-lengths. The horizontal line thus signifies in a certain sense the 
extent of the spectrum in question, and the veidical direction, in steps of 
3 units at a time, tlie series of the natural system of the elements. The 
K- radiation is the hardest of the three types of i*ays ; it has b(jen ohsei’ved 
for cases ranging from the lightest elements (Na, Z — 11), for which 
even the K-i adiation is already somewhat soft, to castis for which the 
ra;^s are extremely hard (for example, this was cai-ried out wdth ])ar- 
ticular accuracy for tungsten, Z = 74). The L-radiation is, for one and 
the same element, considerably softer than the K-radiation ; it has been 
observed for (^u, Z — 29, for which it is still a little softer than the 
K-radiation of Na. The L-radiation has he(3n drawn in the figure 
as far as Bi, Z = 83. It has been measured beyond this as far 
as the heaviest elemcmt TJ, Z = 92. Still softer than tlie L-radiation 
there is the M-radiation, which has so far been observed only in the 
case of th(i heaviest elements, and even then special precautions (vacuum 
spectrograph, cf. p. 135) were I’endered necessary. Fach of these three 
types of radiation consists, as the figure indicates, of several lines ; as 
the atomic number increases, each type becomes harder. 

To this survey of the experimental results we shall immediately add 
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the throretical to which the harmonious combination of experi- 

mental results has led. To develop it fully we should cei*tainly require 
a rath»*.r lengthy introduction, which we shall give later. Consequently, 
we sliall here restrict ourselves to the more pictorial features of the 
theory, and shall for the present omit the foundations and the numerical 
details. 

The theory of Rdntgen spectra rests entirely on the atomic model 
which was developed in the preceding chapter. This model was com- 
posed of the positive nucleus as the central lK)dy and the planetary system 
of electrons surrounding it. Concerning the arrangement of this planetary 
system, the general facts of the periodicity of chemical properties gave 
us some provisional information. According to this, the electrons are 
apparently arranged z 
in individual shells, n 
When one shell is i; 
completed, another is 
formed, corresponding 26 
to the beginning of a 
new period in th(^ jw 
system of elements, 

The strengths {Bead- M 
zunifazuhlen) of the in-* Jo 
dividual shell should 

56 

coincide with the 50 
l)ei’iod numbei-s of the 
natural system (if we 6 S 
leave out of account a 
certain alteration in 

so 

the sequence of the 88 
series). 0 1 2 3 4 5 b 7 s 9 10 11 i2->^ . io-»cin 

We shall call the ,, 

Fig. 4U. 

shells in turn, count- 
ing from within outwaids, the K-, L-, M-, N-, . . . shell. In the 
schematic picture of Fig. 47, we shall represent them by circles described 
about the nucleus as centre; in this sense, we often speak of a “ K-, 

L-, , . . 

We shall now describe (a) the phenomenon of excitation, (h) the pro- 
cess of emission for the K-, L-, M-radiation according to the plan of 
W. Kossel,^ whose views seem to be more and more coiilirmed by the 
facts. 

To excite K-radiation, an electron must be removed from the inner- 
most shell, the K-ring, and transferred to the periphery of the atom. If 
the excitation occurs through the agency of cathode rays, it is easy to 

* W. Kossol, Verb. d. Doutschcii Physikal. Gescllscli., 1914, pp. 899 and 953 ; 1916, 
p. 339. 
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imagine that the tearing-off of the K-electron ” is effected by the impact 
of a cathode-ray particle that has penetrated into the atom. To detach 
the K-electron, a certain energy, lifting power, is necessary. The energy 
of the impinging cathode ray must be at least as great as this lifting 
energy. This sets a definite limit to the excitation necessary to produce 
the K-radiation, that is, there is a lower limit to the necessary hardness 
of the cathode rays. This agrees with the results of Barkla’s researches 
as given above. If the excitation is effected not by cathode rays, but by 
primary Eontgen radiation, then we must demand for the corresponding 
minimum of its hardness, that its hv (cf. C^hap. I, Jj b) is at least as great 
as the lifting ])Ower required to do the work of transference. 

To excite ilw Ij-radiation, it is necessary to remove an electron fi*om 
the L-shell to an outer position. The lifting work necessary is less than 
the corresponding woi*k for the same atom in the cast^ of a K-t'lectron. 
Hence, for the L-electron, the hardness of the exciting cathodj rays or 


Eontgen rays is less. To generate the M-radiation, whtireby the attack is 



made on the IM- shell, the necessary work 
of lifting and the hardness are corr(i- 
spondingly reduced. In Fig. 47 the 
process of excitation is represented 
diagram matically by the ari’ows that 
))oint from within outwards. They bear 
the signs K-Gr. {\\-Grenze = K-limit), 
L-Gr. (L-limit), and so forth. 

Through the excitation the atom is 
prepared for the following 'procenH of 


Fio. 47. 


cmiHuion. When the K-atom has been 


torn out, the K-shell strives to com- 
plete itself again. The missing electron may be furnished by either 
the L-shell or the M-shell, or some other. Whereas the process of exci- 
tation was accompanied by a gain of energy (work of lifting, absorption of 
energy), the converse process takes place with the loss of energy (energy 
of falling, emission). When, in our planetary system, an electron jumps 
into an orbit nearer the nucleus, the potential energy of the planetary 
system certainly becomes diminished. We shall show by a calculation 
later that the total energy (kinetic + potential) decreases. Hence energy 
is liberated. We assume that this appears in the form of energy of radia- 
tion, and that it is emitted as monochromatic radiation, that is, as 
radiation of one wave-length, in each case. According as, the missing 
electron, however, returns to the K-ring from the L-, M-, or N-ring, the 
energy set free will be different in amount : correspondingly there will be 
various possible K-radiations, each of which is represented by a definite 
wave-length. We talk of the Ka-line (transition from the L- to the K- 
shell), of the KjS-line (transition from the M- to the K-shell), of the Ky- 
line (transition from the N- to the K-shell). The lines Ka, Ky 
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together constitute the K-senes. is harder than Ka, and Ky is harder 
than on account of the successive increase in the energy of falling 
that is available. On the other hand, Ka is myre interne than K)8, and 
KyS is more intense than Ky owing to the fact that the probability of the 
occurrence of the transition becomes successively smaller. It seems very 
plausible to suppose that the replacement of the missing electron is effected 
more often by the neighbouring shell than by the next or some later shell. 
In Fig. 47 these electronic transitions are represented by the arrows that 
point inwards to the nucleus ; they are distinguished, in so far as they 
belong to the emission of K-lines, by the symbols Ka, K/il, Ky. 

Wheieas all electjouic jumjjs that end in the K-shell belong to the K- 
sei'ies, all these that end in the L-shell belong to the lines of the \j-series. 
If a ijlace in the L-shell has become vacant owing to a preceding excita- 
tion, the L-shell seeks to restore its full comj)leinent of electrons at the 
expense of the ]\l- or the N-shell, and so forth. The energy that is hereby 
set free again app(‘ars as monochromatic radiation. We speak of the I^a- 
line (transition from the M- to the L-shell), of the Ly-line (jump from the 
N- to the L-shell), and so forth. Ly must be harder than La, because 
the energy-dilferenco between the N- and the L-shell is greater than that 
between the M- and the L-shell. On the other hand La will be more 
intense than Ly, because the transition from the neighbouring M-shell 
seems more probable than from the more distant N-shell. In Fig. 47, 
the inwardly directed arrows La and Ly end in the L-shell. Concerning 
the naming of these an*ows it must be remarked that there are also lines 
\jf^ and 1 j^ which, iiowever, like a series of further lines of the L-series, 
have not yet been successfully jfitted into our provisional scheme. The 
following sections will deal further with this circumstance. 

Finally, electronic transitions that end in the M-shell, furnish dif- 
ferences of energy that correspond to emissions of lines of the M-series. 
In our figure this series is represented by only one line, Ma, coiTesjjonding 
to the transition from the N- into the M-shell. Actually, it, too, consists 
of several lines. 

In several absorption experiments with light substances (water, alu- 
minium, paper) Barkla believed in 1917 that he had detected signs of a 
radiation still harder than K-radiation ; he called it J -radiation. Eepeated 
tests by other observers have, however, not been able to confirm the 
existence of this radiation.* Nor has the theory a place for such radia- 
tion, so that we must regard K-radiation as the hardest possible radiation ; 
this is expressed in our figure. 

In succession to Fig. 47 we give Fig. 48 as a still more schematic 
illustration of the process of emission of Kbiitgen rays. This diagram 
has an advantage in that it takes more account of the quantitative aspect 
of the phenomenon. In it we visualise the various shells not by their 

*Cf. tliG summarised remarks of Ritchmeycr, Phys. Kcv., 17, 433 (1921). 
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relative positions in the atom but by their relative ‘ oner^^y-dilterences. 
Thus we draw a succession of enenjy-steijs such that the difference of 
height between two steps gives the energy that is liberated when an electron 
drops from the higher to the lower step (orbit). The lowest step bears 
the sign K, the next L, and so forth. The energy-level of the nucleus is 
to be considered at - oo. The highest dotted limit of the steps corre- 
sponds to the periphery of the atom. The quantitative drawing of the 
picture leads us to assign to the successive steps K, L, M, N, . . . the 
series of integral “ quantum numbers** 1, 2, 3, 4, . . . in such a way that 
the position of each step below the highest level is, at leas to a cei tain 
degree of approximation, proportional to 

1 1 i I 

j2’ 2-’ 4^ ‘ ‘ 

Accordingly we make the height of the steps in the ligiii’t^ decivase, from 



Kk;. 4s. 

the bottom upwards, in the manner indicated by the differences of height 
1, [, . . . written at the side (on the right). Moreover, we again draw 
the arrows Ka, K/j, . . . , Fjci . . . that correspond to the various pos- 
sihilities of energy-emission, and the arrows K-Gr, G-Gr, which corre- 
spond to the various kinds of energy-absorption. 

This theoretical diagram enables us to understand at once the general 
laws foi‘ the hardness of K(3ntgen lines that came into evidence in Fig. 4G 
We must thereby bear in mind the fundamental quantum principle that 
we deduced in Chapter 1, ^ (3, eqn. 0 from the photo-electric effect, namely : 
the (jrcater the available (lijference of enerejy^ the rjrcalcr the lumlness of the 
coiLsequciU iLonUjen radiation {and therefore^ the smaller its icave-len<jth). 
Or, in symbols, 

hv = W. - W« .... (1) 

Here h is Planck’s quantum of action (see j). 37) ; v is the oscillation 
frequency of the emitted Boritgcn line under consideration (inversely pro- 
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portional to its wave-length). The right side of the equation denotes the 
energy-difference of the atom between its initial and its final configuration, 
and is, therefore, represented quantitatively in Fig. 48 by the length of the 
arrow that represents the Rontgen lines in question. That is, the arrows 
in our figure show by their length the hardness of the corresponding liontgen 
radiation. According to equation (5) of Chapter I, § 6, the same holds for 
the arrows of the excitation limits that signify the absorption of cor- 
puscular energy or wave-energy. In this case, we need merely reverse 
the sign of the right side of equation (1), for this corresponds to reversing 
the direction of the arrow in the figure. 

Hence it follows : for one and the same atom the ^-series is harder than 
the L-series which, in turn, is harder than the miseries. Within the K- 
series the hardness increases from Ka beyond K/3 to Ky, but in ever 
decreasing steps, and finally arrives approximately at the hardness of the 
K-lirnit. The same holds for the L-series, and the same for the others. 
But further, the available differences of energy depend essentially on the 
arOount of the nuclear cliarge. The greater the nuclear charge (and hence 
the atomic number of the element), the more intense is the electric field 
around the iiucleus. Tho energy-steps become greater as the Z increases 
(as a rough approximation, they increase proportionately to Z-, as we shall 
see later). But this means that the hardness of each series or line in- 
creases for each step forward in the natural system of elements, A glance 
at Fig. 40 shows how perfectly these theoretical deductions agree with the 
facts of observation. 

§ 5. The K-series. Its Bearing on the Periodic System of Elements 

Following in the footsteps of Barkla, Moseley* was the first to bring 
the emission of the Hontgen lines into relationship with tho scheme of 
the natural system. 

His first photographs (1913) dealt with the K-series of the elements 
between Ca, Z == 20, and Cu, Z = 29, inclusive. The elements were 
successively fixed into the X-ray bulb as anti-cathodes. Thus the 
characteristic rays were excited directly by means of cathode rays ; this 
has the advantage that the excited rays are more intense than when 
produced by the method of secondary rays (excitation by primary X-rays). 
Moseley further increased the intensity by fixing the slit that limited the 
X-ray pencil very close to radiating cathode in the X-ray bulb. In this 
way he simultaneously obtained a wide angular aperture for the emergent 
pencil and also the possibility of establishing the region of wave-lengths 
of tho K-series by means of the position of the crystal wdiich was fixed 
fojL* each element, but had to be appropriately altered in passing from one 
element to the next. 

Thus Moseley did not use the method of the revolving crystal (cf. g 3). 

* H. G. J. Moseley, The High Freqtiency Spectra of the Elements, Phil. Mag., 
26, 1024 (PJia) ; 27, 703 (1914). 
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Eeferring to Fig. 41, which depicts the latter method, we may describe 
his arrangement as follows, [n place of the slits Sj, a slit S is fixed 
very close to the anti-cathode A. The crystal stands on the spectrometer 
table T, which may be rotated, but which is ke^jt fixed for each photo- 
graph. The position of the crystal towards the very divergent incident 
pencil is chosen so that reflection angles that ai“e necessary for the wave- 
lengths to be photographed lie wHhin the limits of tlie incident angles. 
The photographic plate is set up in accoixlance with the focal condition 
discussed in ^ 2, that is, at the same distance from the crystal as that 
between the crystal and the slit S, and, further, the plate is turned corre- 
spondingly when the cr\suil turned as we pass from elenuait to (*lein(‘nt. 

Let us next look at a now famous figure in Mosehw’s jiaper. Tlie 
photographs have here been pasted above each other successiv(dy so that 

positions veriu*,al]y ])elow 
one another diiiote equal 
wave-lengths. Th(‘ wave- 
lengths increase as we pass 
from the hdt to tlu^ right. 
We learn from Fig. 4U ; — 

1. As the atomic numlier 
inci’eases, corr(‘S])onding 
lines in the sp(?cti’a move 
regularly and succjessively 
towards the rtgion of 
smaller wave-lengths. The 
hardness of the lines in- 
creases as Z increases. 
are familiar with this fact 
through Barkla’s investiga- 
tions (cf. the preceding 
paragraph), in wliich it as- 
sumed a less definite form. 
This huv is true not only 
of the K-serie.s but also of the L- and ^l-series, as we learn from Fig. 46. 

2. In the case of each element, two lines occur: they are the ‘more 
uiioLHc hul softer Line Ka and the less 'intense but harder line Kfiy which 
\M) have already met under the same names in the ])receding pai*agraph. 
The faint line Ky that was also mentioned earlier is not distinguishable 
from the and ajipears only when refined spectroscopic methods are 
applied. 

3. The X-ray spectra are a pure property of the atom, and, indeed, 
an additive properi'ij. The last picture of the series, which represents 
brass, that is, an alloy of Cu and Zn, accordingly exhibits the same lines 
as the ]m^ceding element Cu and the following element Zn (not shown in 
our figure). Further, we observe in the case of Co, which it is difficult 
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to separate from Ni and Fe (first triad of the periodic system), besides 
the a- and ^-line of Co also less intense images of the a-lines of Fe and Ni. 

4. The order of Co and Ni in the periodic system is rectified by this 

result of X-ray analysis. Whereas, according to the values of the atomic 
weights, Ni should precede Co (at. wgts. being 58*68 and 58*97 respect- 
ively), we had to write Co before Ni in the chemical scheme of Table 2, 
page 57. The X-rays are not deceived by the atomic weight and so they 
confirm the true order CoNi. Not tJie atomic weight, but the atomic 
number go rerun the aa' 

Bontgen npcclra. The V V 

atomic numl)er intro- 
duces Older into the 
natural systfun, where- 
as tile atomic weight 
introduces disorder. 

The same is true of 
the ovdtn* of Te and J 
and this is likewise 
established pro])t‘rly by 
Rfintgen analysis (cf. 

Fig. 51). The third 
space of the natural 
system with the un- 
natural order of the 
elements (according to 
atomic weight) was 
A, K (Z - 18 and 19). 

The Rcintgen spectrum 
of argon is, indeed, still 
wanting, but there can 
he no doubt that it, 
too, will decide against 
the atomic weight and 
in favour of the atomic 
number. 

As Rutherford in- 
cidentally remarks, the original problem that Moseley was trying to solve 
when he set about his experiment was to determine whether it was not 
the nuclear charge, instead of the atomic weight, that decided the nature 
and the hardness of the characteristic Rontgen radiation. 

5. Since the discovery of the periodic system, particular interest was 
centred on the presence of gaps and the prediction of new elements in 
the system (cf. p. 72). In Moseley’s figure^ the rare element scandium 
is missing between Ca and Ti. Its absence is betrayed by a great leap 
between the elements Ca and Ti that succeed one another in the figure. 





160 Chapter III. X-ray Spectra 

The regular increase (that was emphasised in 1) in the hardness as Z 
increases reveals infallibly every gap in the system. Whereas, the 
case quoted, we were dealing with the known element Sc, we shall see in 
Figs. 50 and 51 a similar gap at Z = 43 (eka-manganese) that points to 
an element not yet discovered. Also the remaining gaps in the system 
(Z = 61, 75, 85, 87, cf. Table 2) have been confirmed by the method of 
Eontgen rays. In this way the Eontgen spectra have led to the definite 
conclusion that the number of gafs must he five. 

Partly to continue Moseley’s figure in the direction of incn‘asing 
atomic numbers and partly to bring into evidence the advances that have 
been made in photograjDhing Eontgen rays, we give as our next illnsti*ation 
Fig. 50, by Siegbahn : it represents the elements from As, Z = 33, to Eh, 
Z = 45. Tn this case tlie spectra have been taken by the method of the 
i-evolving crystal; as a result, the lines arc sharpfu* than ‘n Mosel(‘y's 
case and more completely separated. Besides the second most intensi^ line 
K/8, We see here filso ihii faint line Ky (to the left, and hence harder thati 
K/3), the origin of wliich we know from the pi’eceding section. Further, 
we see that the most intense line Ka of the doublet (a, a) has h(jen re- 
solved (a is to the right of a, and hence is softer). Besides these lines, 
the zero mark (on the (jxtreme left) has been photographed ; it is made, by 
the undiffractod primary radiation. 

The same remarks apply to this figure as to the former ; the hardness 
increases for each line as the atomic number increases ; the Sr-line 
adulterates to the Eb-spectrum ; gaps occur in the succession of the ele- 
ments, exhibited by irregularly great differences in the hardiness, namely, 
between Br, Z = 35, and Eb, Z = 37, the inert gas Kr, Z = 36, is missing. 
As in the (jase of A aV)ove, it is difficult to get an X-ray spectrum of Kr. 
Between Sr, Z = 39, and Nb, Z = 41, there are missing Y and Zi’, Z = 
39 and 40 respective*!)'. Finally, between ISIb and Eh three elements, 
namely. Mo, Eu, and the*, unknown element eka-manganese, are missing. 

Before giving the complete list of the wave-lengths of the principal 
lines of the K-series jis far as they have been measured, we give in Table 
9 a little list of the notation of the various lines, and, partly to revive our 
(iarlier remarks, of the origin and intensity of the lines. 

Tabi.e 0 


Our notation. 

Hief^balin. 

Origin. 

riit(*nsiti«s. 

a \ 

CL, 

Ijs, — > 1\ 

8 

a J 


Tj-^ — ^ ’7v 

10 


^1 

3 .. 

M —> K 

4 

7 

N ^ K 

1 


The lines are an-anged in order of increasing hardness. In Siegbahn’s 
notation two groups of lines arc distinguished, .the soft ^a-lines and the 
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harder )8-lines ; he numbers the lines in both groups according to their 
intensity. A number of fainter lines that occur only in the case of the 
lowest atomic numbers, and that are to bear the names ag, a^, a^, ag, ( 3 ^, /?' 
according to Siegbahn, are not included in our list. All data about in- 
tensity are fairly rough estimates and merely denote relative numbers. 

The data concerning the origin of the lines agree with the account 
given in the preceding section. All transitions end in the K-shell ; to 
produce Ka, the electron jumps from the L-shell, to produce it jumps 
from the M-shell, and to produce Ky from the N-shell. But now, to 
supplement the preceding section, we must subdivide the Jj-shell into 
tu'o parts, which wo call the L^- and the L^-shell. In the pictiu’e of Fig. 
48 the Lo-shell would lie below the L^-shell (there called L-shell) ; in the 
picture of Fig. 47, the L^-ring would lie within the L^-ring (which is 
therti the L-ring). 

fn Table 0 the lines a, a are bracketed together to indicate that they 
form a related doublet (which is not the case with the /3y lines). The 
e^xact definition of what we call ‘‘doublet” cannot be developed except in 
conjunction with the facts discusseal in the next section. A necessary if 
not a sufficient condition for a doublet, is that either the initial level or 
the final level (as in the case of Ka and Ka') of the transition must coin- 
cide for the lines of the doublet. 

Turning next to Table 10 we must first say a word or two about the 
choice of the wave-lengths. Tn optical regions we measure wave-lengths 
in Angstrom units (A), which are such that 

1 A = 10 cms. = 

In the case of libntgen rays, too, the older measurements were usually 
expressed in terms of Angstrom units. But when Siegbahn,* in 1910, 
by means of an elaborate reiinement of the apparatus and of the means 
of taking readings (from a double photograph of tlie same line for two 
different but exactly determinable positions of the crystal), succeeded in 
increasing the accuracy of measurement a hundred-fold, it was found to 
be expedient to introduce a more convenient unit of smaller value. The 
new unit proposed by Siegbahn is 

1 X = 10 “ cms. 

The wave-lengths of X-rays are then described in X-units just as the 
wave-lengths in the visible are described in Angstrom units : for examjjle, 
according to our table, for the 

Ka of Ca : \ == 3351*86 X-units, 

and as a parallel to this we have in the visible spectrum the Fraunhofer 
line 

K of Ca : A = 3933*83 A-units. 

* Hiiutgenspoktroscopischo IMizisionsmessungcn, Atni. d. Pbys., 59» 50 (1919)* 
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In our table the more recent precision measurements appear to two 
decimal places, the older measurements only in whole X units. The 
abbreviations which follow the numbers signify the observers ; the key to 
these letters is : — 

M. = J. ^laliner, Dissertation, Lund, 1016. 

S. Fr. -- M. Siegbalin and K. Friman, Ann. d. Phys., 49» dl (1910). 

8. Bt. = M. Siegbalin and W. Bfcenstrom, Pliysikal. /oitsehr., 17, 48, and 'US 
(1916). 

X\ C. H. S. Uhler and K. D. Cooksey, Phys. Kov.. 10, 645 (1917). 

D. Hu — W. Duane and Kang-Fnh-Hu, ihid., H, 489 (1918), and 14, 96!) (1919). 

B. == M. Bieglahn, Ann. d, Pliys., 59, 56 (1919). 

H. — E. Hjalmar, Zoitsohr. f. Phys., 1, 439 (1920). 

Bto. — N. Stensson, ibid., 3, 60 (1920). 

D. Bt. = W. Duane and W. Stenstroin, Pnx*. Nat, Aead., 6, 477 (1920). 

The measurements first deal with tlie angle of incidence (>. bboin 
them we calculate the wave-lengths according to the method given at 
the end of 3. At the top of the table the linos a, a have not yet been 
sepai*ated. The fact that, of the metals of atomic numhei' gr(*at(n' than 
GO, it is just tungsten that is quoted, is due to the use of tungsten as the 
anti-cathode in the Coolidge tube. Whereas the other gaps art! obviously 
merely accidental (for example, the inert gases are as yet all missing), the 
y-line seems to reach its limit in the neighbourhood of Ca, Z = 20, and 
is absent in the case of lighter elements. The reason is clearly to be 
discerned in the incomplete development of tlie outer electronic sludls as 
the atomic number becomes smaller. Whether and where the ^-line 
reaches a corresponding limit is not yet decided. 

Fn our table the values of X vary from 12 A to 0.2 A. At the limits 
(both of the hard atid of th(! soft rays), technical difhculties arise in photo- 
gra])hing the lines, which at ju'esent prevent a further extension of the 
series of observations. 

The difficulty due to the strong ahsorjition of very soft i-ays is ovei-- 
come by constructing a vacuum spectograph (cf. ]). 135). But the 
difficulty offered by the lattice constant remains. The fundamental 
equation (3) of page 129. 

(6 

requires also for n = 1 (observation in the first order of reflection, to 
which we may restrict ourselves in dealing with very soft rays) that 

2d>X (2) 

The lattice constant for the cube surface of rock-salt was, as we cal- 
culated at thc! end of 3, = 2-B14 . 10“^ cms. According to this rock- 

salt may he used only as far as wave-lengths not exceeding X ~ 5 A. 
Fortunately gypsum and mica are available as two good crystals that 
have a considerably greater lattice constant. (This is in conformity with 
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Table 10 

Wave-lejigths of the K-serm 


z 


o! 




$ 

y 

11 Sodium . 



11883-0 H. 


11591 

H 




12 Magnesium 



0807-75 „ 


0534-50 

91 

— 


13 Aluminium 



8310-40 „ 


7040-50 

n 

— 


14 Silicon . 



7100-17 „ 


0730-33 

J1 

— 


15 Phosplionis 



0141-71 „ 


5785-13 

„ 

— 


10 Sulpliur . 



5300-00 „ 


5010-13 


— 


]7 Chlorine 


4721 -85 

Ste. 

4718-70 

S. 

4304-50 

>1 

— 


10 Potassium 



M 

3733-80 


3440-38 

,, 

— 


20 Calcium . 


3355-12 


8351-80 


3082-07 


3007-40 

H. 

21 Scandium 


3028-03 


3025-20 


2773-00 

,, 

2755-(5) 

,, 

22 Titanium 


2740 

S. St. 

2742 

S. St. 

2508-74 

11 

2403-07 

11 

23 Vanadium 


2502 


2408 


2279-08 

,, 

2205-37 

,, 

24 Chromium 


2280-28 

Ste. 

2235-17 

S. 

2081-44 

s. 

2071 

[S. St.] 

25 INlanganesc 


2007 

S. St. 

2003 

S. St. 

1902 

S. St. 

1802 

„ 

20 Troll 


1030-00 

Ste. 

1032-30 

s. 

1753-117 

s. 

1742 

,, 

27 Cohalt . 


1780-52 


1785-24 


1017-15 

li. 

1000 

,, 

23 Nic,kel . 


1058-00 

,, 

1054-07 


1400-00 


1488 

,, 

2'.) Copper . 


1541*22 


1537-30 


1388-87 


1377 

„ 

30 Zinc. 


1-1H7 

S. St. 

1433 

S. St. 

1204 

S. St. 

1281 

,, 

31 (Jallium . 


1341-61 

r. c. 

1337-85 

u. c. 

1205-01 

u. c. 



32 (lermanium 


1201 

S. St. 

1257 

S. St. 

1131 

S. St. 

1121 

,, 

33 Arsenic . 


1174 

S. Vr. 

1170 

S. Fr. 

1052 

S. Fr. 

1038 

S. Fr. 

34 Selenium 


TlOO 


1101 


003 

19 

— 


35 Bromine 


1040 

„ 

1035 

»» 

020 

,, 

(>14 


37 llubidium 


020 

,, 

022 


825 

,, 

813 

,, 

38 Strontium 


870 


871 


770 

,, 

707 

„ 

30 Yttrium 


840 

M. 

835 

M. j 

740 

M. 

733 

M. 

40 Zirconium 


708 

,, 

788 

»» 1 

705 

,, 

— 


41 Niobium 


754 

S. Fr. 

740 

S. Fr. 1 

000 

S. Fr. 

057 

S. Fr. 

42 Molybdenum 


712-12 D.Hu. 

707-83 D.Hu. 

031-10 

D.Hu. 

010-7 

D. Hu. 

14 llutlionium 


— 


045 

M. 

574 

M. 

— 


45 llliodium 


010-4 

„ 

012*1 

D.Hu. 

545-3 

D.Hu. 

534-2 

„ 

40 Palladium 


500 

M. 

580 

M. 

521 

M. 

— 


47 Silver 


507 

n 

502 

1* 

501 

11 

401 

^r. 

48 Cadmium 


543 

„ 

538 

f » 

470 

11 

1 — 


40 Indium . 


515 


510 


453 

11 

440 


50 Tin 


400 

,, 

487 

»» 

432 

19 

— 


51 Antimony 


472 

»* 

408 


410 


408 


52 Tellurium 


— 


450 

>♦ 

404 

91 

— 


53 Iodine . 


— 


437 


388 

11 

— 


55 Caesium . 


402 


308 

11 

352 

11 

— 


50 Barium . 


303 

,, 

388 

*» 

343 

19 

— 


57 I janthanium 


370 


372 

»» 

320 


— 


58 Cerium . 


300 

,, 

355 

11 

314 


— 


5'J Praseodymium 

347 

,, 

.342 

11 

301 

11 

— 


00 Neodymium 

. 

335 

,, 

330 

11 

202 


— 


74 Tungsten 


213-41 

D. St. 

208-00 

D. St. 

184-20 D. Si. 

170*01 

D. St. 


fclie immediately obvious rule that, usually, net planes of crystals that 
cleave very readily have a large lattice constant.) The lattice constant 
of gypsum is d = 7*621 . 10 " ^ cnis. (according to a remark at the end of 
S 3, it may he obtained from the lattice constant d of rock-salt by photo- 
graphing one ayd the same line with the two crystals in turn). By 
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condition (2) then, gypsum suffices as far as wave-lengths not exceeding 
X =3 15 A. As a matter of fact, the soft lines of Table 14 were obtained 
by means of an analyser of gypsum. If, later, we should wish to pass 
on to still greater wave-lengths, the crystal of gypsum would also have 
too small meshes. We should then have to resort to organic crystals of 
complex molecular structure. 

On the other hand, the difficulties ottered by very hard rays arc that 
the angle 0 in (1) becomes too small, thus depreciating the accuracy v(U’y 
much. When Xjd is very small, we are dealing with a glancing angle of 
incidence and of reflection between the Eontgen rays and the crystal 
plate. We may escape this, on the one hand, by making observations in 
a higher order (cf the factor n in eqn. (1)), on the other hand, l)y using 
net planes whose distance apart, is as small as possible. Changing the 
crystal does not help us much in the latter respect. Whereas wc had in 
the case of rock-salt a = 2rf = 5*63 . 10 * we have in t’ne case of the 
crystal of smallest known lattice constant, namely, diamond, a == 3 55 . 10~ ^ 
Greater advantage is obtained by passing from one crystal surface (for ex- 
ample, from the cube surface 100) to another with higher indiccjs (for 
example, the octahedral surface 111), whereby d becomes smaller (e.g. in 
the ratio \/3, cf. eqn. (4) in 55 3), But both these advantages, gained by 
using a higher order of reflection and surfaces with higher indices, are 
obtained at the. expense of intensity. 


From the wave-lengths X we pass on to the wave-numbers 


1 

X 


{number 


of wave-lengtliH that occur in 1 cm, of a Vujht-ray), Following the usual 
practice of spectroscopy, we use (in a, strict sense, wrongly) the same 
letter as for the vibration number or frequency (number of full vibrations 
that occur per sec.). We thus have the two meanings for r, which ditter 
in their dimensions : 



wave- numbers (cm. ^) . 

^ = frequency (sec. ^) . 


( 3 ) 

(4) 


It is the latter meaning that wo always have in mind wffien we speak 
of the enei-gy- quantum hv ; we are referring to the former when w^e write 
down spectral formulae. For the rest, we shall not always keep strictly 
to the term wave-number, but shall occasionally replace it by the more 
usual term ''frequency ” in spectroscopy. 

Furthermore, we introduce a universal wave-number which will serve 
as the unit of measure for all remaining wave-numbers, namely, the 
Eydberg-Ritz constant. We give it this name because it first played a 
fundamental part in the series formulae of Eydberg, and later in those of 
Eitz (cf. Chap. VI, 1). We assign to it the symbol E (instead of the 
spectroscopically more usual letter N, which we used in the preceding 
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editions of this book) ; its numerical value, according to Paschen (cf. Chap. 
IV, § 4), is 

E = 109737 cm. - 1 . . . . (5) 


The term Rydberg frequency which we shall often have occasion to 

use is just as little correct as the term “ vibration number ” for - , since 

A 

it corresponds, not to the dimensions cm."^, but to sec.'h To retain the 
strict sense of the word we should have to apply the term Rydberg fre- 
quency to the quantity : 

^;R = 3-00 . . 109737 = 3*29 . sec.-^ . . (6) 


Yov the ratio ^ , however, which will alone concern us later, the dif- 

ference (3, 4) and (5, 6) is of no account. By forming this ratio we arrive 
at an un-named number independent of the units of measure, which, 
moreover, is of a convenient order of magnitude for all X-ray measure- 
ments. Thus Table 11 represents in the first four columns the values of 


for the princijial lines of the K-series. Next to these, in the last two 

X\i 

columns, are the values of for the two lines Ka and Kfi (at the head 

of the columns these numbers are briefly called ^aand ,^^8 respectively). 

We first direct our attention to these last two columns. They form 
an arithmetic series, that is, there is a constant increase in passing from 
element to element. This increase is particularly regular at the beginning 
of the table ; later, it increases a little. We read this off from Fig. 51, in 


which, following Siegbahn, we 


plot the values of as a function of the 

\ R 


atomic numbers. The a- and /8-lines (the two middle lines of the figure) 
ascend regularly and, except for a small curvature for larger Z’s, they are 
straight lines. The neighbouring lines a and y (the two extreme lines) 
follow the same course. 

In this figure our earlier statements about the behaviour of X-ray 
spectra and their relation to the natural system of elements are made 
particularly clear. We see the uniform (in our picture, linear) increase 
of the hardness with the atomic number and conclude from it that the 
hardness is determined by the nuclear charge of the element. This 
strengthens our belief that the Rdntgen specti'a arise through changes of 
configuration that occur near the nucleus, in the innermost region of the 
atom (cf. Chap. II, § 7). There is not a trace of the periodicity of the 
elements here. We interpreted this earlier , as signifying that only the 
peripheral parts of the atom are periodic in structure, but that energetic 
conditions in the interior of the atom alter uniformly with the nuclear 
charge. ^ 

Gaps in the system of the elements are exposed with particular 
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Taiu^f, 11 

vJR valuea of the K-aeries 


z 


a 

iS 

7 



11 Na 



76-683 

78-62 


8*757 

8*867 

12 Mg 



92*348 

96-576 

^ 

9-610 

9-776 

13 A1 



109-535 

114*762 

— 

10-466 

10*713 

14 Si 



128-182 

135-217 



11-3-22 

11-6-28 

16 P 



148-374 

157-519 



12-181 

12-556 

10 S 



169-992 

181-559 

— 

13-038 

13-474 

17 01 


. 

192-99 

193-12 

207-366 

— 

13*897 

14*400 

19 K 



243-83 

244-06 

264-413 



15*022 

16-261 

20 Ca 



271-61 

271*87 

295-581 

297*082 

10*488 

17*190 

21 Sc 



300*88 

301-22 

328-544 

330-7 

17-350 

18*120 

22 Ti 



331-9 

332*3 

363-238 

365-433 

18*23 

19059 

23 V 



364*2 

364*8 

399*735 

402*200 

19-10 

19*993 

24 (V 



398*06 

398*78 

437*81 

440-0 

19*909 

20*924 

26 Mn 


• 

434*0 

435-4 

479*1 

481*0 

20*87 

21*89 

20 Fo 



470*55 

471*58 

519-55 

523*1 

21*710 

22*7') 1 

Co 



509*23 

510*15 

503*503 

507*4 

22*593 

23*738 

2S Ni 



549*42 

550*73 

OOS*S50 

012*4 

23* M)S 

21*1576 

29 C'U 



591*20 

592*75 

656-122 

(501 *8 

24 •347 

26 (516 

30 y.n 



034*1 

035*9 

704*2 

711*4 

26*22 

2(5*63 

31 (ra 



079*23 

081*14 

765*07 

— 

20*09') 

27*1‘)0 

32 (rv. 



722*7 

725*0 

806*7 

812-9 

20*93 

28-39 

33 As 



770*2 

778*9 

8(50*2 

877*9 

27*91 

2‘)*t3 

34 Sc 



821*7 

825*4 

917*0 ; 

— 

28-73 

30*29 

36 I5r 



870*2 

880*5 

980*9 1 

997 0 

, 29*07 

31*32 

37 Tib 



984*1 

988-4 

1106 i 

1121 

31*11 

33-24 

38 Sr 



1040 

1010 

1170 : 

118S 

32*34 

31-21 

39 V 



10s6 

1091 

1222 i 

1243 

33*03 

31-!)(5 

40 /r 



1149 

1156 

1293 

— 

31*00 

36-9(5 

41 Nl) 



120') 

1210 

1302 i 

1387 

34-87 

3(5-91 

42 Mo 


. 1 

1279-6,, 

1287*4^ 

1443*9, : 

1470*5 

35*772 

38-(X) 

44 Ku 




1413 

1688 

— 

37*69 

39-86 

45 Kli 



1478-5 

1488*8 

107M 

1705*9 

38*686 

40*88 

40 Pd 



1515 

16.55 

1749 

— 

39*4 3 

■11 -82 

47 Ag 



1007 

1021 

1819 

1860 

40*20 

42*(56 

1 4S Cd 



1078 ' 

1094 : 

1902 

— 

11*10 

43 (52 

i 49 In 



1709 

1787 I 

2012 

2071 

42*27 1 

44*8(5 

1 60 Sii 



1800 

1871 : 

2109 

— 

43*2(5 ! 

46-93 

1 61 Sb 



1931 

1947 ! 

2191 ’ 

2234 

41-13 j 

1(5-81 

! 62 To 




i9‘.m i 

2250 

— 

44*70 ; 

47*49 

1 63 J 



. — 

2085 i 

2349 

— 

46*00 

48-48 

56 Cs 



2267 

2289 

2589 

— 

47*85 j 

50*87 

60 Ba 


! i 

2319 ; 

2348 1 

2057 i 

-- 

4B'40 ; 

51 *55 

1 07 La 


• i 

2424 1 

2450 1 

2770 : 

— 

49*50 1 

52*04 

1 08 Oc 



2531 i 

2507 ! 

2902 ; 

— 

60-07 1 

53*88 

i 09 I’r 


. 1 2020 

2005 ! 

3027 ! 

— 

61*03 1 

55*03 

1 (iO Nfl 


• 

2720 

2701 i 

3127 i 

— 

52*60 

55*‘)2 

! 74 W 

1 



4270*0 

4308*5 i 

1 

4947*2 1 

5090*0 

00*096 

70*330 


clearness and certainty liy this mode of representation. Jf the figure had 
been drawn without taking into account the gap at Z = 43 (eka- 
manganese), a discontinuity would have come to light in the diagram of the 
line, and would immediately have betrayed the missing element. Notice, 
also, the order of Te (Z = 52) and J (Z = 53), which cannot he doubted 
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in f)iir fi^in-o and which satisfies the requirements of chemical theory 
(since J tliei'ehy comes h€^low F, Cl, Br, in the seventh vertical line). 

But it is also interesting to consider the amount of the increase in 
Ji'/R in Table 11, jjarticularly in the case of Ka. It is about 

0-866 . 

Consequently we may express the linear increase in Fig. 51, for the 
present, by the following formula : — 

■Jl - 4^'^ - -)■ 



Fig. 51. 


It further follows from the figure that the constant s here introduced is 
almost equal to 1. We thus arrive at the following representation of the 
wave-number, developed earlier by Moseley : — 

This formula shows a close analogy td Balmei' s expression for the 
Hydrogen series (cf. Chap. IV, § 2) and may be interpreted in the sense 
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of eqn. (1), pagel46, of the preceding section as follows. The transition 
electron comes from the initial energy-level of the L- Shell 

w. = - .... ,8, 

and falls to the energy-level of the K-shell 

W.. = - • • • • 

No importance is attached to the use of the negative signs before the 
energy amounts ; they occur because, in Fig. 48, we calculated tlie energy- 
steps from the surface of the atom and called the energy-step of the 
nucleus — cc. By adding a sufficiently great constant that would cancel 
out in the energy differences, we could make both amounts of energy (8) 
and (9) positive. By forming, in accordrmce with eqn. (1) of th* preceding 
paragraph, the quantity hv = ~ W,., we get, if we cancel tht^ common 

factor h, the value of v from eqn. (7) just above. 

According to the most recent view of the theory, we may no longer 
regard Moseley’s equation (7) as exact. A complete description of the 
Ktt-line for all atomic numbers Z should also be able to account for the 
slight curvature of the plotted line in Fig. 51 : nor could it rest satisfied 
with the above approximate determination of the constant s 1. The 
theory attains this, on the one hand, by applying a relativity correction 
to ^loseley’s formula (cf. the last chapter), on the other, by penetrating 
further into the nature of tlie atomic model and to lind a reason for the 
liner constitution of the K- and L-level. Nevertheless it will never fail 
to excite wonder that Moseley, in his first entrance into tlie realm of 
quantitative X-ray spectroscopy, also made the first and most iinporbiiit 
step in giving the theoretical interpretation of high-frequency spectra. 

6. The L-series and the M-series. Doublet Relationship 

The simplicity of the spectral laws that distinguishes the Eontgen 
from the visible region is founded, according to the opening words of 4, 
in the circumstance that in the interior of the atom, under the influence 
of the true nuclear charge, the electrons are arranged according to simple 
laws, whereas towards the perijihery of the atom, at which the visible 
spectra originate, the arrangement of the electrons becomes gradually 
more complex and moi’e difficult to grasp. For this reason, too, we find 
even the L-series to be of more complex structure than the K-series. 

This increase of complexity in the L-series manifests itself largely in 
the fact that its lines occur in greater number. Table 12 on page 159 gives 
a survey of the various names, the supposed origin, and the approximate 
intensities of the main lines; besides the lines there included there are 
various other weaker lines that have been observed only in the case of a 
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few elements. We shall return to the latter lines in the last chapter. 
We have already given a picture of the L-series of platinum in Fig. 43, § 3. 

Our nomenclature agrees with Moseley’s, as far as his goes (Moseley 
measured and named only the lines /?, y, 8, </>), and seeks to extend it 
systematically by using the later letters in the order in which they occur 
at the beginning and end of the Greek alphabet. On the other hand 
Siegbahn’s nomenclatun3 recognises three group of lines that may be 
distinguished roughly by their varying hardness, namely : a rather soft 
a-group, a medium y^?-groiip, and a rather hard y-group, whereby, however, 
the degree of hardness or softness of course changes with the atomic 
nuiiiber as we pass along the elements in succession. Siegbahn numbers 
the lines within each group according to their intensity. The intensities 
are given as relative terms ; their values fluctuate a little for each element, 
and must, therefore, be regarded merely as estimated averages. 


Tablk 12 


SoinincrlVM 

Siegbaliii 

Origin 

Intensities 




— - - — 



cu 

Mg T-Jj 

3 1 


M. L. 

10 ! 


M.. 

« i 

fy'\ 



0 




C i 

5 J 

7i 

^4 -ijo 


€ \ 

1 

Mj — > Jjj 

3 1 

V J 

V 

Ms -^ 1.3 

0 ! 

C\ 


0 

1 

e J 

7-2* 7o 

0 

1 i 

i \ 



0 ; 

k) 

75 


0 i 



M.^Lj 

2 1 

fx 


AI 3 — > 

1 ^ ! 

72» 77 

Nj 

1 ! 

lx 

73 

N,_^L 3 

1 I 


74 


1 1 

i 


The order followed in our Table 12 does not entirely agree with the 
order of the hardness of the lines. We always have, indeed, a softer than 
and y softer than 8, but y8 is not in the case of all elements softer than 
y. The softest line in the case of all elements is c (discovered by Siegbahn, 
and called by him 1). Manifold overlapping occurs among the lines yS, y, 
and <f}. Further details may be found by the reader in Figs. 53 and 54. 
The latter figure also shows the complex conditions that obtain between 
the lines X lowest atomic numbers, 6 is 

softer than x Xf highest atomic numbers it is harder. In the 

case of Pt and Au, 6 coincides with x i coincides 

with X- In the preceding editions of this book we followed Friman by 
identifying 0 with x in the case of would apparently lead to a 

contradiction to Stokes' Fluorescence Law (cf. Note 1, p. 184). 
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Conceriung the origin of the lines the following suggestions are 
contained in Table 12. As already indicated in Eigs. 47 and 48, the line 
La corresponds to the transition of an electron from the M- into the Tj- 
shell, the line Ly to the transition from the N- into the L-shell. It now 
becomes necessary, however, to subdivide these shells further. Even in 
Table 9 of the preceding section, we distinguish two L-shells, Lj and L^, ; 
it now becomes necessary to assume a third energy-level L.^. In the case 
of the M-shell, we have to distinguish five such steps, M^, M^, My, M^, 

The N-shell is also to be subdivided, and indeed, still more than the 
^I-shell. The deeper theoretical reason for this at present apparently 
arbitrary differentiation can he given only when we get to the last 
chapter. 

As is indicated by the brackets in the first column of Table 12 (on the 
right of the symbols for the lines), tlie line-})Hirs (a'/?), (y'S), (c?;), (^^j, (/k), 
belong together as regularly given doublets. We call them L-doublets. 
They are designated by the successive letters of the Greek alphabet. 
Their characteristic feature is : both lines of an L-doublet have the sa?/ie 
initial levels the softer line ending in the h^-levely the harder one in the 

lj.rleceL 

In all these doublets the softer line of the doublet is the more intense 
line (this holds for the doublets a/3 and y'S in so far as we take into 
account the intensity of the two related lines aa and yy respectively, 
for these, together, are then considerably more intense than f3 or S 
respectively). 

We call the line-].)airs {a a) and (<^'^) M-doublets, because, in them, 
the I'elated lines have as their final level the same L-levely but differeni 
^l-leccls as initial levels. Eoi' an equivalent reason, the line-pairs {y'y) and 
(x X) called N-doublets. The M- and N-doubU4s are made recognisable 
in Table 12 by brackets placed at the left of their symbols. The symbol for 
the softer doublet-line is distinguished from that for the harder line only 
by the accent. In contradistinction to the case of L-doublets, the softer 
components in the case of the M-doublet {a a) and the N -doublet (y'y) is 
the iveaker component. In the doublets and (x'x)» both of which 

have Ly as jinal level (final letters of the Greek alphabet), the softer 
component of the doublet is only inappreciably or not at all weaker than 
the harder component. 

To bring our comments on Table 12 to a close for the present, we 
have yet to remark that the combination of the L-lines into doublets and 
the tracing of their origin to common or different initial and final levels 
has enabled us to get a preliminaiy survey of the manifold of emissions 
that is possible. 

In Tal)le 13 the more recent precision measurements (Siegbahn, 
Hjalmar, Coster) may be distinguished from the older measurements 
(Frirnan) by the decimal places. The precision measurements for 
Z = 29 to Z == 73 are due to E. Hjalmar (Zeitschr. f. Phys., 3 , 262, 1920 ), 
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those for Z « 76 to Z = 92 are due to D. Coster {ibid., 4 , 178, 1921) ; 
tungsten, Z » 74, has been measured very carefully by various ex- 
perimenters. Our numbers are taken from Siegbahn * (Physikal. Zeitschr., 
20, 633, 1919) ; the numbers for By Xt X ^ = 73, and 

W, Z =3 74, have been added in accordance with Coster (Compt. rend., 
173, 77, 1921). The older, less exact, observations were given in Friman*s 
dissertation (Lund, 1915 ; see also Ann. d. Phys., 49, 616, 1916). Por the 
elements, Z <C 74, we have corrected Friman’s values in accordance with 
the method of Hjalmar, based on his precision measurements of the main 
lines. (Correspondingly, in Table 10, the wave-lengths of Ky have been 
corrected on the basis of Hjalmar's precision measurements of KyS.) 
The present gaps which occur particularly among the weaker lines, are 
for the most part probably of an accidental nature ; it cannot yet be 
stated definitely whether several lines (for example, € and r/) cease when 
wo get to the lighter elements. 

The hardest and the softest wave-lengths of this table are of the same 
order of magnitude as the hardest and softest lines of the K-series in 
Table 10. But of course in this case the same hardness or the same 
softness occurs at much higher atomic numbers than in the former case. 
The measurement of the soft wave-lengths demands the same precautions 
(vacuum spectrograph, gypsum crystal in place of rock-salt) as in the 
case of the K-series. 

A bold incursion into the region of very soft rays has been initiated 
by Millikan,! not from the side of the Eontgen spectra, but from that of 
ultra-violet spectra. He makes his observations not with a crystal 
lattice but with an artificial line grating, the production of which he is 
systematically improving ; he uses high-tension “ vacuum sparks.” Thus 
at A > 360 A he has found lines that he ascribes to the L-series of carbon- 
We hear that recently, on the one hand, ^lillikan, on the other, P. D. Foote, 
has succeeded in extending the measurement of the L-series systematically 
as far as sodium. Moseley's laws, which, according to Fig. 53, are ap- 
plicable to the L-series, seem to remain valid as far as this region.' 

Tn Table 13 a first characteristic propei ty of our doublet asserts itself. 
We calculate in each case the differences AA between the wave-lengths of 
two related doublet lines. We then find as a general result that, through- 
out the whole series of elements, related doublet lines give almost equal 
differences of wave-lcnqih AA. Or, expressed more accurately, we com- 
bine such and only such lines into doublets as are separated by almost 
equal distances in the scale of wave-lengths. 

Let us consider Fig. 52. In it we have plotted our L-doublets (c^y), 
(ys). { lk ). The curve c--?/ lies highest, the curve a-/? lies 

below it, and so forth, in the order of the hardness of the line-pairs. 

*In thu case of tungsLeii, our is different from that called by Siegbahn. 

+ Astrophys. Journ., 52, 47 and 286 (1920) ; 53, 150 (1921). 
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Tahlk 13. Wavc-le^igths . 
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But within each curve the AVs are almost constant for the whole system 
of elements from Z — 40 to Z — 92 (axis of abscissjjo) ; there is just a 
slight decrease as we pass from lower to higher atomic numbers. 

The AA.’s of our M-doublcts (ci'a) and (^'<^) are much more constant 
still. The graphical curves a -a and </>'-</> run almost exactly parallel 
to the abscissa-axis, the first at a distance of 40 X-units, the second at a 
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of the L-series (in X-units) 
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distance o£ (10 + 1 ) X-units. In the same way x^-x almost a con- 
stant and equal to about 5 X-units : on account of the smallness of this 
diiTeronce the corresponding graphical curve could not be shown in Fig. 52. 
The difference y'~y is still smaller (about 1*5 X-units). Since ‘the levels 
N., and N 4 are separated by only an extremely small distance, the lines 
y' and y are so ijear to one another that only in the case of uranium could 
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it be shown that they are distinct lines (of. A. Dauvillier, Coinpt. rend., 
172 , 1350 (1921)). But (with the help of the complete scheme of the 
lines, § 6, Chap. VIII) the distance between them may be calculated 
indirectly and is then also shown to be constant. Since y and y differ 
only imperceptibly from one another, we were justified in Fi^. 52 in re- 
placing the difference y-8 by the difference y-8. The existence of a 
soft associate y for y was first postulated by the author as a necessity for 
the completeness of the system. 


In Table 14 we pass on from values of X to values of 




eqn. (3) on p. 154 ; R = 109737 cms.~’, cf. eqn. (5) on p. 155), with which 
the later investigations will be concerned. 

Before we deditce from this table the relationships between the lines, 
we shall considt'r a graphical representation (Fig. 53) of th(i values of 

similar to that given in Fig. 51. To prevent confusing the figure 


in X~ Units. 

= 





-10 45 50 53 60 65 70 75 80 85 90 Z-^ 


Rig. 52. 


we shall restrict oui’selves to the lines a, p, y, 8, e, rj, </}. The atomic 
numbers are again plotted as abscissje. Here, too, the course of the lines 
traced is essentially reel Ui, near ^ which indicates that v increases nearly 
proportionately with Z^. The curvature of the lines, however, is greater 
than before, particulai'ly in the case of the line 8. This is on account of 
the ‘‘relativity correction” mentioned on i)age 158. Furthermore, we 
see in the figui'e the overlapping which was mentioned eailier and which 
was found to be absent in the K-series. The line p cuts the lirui y at 
Pb, Z == 82 ; beyond 82, it is harder than y : below 82, it is softer. More- 
over, </) and y intersect at Pt, Z = 78. From this we see that the re- 
lationship between the lines is not so simple and rigorous as in the case 
of the lines of the K-S(^rieB. 

In Table 14 the L-doublets are again distinguished by a characteristic 
property. We have calculated the differences ^ of the values of ^ for 

Iv R 

all related doublet-lines and have tabulated them in Table 15. If, this 
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time, we compare, not the doublets of different elements, but the different 
L-doublets of the same element, we learn from Table 15 that all of them 

have, within the limits of error, tJie same difference that is : 
p - a = 8- y=7}~€=0-^=^K~ i, 



Fig. 68. 

Unfortunately, as mentioned above, y has been measured as distinct from 
y only in the case of uranium ; hence it is only possible to show that 
8~y nearly agrees with the other differences of wave-length. In reality 
8— y is slightly smaller than the latter and than S-y'. The distance 
between the lines p-a (Table 15, first column) differs noticeably more 
from the doublet differences p-a\ and, indeed, for the same reason as 
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TABi/ig 14. 


z 




6 

«' 

a 


<t>' 

i 


29 Cu 






08-47 





30 Zu 






— 

74-55 

— 

— 

— 

70 25 

32 Oe 




— 

— 

87*50 

— 

— 

— 

— 

33 As 




— 

— 

94*42 

— 

— 

— 

97-00 

34 So 




— 

— 

101*58 

— 

— 

— 

J04-.53 

35 Br 




— 

— 

109*04 

— 

— 

— 

112-39 

37 Jih 




— 

— 

124*78 

— 

— 

— 

129-00 

38 Sr 




— 

— 

133*07 

— 

— 

— 

137*87 

39 Y 




— 

— 

141*01 

— 

— 

— 

147*01 

40 Zr 






— 

150*47 

— 

— 

— 

150-50 

41 



* 

— 

159*4 

159*55 

— 

— 

— 

1()0*29 

42 ^lo 




— 

108*7 

108*93 

— 

— 

— 

170*40 

14 Ku 




— 

188*13 

188*44 

— 

— 

— 

197*62 

45 Hh 






198*29 

J98-02 

— 

— 

— 

208*77 

4C. Pd 




— 

208*69 

209*07 


224-1 


220*25 

47 Ag 




— 

219*37 

219*80 

— 

230-01 

- 

232*00 

18 Cd 




— 

230*32 

230*82 

— 

248-00 

— 

244*29 

49 In 




— 

241*55 

242*12 

— 

— 

— 

250*84 

50 Su 




— 

253*00 

253*69 

— 

273-4 

— 

209*79 

51 Sb 




— 

204*84 

265*53 

— 

280*5 

— 

283-13 

52 Te 




— 

i^76*91 

277*67 

— 

299-77 

— 

296*85 

53 J . 






289*23 

290*07 



313-G 

— 

310-94 

65 (’s 




— 

314*73 

315-70 

» 

342*55 

— 

340-33 

6() Ba 






327*94 

329-05 

— 

357*38 

— 

355-64 

57 Jja 




— 

341*47 

342-00 

— 

372*80 

— 

371*48 

1 58 Co 




_ 

365*28 

360-57 

— 

388-57 

— 

387*00 

09 Pr 





309*33 

370-82 

i 

404-3 

— 

104*36 

! 00 Ivd 




— 

383*0)4 

385-31 

j 

421*5 

— 

421*50 

! 02 Sin 




— 

113*22 

415-21 

— 

— 

— 

457*17 

1 03 Ell 




— 

428*12 

430-65 

— 

471*4 

j 

475*()1 

04 Ctd 




— 

111*02 

446-34 

— 

493*0 


494*08 

05 Tb 




— 

459*78 

402-80 

471-4 

j 511*0 

— 

514*10 

00 Dy 




' 

475*79 

478-54 

— 

! 530*5 

— 

534 -Oil 

()7 Ho 




i 

192*12 

195-0*9 

— 

[ 551-3 


551-58 

1 08 Ih* 




1 - 

508*78 

51 1-93 

5*29-2 

571*1 

— 

575-03 

i 70 Ad 




1 482*2 ! 

542*90 

540-51 

5()3*9 

012*5 

— 

(>19-() 

. 71 Cp 




498*0 

500*43 

.504-20 

(’)35*9 i 

035*6 

— 

042-9 

' 73 I’a 





590*00 

(.00-40 

— 

079*0 

- - 

088-70 

i 74 \V 




1 544*02 

013-85 

018-45 

042-78 

701 -Ol) 

708-03 

712*39 

1 70 Os 




1 

051*80 

0.50-45 

— 

748*25 1 

750-33 

702*83 

! 77 Jr 




— 

070*35 ' 

075-84 

— 

774*(i2 

777-75 

788-99 

1 7.S Pfc 




008*04 

089*73 

69.5-.58 

734-82 

799*52 

799-52 

815-05 

! 79 An 



1 

025*03 

70i)*22 

715-53 

759*97 ^ 

825*15 ! 

820*51 

843-02 

! HI T1 




— 

719*39 

750-42 

810*30 

878-01 

809-49 

899-88 

1 82 P)) 




077*75 

709-90 

777-5J 

838*20 

907-01 

894-50 

929-98 

1 83 JJi 




OlH-07 

790-20 

798-54 

802*32 

934-22 

918-97 

959*93 

‘ 90 7’h 




839*19 

941-08 

955-78 

— 

1155-00 

1102-78 

1194-94 

I 92 f J . 




855*81 

990-37 

1003-23 

1 134-95 

1222*53 

1158-70 

1209*08 










_ 



. .. 



(loes^-y; this will become evident in 55. It is very striking that 
the /?-line, as the second most intense line of the Tj-serics, forms the 
characteristic doublet difference not with a, the most intense line, hut 
with a'y its weak associate. We must remark, however, that we shall also 
find this phenomenon to he characteristic of the visible region (cf. S 5, 
Chap. VI, for the case of the so-called composite doublets” ; there, too, 
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748*0 

740-2 1 

— 

(>.58*l 

0(;7*2 

— 


740*9 



709*0) 

772-5 1 

— 

000-4 

711-70 

1 

— 

808*7 

8-20*90) 

820-92 

881-30 1 

— 

728-28 

788 -7(; 

751-07 

807 -.57 

881 -.81 

8.50*07 

854-98 

8.59-94 i 

887*77 

774-08 

7H0*.58 

700*05 

— 

891*25 

— 

— 

! 

— 

800*82 

804-80 

820-18 

— 

921*90 

945*09 

945-09 

952-04 i 

— 

828-80 

828-80 

851*57 

020*20 

958-77 

978-07 

978-07 

984 -.52 ! 

1018*17 

858-04 

858*40 

877*70 

— 

; 985*88 

1011-12 

1011-12 

1017-41 

1051 *80 

018*28 

004*10 

081*47 

1010*14 

1058*12 ] 

1082*05 

1078-81 

1087 -.50) 1 

1125*00 

048*30 

020*08 

0.50*72 

10.52*57 

1088-37 

1119*97 

1118-75 

1119-97 I 

1102*89 

078*85 

0.50*28 

087*08 

1087*75 

1124-10 j 

11.57*55 

1U9*20; 

11.57 -.55 

1190*89 

1211*07 

1151*08 

1194*04 


1899*74 i 

1440*20 

— 

— 

— 

1280*20 

1210*70 

i 12.58*48 

1 

* 

1480*98 i 

1.587*45 

1.507*78 

1.520-42 

1588 




L 




_ 

__ 




the weak associate of the principal line, not the latter itself, forms a 
doublet with a second line). 

The distances between both the components of M-douhlets and those 
of the N-doublets are not related among themselves, nor are they related 
to the distance which separates the comjionents of the L-doublet. 

In the last column of Table 15 the fourth roots of the characteristic 
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Table 15 


Klemeiit 


/8-a' 

5 — y 



K — 1 

a— a 


X'X' 


41 Nb 

‘ 6*74 

6-89 




_ 

0-15 

„ 



1-620 

4t2 Mo 

7*47 

7-70 

— 

— 

— 

— 

0*28 

— 

— 

1-666 

44 Ku 

9*18 

9*49 



— 

— 

— 

0-81 

— 


1-755 

45 Hh 

10*16 

10-48 

— 

— 

— 

— 

0-88 

— 

— 

1-799 

4G Pd 

11-18 

11-56 

11-5 

— 

— 

— 

0-88 

2-8 

— 

1-844 

47 Ag 

12-26 

12*69 

12-46 

— 

— 

— 

0-48 

2*26 

— 

1-887 

48 Cd 

18-47 

13-97 

14*0 

— 

— 

— 

0-50 

2*59 

— 

. 1-988 

49 In 

14-72 

15*29 

15-3 

— 

— 

— 

0-57 

— 

— 

1-977 

50 Sn 

16-10 

16-78 

16-70 

— 

— 

— 

0-68 

8-0 

1*2 

2-022 

51 Sb 

17-60 

18-29 

18-8 

— 

. — 

— 

0*69 

8*2 

— 

2-068 

62 Te 

19-18 

19-94 

20-0 

- — 

— 

— 

0-76 

8-88 

— 

2-118 

58 J 

20-87 

21.71 

21-72 

— 

— 

— 

0-84 

4-2 

— 

2*159 

55 Cs 

24-57 

25-60 

25-6 

— 

— 

— 

1-08 

4*91 

— 

2-249 

56 Ba 

26-59 

27-70 

27*68 

— 

— 

— 

1-11 

5*51 

— 

2-2'J4 

57 La 

28-82 

30*01 

30-0 

— 

— 

— 

1-19 

6-04 

— 

2-841 

58 Ce 

81-09 

32*38 

32-2 





— 

1-29 

6-88 

— 

2*885 

69 Pr 

33-54 

35-03 

34-77 

— 

— 

— 

1-49 

7*8 

1*49 

2-433 

60 Nd 

36-19 

37-86 

37-6 

— 

— 

— 

1*67 

7-9 

— 

2-481 

()2 Sm 

41-96 1 

43-95 

43-5 

— 

— j 

— 

1-99 

— 

— 

2-575 

68 Eu 

44-96 

47-19 

44-9 

— 

— 

— 

2-28 

8-8 

8*7 

2-621 

64 Gd 

48-34 

50-66 

60-5 

— 

— 

— 

2-82 

10-8 

1*8 

2-668 

65 Tb 

51-86 

51-38 

63-3 



— 

— 

2*52 

11-4 

2*7 

2-716 

66 I)y 

55-55 

58*30 

58-5 

— 

— 

— 

2-75 

12*1 

1*8 

2*763 

67 Ho 

59-49 

62-16 

62*5 

— 



— 

2*97 

12-5 

2*0 

2*811 

68 Er 

68-70 

66-85 

65-2 ' 

— 

— 


8-15 

14*1 

8*5 

2*859 

70 Ad 

72-5 

76-1 

75-0 

81 -7(?): 

— 


8-61 

16-6 

2*6 

2-954 

71 Cp 

78-7 

82-5 

79-7 


— 

— 

3-77 

17-8 

2*9 

3-01 

78 Ta 

88*80 

92-70 

92-0 

— 

— 

! 

4*40 

19-8 

4*88 

3-10 

74 W 

98*94 

98-54 

98-05 

98-76 

99 00 

99-54 

4-00 

21-57 

4*96 

3-151 

76 Os 

106-88 

111-08 

110*67 

— 

— 

— 

4-7 

25-88 

— 

8-246 

77 Ir 

113-15 

118-64 

117-57 

— 

119-54 

— 

5-49 

26-20 

6*95 

8*300 

78 Pt 

120-07 

125*92 

124-97 

126-18 

126-50 

126-68 

5-85 

29-28 

6-15 

3-350 

79 Au 

127-49 

133-80 

132-37 

134-34 i 

133-42 

— 

6-81 

88-79 

6-29 

3-401 

81 Tl 

143-46 

150-49 

148-96 

— 

151-18 

14(1-65 

7-08 

84 •5<) 

8-75 

3-502 

82 Pb 

152-47 

160-02 

158-39 

160-51 ! 

160-25 

158*07 

7-55 

86-80 

6-22 

8*557 

88 Bi 

161-39 

169-73 

167-vS2 

168-25 

169-57 

168*78 

8-8 

89-68 

8-75 

3.609 

90 Tb 

239-16 

250-86 

247-81 

— 

251-2(*» 

— 

11-70 

56-67 

— I 

8-980 

92 U 

265-85 

278-71 

276-28 

279-11 

279-02 

281 

12-86 

68-76 

18-69 

4-086 


dirference of the L-dou))lets, 


Ar 

R 


= yS “ a', are f^dven. 


These form an 


arithmetic series, as may easily he confirmed. As Z increases, these 
numbers increase steadily by a constant amount of about 0'043. The 
particular interest which attaches to this at present empirical fact will be 
referred to at the end of this section. The fourth roots of the M- and N- 
doublet-distances also increase linearly with Z. 

Fig. 54 shows for several selected cases how the L-, M-, and N-doublets 
overlap and alter their relative distances as Z inci’eases (conesponding to 
the intersections of Fig. 53). Each individual spectrum of our series has 
been drawn in the scale of v (not of A), as it is in this scale alone that the 
equality of the distances between the components of the doublets (doublet- 
distances) come into evidence. But the ratio of the scales of the super- 
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posed spectra has been chosen so that the L-doublets are equal in each 
case, as actually occurs when we compare real spectral photographs of 
different elements. 

Now, the law of the constancy of the differences in wave-length im- 
mediately becomes clear if we accept the assumptions that were made in 
Table 12 about the origin of the lines. According to these assumptions 
two associated lines of an L-doublet differ only in their final level (L^ or 
L^). As a matter of fact, the /?-, 8-, rj-y 0-y K-lines are harder than the a-, 
y-, or a'-, y'-, €-, i-lines, respectively ; the difference of energy that cor- 
responds to the former is greater than that corresponding to the latter 
(L. 2 -level is lower than the L^-level), and hence has also a greater wave- 

92 U 

•3 I y(p- X ^ 

83 Bi 


79 Au 

74 W 

tt a »} gs't/l g> r c * ^ tp 

56 Ba 

au ip y 6 

Fig. 54. 

length. The differences of hardness between the associated line-pairs 
(y'8). (^^). ( ik), however, are equal ; they are represented, in- 

dependently of the initial level of the transition in question, by the fixed 
difference of level between the L^- and the L^-shell. The a-, y-, c-, 
t-lines are also more intense than the yS-, 8-, 6-, /c-lines ; clearly, to the 

former there corresponds a greater probability of transition. The (so to 
speak) normal L^-level is attained more often as the final position than 
the Ljj-level. 

But if an electron can pass to the L^j- as well as to the Lj -shell from 
a higher level, then it will also be able to pass from the L 2 -level as well as 
from the L^-level to the low^er K-level. But the transition L ^ K denoted 
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the line Ka. We see now that this line must be a doublet, and we under- 
stand the origin of the lino Ka that has already been indicatt'.d in Table 9 
on page 150, and that is illustrated in detail in Fig. 55. (Concerning the 
description of this figure, see also p, 175.) Evidejitly, in accordance with 
our theory, the doublet-interval {a a) in the K-neries must be equal to the 
doublet-interval (a/S) in the Ji-series, and hence also to the remaining 

L-doublets (ey), ((,0), (t/c)— of course, all measured in terms of v or 

respectively. Actually, this interval is determined in all cases by the 
difference of energy between the Lj-level and the L 2 -level in our figure. 
On the other hand, the interval between the lines La and Lfi that form 
no true fj-doublet, measured in wave-numbers, is less than Our 

figure also tells us that the line Ka', starting from the less probable 
energy-level L.,, is weaker than the line Ka, starting from the Ij^-level, 
just as the line LjS, directed at the L^-level, was weaker than the line fja 
directed at the L^-level. This is indicated by the 
thickness of the arrows. In the matter of intensity, 
the Ka' line thus corresponds to the line L/S, the line 
Ka to the line La. But in the matter of hardness the 
relation is reversed, as a glance at Fig. 55 tells us, for 
the reason that the and the L^-level forms the 
initial leved for our K-lines, whereas they form the 
final level for the L-series. Hence there is the 
following characteristic difference between the K- 
and the L-series : in the K-series the weaher a4ine 
is softer than the principal line a (smaller difference of 
level in the figure), but in the Ij-scries the weaker 
p-line is harder than the jn'hicipal line a or a respee- 
tivelif (greater dilference of level or “ distance of 
falling ”). 

As we know, this qualitative theoretical deduction agrees perfectly 
with the facts of observation. But the quantitative deduction that the 
doublet-intervals (a a) in the K-series are equal to that of the “ L-doublet ” 
in the L-series is fully confirmed by the measurements. Certainly, the 
measurements of the relatively small difference of hardness (aa') in the 
hard K-scries is comparatively inexact, being much more uncertain than 
the measurements of the differences of hardness in the L-doublet of the 
L-series. To be certain of our quantitative deductions we must there- 
fore restrict ourselves to the few elements for which precision measure- 
ments of the K-lines are available and for which the L-series is also 
known. These elements number only three: Mo, lih, and W. In their 
cases, however, the agreement is perfect, as is shown by Table Ki. 

In the case of the remaining elements only an average equality may 
be expected. The confirmation of this is given in Fig. 56. It contains, 
besides tungsten, all elements (between Z = 41 and Z = GO) for which 






Ka- 


Fid. 55. 
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Tablb 16 



42 Mo 

47) Rh 

74 W 

(a'a)K .... 

7*75 

_ 

10*3 

98-5 

.... 

7-7 

10-48 i 

98-54 

. — 





_ 


the measurements of the K-series and of the L-series extend beyond one 
another, and for which, in adclition to the K-doublet, at least one L-doublet 

has been measured. The values of denoted by x have been formed 

K 



from Table 11 as the difference of the values for Ka and Ka ; the values 

of denoted l)y 0 have been taken from the second column of Table 15. 
ll ^ 

From Table 10 we see that the K-doublet (or more correctly the L- 
doublet of the K-series) also obeys 
the law of constant differences 
of wave-lengths. In actual fact 
Xa' ~ Xa is constant throughout 
the whole series of elements and 
is equal to about 4 or 5 X-units. 

We conclude our present pro- 
visional statements about the L- 
series and L-doublets with some 
historical notes. The law of ap- 
proximately constant wave-length 
differences w^as set up by the 
author as long ago as .1910,* and 
was used to arrange into order the lines of the L-series. Further, it 
furnishes a convenient auxiliary means of finding doublet lines that belong 
togethei’. Concerning its theoretical grounds we shall soon have some- 
thing to say. The L-doublets (ayS), (y^), (er/), {^O) were already knowm 
earlier as a result of the law of approximately constant differences of 
wave-length and as a result of their exactly constant differences of 
fre(juency for each element. The doublet (ik), in the light of more 
recent measurements, has here been added. 

On the other hand, the doublet (</>'<#>) was previously called 
owing to a false interpretation by the author. For it seemed, according 
to the measurements then available, that there was the same difference 
of wave-number between the lines x 'A between and <^, and 
hence this difference of wave-number was attributed to a difference of 
level in the L-shell. The doublets and (xV) which were conse- 

quently surmised to exist, were called A-doublets in contrast to the true 

* Aim. d. Phy«., 51 , 125 (1916), cf., in particular, pp. 137 and 138, from which our 
Fiji. 52 lias been "taken. 
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L-doublets. This interpretation was also used in the ])revioiis edition ol 
this book. The incorrectness of this view was disclos(‘d hy iTK^asureinents 
of the L-absorption limits carried out by G. llrriz (cl‘. the iK'xt s(‘ction), 
and was confirmed by A. Smekal * and D. ( Foster t in the improved 
measui-ements now available. The two latti'i* physicists set up in- 
dependently of one another the scheme for the intei])retiition ol the 
L-lines which we adopted (with unimportant chan^^es) in our Table [^2. 

We here parenthetically add a few remarks about tlie hdntL^en spectra 
of isotojj'ic element H. Siegbahn and Stenstrdni have photographed the 
L-series of ordinary lead (at. wgt. 207*2) and of radium h‘.ad (RaG, 
at. wgfc. 206) under identical conditions; they found not the slightest 
difference in the wave-lengths of their L-lines. t We had ahvady 
anticipated this result in Chapter II, 7 (cf. p. 102) and had concluded 
that isotopic elements agree in the arrangement of their central electrons. 
For the same two elements it has also been shown that their visible and 
ultra-violet spectra are almost exactly identical. From this and fi’om the 
circumstance that they cannot be separated chemically, we concluded : 
isotopic elements are also alike in the arrangement of their peripheral 
electrons. 

On the other hand Eutherford and Andrade § have taken photographs 
of Ea spectra, which they have ascribed to proper or natural y-radiation, 
that is to spontaneous Eontgen radiation in contrast with the Eontgen ' 
radiation that is excited by impinging cathode rays, such as we just 
now mentioned in the case of EaG. But we may conjecture that here 
we have essentially the same case as in the previous section, namely, that 
we are dealing with secondary X-rays that are excited by the ^-radiation 
of Ea. Photographs of the softer part of the spectrum produced wave- 
lengths which partly coincided with the L-lines of Pb, and partly with 
those of Bi. This is explained by the theory of isotopes as follows : Ea 
contains among other things two of its descendants, EaB and EaC, which 
are isotopes of Pb and Bi respectively ; they, therefore, lead to L-spectra 
that are identical wdth those of Pb and Bi. In the harder i)art of the 
spectrum, on the other hand, Eutherford and Andrade have found wave- 
lengths that seem to be identical with wave-lengths (hitherto not directly 
measured, but only obtainable by extrapolation) of the K-series of Vh and 
Bi. This K-radiation, also, is presumably of a secondary nature. J^roper 
primary y-radiation is jjrobably essentially harder, interpreted in this 
sense, the experiments of Eutherford and Andrade seem to bring nothing 
new% or nothing that goes beyond the results of the experiments of 
Seigbahn and Stenstrom ; but like the latter, they represent a beautiful 
confirmation of the theory of isotopes. 

* Zoitschr. f. Phys., 5, and 121 (1921). t Ibid., 5, iS9 (1921). 

;|:Physikal. Zeitsebr., 18, 547 (1917). It is of course not out of the questioji that 
if the measurements arc carried out to an extreme degree of refinement, a very small 
difference may become manifest, as in the visible region (cf. p. 102, footnote 1). 

§ Phil. Mag., 28, 203 (1914). 
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Tablfi 17 


Stfiiistrom 

j Origin 

Intensity 

fa' 1 


1 

U [ 


H 

^ 1 

; 

5 

7 

! N, M' 

1 

5 r 

<)■ -> jr. 

1 



1 


We now come to the third, the softest, series of Eontgen spectra, 
naiTH'ly, the M-series discovered by Siegbahn * Table 17 is to serve as 
a key to the terminology, origin, and so forth. 


Tablf; 18 


Wave -lengths of tlui yi-scrlcs in X-units (Steiistriim) 


Z 

a 

a 

i8 

7 

5 

e 

66 Ds . 



_ 

9509 

9313 


_ 


67 Ho . 


« 

. — 

912.3 

8930 

..... 

— 



68 Er . 



— 

8770 

8561 

— 

— 

— 

70 Ad . 



— 

8123 

7895 

— 


— • 

71 Op . 



— 

7818 

7587 

— 

— 

— 

73 Ta . 



— 

7237 

7011*5 

— 

— 

— 

74 W . 



— 

6973 

6745 

6091 

— 

— 

76 Os . 



— 

6477 

6250 

— 

— 

— 

77 Ir . 



— 

0245 

6029 

— 

— 

— 

78 Pt . 



— 

6028 

5812 

5311 

— 

— 

79 Ab , 



— 

5819 

5601 

5115 

— 

— 

81 T1 . 



,5461 

5449-9 

5233*4 

4802 

— 

— 

82 Pb . 



5287 

1 5275*1 

5064*8 

4663*7 

— 

— 

83 Bi . 



5119 

5107*2 

4899*3 

4523*8 

— 

— 

90 Th . 



4143 

4129*15 

3933*3 

3656*5 

3127 

3006 

92 U . 



3910 

i 3901*4 

3708*3 

3471*4 

2943 

2813 


In Tables 18 and 19 the wave-lengths X and the wave-numbers ^ 

A 

divided by the Eydberg frequency E = 109737 are tabulated. The 
measurements for the elements T1 to U have been carried out more 
cori’ectly (felspar was the analyser) than those for Ds to Au (for which 
a crystal of g}q)sum was used). 

The discovery of associated doublet lines is not quite definite owing 
to the somewhat incomplete nature of the measurements. As we have 
indicated in Table 17 by brackets and have explained by giving the origin 
of the lines, {ap) and (yc) are to be regarded as M-doublets, (a yS) in the 
rigorous sense and (ycj in the slightly broader sense, analogously to the 
(a)8) and (y8) lines of the L-series ; (a a) is to be regarded as an N -doublet. 


* Siogbaliii, Verb. d. OGutscIion Pliysikal. Gos., 18, ii78 (1916); Stenstroin, Ann, 
d. Pliys., 57, 347 (1918), and his Dissertation, Lund, 1919. 
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It is true that neither of these doublets is known for more than five 
elements. On account of the small numerical difference of the energy- 
levels in the N-shell, however, the line-pair a/?, which represents no real 
doublet, differs only imperceptibly from Consequently our criterion 
of almost constant wave-length differences AA, by which we associated 
the doublet lines in the L-series, holds here approximately as well for the 
line-pair (al3) as for (a'^) ; of this we may convince ourselves in Table 18. 
In the case of those elements in which a is not separate from a, (a^) is 
to be regarded as a doublet in the same sense as (Ac)^^, and ( 78 ) 1 ,. 


Table 19 

vIBi-vahm of the "Miseries {Stenstrim) 


z 

a* 

a 


7 


e 

06 I)s . 



95-83 

97-85 




07 Ho . 


— 

99-88 

102-0 


— 

— , 

68 Hr . 


— . 

103-9 

100*4 

— 





70 Ad . 



112-2 

115-4 


— 

— 

71 Cp . 

73 Til . 


— 

IICC 

1201 


— 

— 


— 

125-9 

130-0 

— 

— 

— 

74 W . 


— 

130-7 

1.35-1 

149-0 





70 Os . 


— 

140-7 

145-8 

— 

— 



77 Ir . 


— 

145-9 

151*1 

— 

— 



78 Pt . 


— 

151*2 

150-8 

171-0 

— 

— 

79 Au . 


— 

150-0 

102-7 

178-2 

— 



81 T1 . 


lOG-9 

167-21 

173-96 

189-8 

— 

— 

82 Pb . 


172-4 

172-75 

179-92 

195-40 

— 


83 Bi . 


J78-0 

178-43 

186-00 

201*44 

— 

— 

90 Th . 


220-0 

220-70 

231-08 

249-22 

291-4 

303-1 

92 U . 


232-7 

233-58 

245-75 

202*51 

309-0 

323-9 


Towards clearing up the mutual relationships between the L- and the 
M-series, the following remark of K. Swinne is of particular interest.* 
Tlia difference /?' - a in the M-aerles is eqwil to the difference a - a in the 
L-series. Table 20 shows to what extent this equality holds ; the numbers 

again denote the values of the line-pairs written at the top. In the 

case of elements for which Ma' could not be measured separately, 
is replaced by 

We thus find the same reLationshii) to hold between the M- a7id the L- 
series as previcyiisly between the L- and the Ifi-series. Our nomenclature 
has been chosen so that this relationship) is brought into clear evidence. 

Namely, == (aa)h 

is fully analogous to 

(a'/?)i, = (a'«)K 

*Physikal. Zeitsclir., 17, 485 (1910). Swinne here compares the doublets (a'aft, 
and (ai3)M. It was pointed out by the author in Zeitsclir. f. Phys., 1 , 135 (1920), that 
it is more accurate and more logical to replace {a/3)M by (a'/8)M. 
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Table 20 


z 


(a'a)L 

Z 

(«'^)m 


66 Ds . 

2*02 

2-75 

77 Ir . 


6*2 

5-49 

67 Ho . 

2*16 

2*97 

78 Pt . 


5-6 

5-85 

68 Er . 

2-6 

3*15 

79 Au . 


6*1 

6-31 

70 Ad . 

3*2 

3-61 

81 T1 . 


7-09 

7-03 

71 Cp . 

3*5 

3*77 

82 Pb . 


7-61 

7-55 

73 Ta . 

4-1 

4-40 

83 Bi . 


8*00 

8-34 

74 W . 

4*4 

4*60 

90 Th . 


11-G8 

11-70 

70 Os . 

5*1 

4-7 

92 U . 


12-92 

12-86 


We see the reason of this directly from Fig. 55. Here we have repre- 
sented the two highest M-levels, and (we were able to suppress the 
lower levels, My, M,j, and M,^, which occured in Tables 12 and 17), just as 
we have drawn only the two highest levels Lj,, (omitting the lowest 
level Ly). Finally, the N-shell, too, is represented only by its two highest 
levels Np N^. If an electron sinks from one of these two N-levels into 
the M-shell, giving rise to the emission of a line of the M-series, it may 
stop at the M^-level or at the M^-level. In the latter case the emitted lino 
(M/i?) is harder than that of the former case (Ma or Ma'). Thereby the 
difference of wave-length of the lines Ma and Mj3 becomes nearly equal 
to the difference of level of the energy-levels M^ and M^, whilst the dif- 
ference of wave-length of the lines Ma' and M^ becomes exactly equal to 
this difference of levels. We see that actually, in Table 17 and Fig. 55, 
Mtt' and M^ start out from the same initial level N^, and Ma and M/3, on 
the other hand, start out from the two somewhat different energy-levels 
Nj and N.j. We may now again allow the electron to sink further from 
Mj or M^ to L^, whereby the line-pair (aa') of the L-series is produced, 
having the same doublet interval as that given by M^M^. At the same 
time the same characteristic reversal of hardness and intensity occurs as 
between the corresponding lines in the L- and the K-series : whereas in 
the M- 5 me,s' the weaker line f3 lies on the “ hard ” side of a, in the Ij-series 
the weaker Ime a lies on the soft side of the 2 rrinci 2 )al line a. 

We see that in spite of complicated and manifold conditions the 
structure of atoms and its reflection in the structure of X-ray spectra is 
marked by wonderful uniformity and logical consistency. 

These general considerations may be concluded by some preliminary 
remarks on the quantitative theory of the X-ray doublets, just as we closed 
the preceding section by a preliminary remark of a quantitative nature, 
namely, Moseley's formula for Ka. 

From the definition of wave-number 
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there follows, for the doublet interval measured in wave-numbers, 

. 1 1 

=3 — = • 

Ag Aj Aj^Ag 

Taking v as a mean wave-number for the two doublet lines, we write 

Av = AA . . . (1) 

We next use the law that for each true doublet the difference of wave- 
length AA of its members is constant, that is, independent of Z. For 
example, if wo set AA = a*^, we get, by taking the fourth root, 

Vai/‘= asjv. . . . . (2) 


By the last column of Table 15 the left side is a linear function of Z ; 
according to Moseley’s law the same is true of the right side, and, indeed, 
not only for the line Ka but also for the other K-, L-, and M-linos. 

So far our empirical data in Table 15, combined with Moseley’s law, 
state no more than the law of the approximate constancy of AA, which we 
here .used as our basis. But for the case of our L-doublets (a'^), (y8), etc., 
we may now insert numerical values in equation (2) on the ground of our 
empirical Table 15. As already remarked in connexion with this table, 
\/Ai//R increases by 0*043 for each increase of Z by one unit. Further- 
more, from the last column of Table 15 we may derive that value of Z for 
which Ar would vanish, if we extrapolate the rectilinear law that holds for 
greater Z’s. In this way we get Z = 3*5. Consequently the equation 
(2) may be rewritten in the form 


= 0-043(Z - 3-5) . . . (3) 

If we raise both sides to the fourth power and, for the sake of convenience 
multiply the numerator and the denominator by 2*^, we get 


ii 


5*3.10-’^ 

2 ^ 


(Z ^ 3*5)^ 




This law gives us a deep glimpse into the mechanics of the interior of 
the atom. It points very definitely not only to the rules of the quantum 
theory that reign in the interior of the atom (Chap. lY), but also to the 
laws of the theory of relativity (Chap. VIII). WJm’eas the wave-rmmbers 
themselves increase ^ accorcUmj to Moseley, ]yt' 02 )ortionaUy to the square of the 
atomic number, the wave-lenyth differences of the doublets dejjend on the 
fourth 'power of the atomic number. This is true not only of the L-doublets, 
as here derived, but also of all other regular doublets, for example, the 
M-doublet {a a) of the L-series or the similar doublet (a'/3) of the M-series. 
In the latter case the denominator 2^^ is only to be replaced by 2 . 3^ and 
the number 3*5 is to be replaced by a greater number which is to bo 
determined experimentally. The law that AA is nearly constant for all 
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su(ih doublets now follows directly from equation (1). Since AX is here 
represented as the quotient of a bi-quadratic function by the square of a 
quadratic function of Z, it becomes appreciably independent of Z for 
greater values of Z. 

In conclusion we must add a word about the troublesome question of 
nomenclature. All terms used to describe physical quantities are arbitrary 
and too narrow in view of the manifold character of Nature. Our 
nomenclature, which is intended to be no more than an extension of 
Moseley's, has the advantage of being systematic to a certain degree and 
of allowing a fairly easy survey of details. But, for example, in the L- 
series, it soon reaches the limit at which the Greek letters no longer 
suffice, when new lines are observed, and would be demolished if lines 
that have been observed earlier were to receive a new interpretation. 
On the other hand, Siegbahn's nomenclature has the undeniable advan- 
tage that it has any number of indices at its disposal for the inclusion of 
new lines, and also that the lines whose intensity is to be estimated, for 
example, the a- (or the y3-, y-) group mostly occur on the same plate. 
But it is a little difficult to remember and does not give an easy survey. 

There is, however, one way of escape which the spectroscopy of the 
visible region prescribes to us, a purely systematic method. The arbitraiy 
symbols with which Fraunhofer designated his lines are nowadays hardly 
more in use, but rather we have had to make up our minds to designate 
each line by its series relationships. For example, the D-line of Na is 
represented by 16* - 2p (cf. Chap. VI). Corresponding to this we must 
say in the liontgen region, not Ka, L/8, . . . but K, . . . 

or K - L^, L; - . . . These formulie, consisting ol two terms, so 

to speak, are very little more cumbersome than the conventional ones and 
are yet free from all arbitrariness. They certainly take for granted that 
we have succeeded linally in interpreting the lines. Till this is attained 
we shall have to help ourselves out, for experimental purposes, with 
Siegbahn’s nomenclature, or, for theoretical considerations, with our 
nomenclature of the Moseley type. 

§ 7. Excitation and Absorption Limits. Regularities in the Absorption 

Coefficient 

In next passing from the line-spectrum of X-rays to the continuous 
speotruniy we have once again to emphasise the fundamental fact that the 
latter has a sharp limit or edge on the side of short-waves or high frequencies, 
a fact for which classical electrodynamics could find no explanation and 
which invokes the aid of the quantum theory. This limit, expressed in 
wave-lengths by XmU, and in frequencies by v^ax^ is determined by 
the voltage V of the Rontgen tube, being independent of the material of 
the anti-cathode, according to Einstein’s^law (cf. p. 41) : 

. ( 1 ) 


12 
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If we fix our attention on a definite r, then, ns the voltage is inadt^ to 
pass through a series oi‘ increasing values thei(‘ is a value J^t which 
this V appears for the first time although only with vanishing intensity; 
V forms the short-w^ave limit corresponding to tins As \ increases 

beyond this value, the intensity with which our r is I’epresented in the 
spectrum increases, — indeed, linearly. Hence if ^vc obseive the', intensity 
in a small region of wave-lengths, wdien the ra} s liavc^ been separated 
spectrally (this measurement is probiibly best (iflected by the action of 
the rays on an ionisation chamber), the excitation voltage may be 
sharply determined for each v ; by dividing the exciting voltage by its 
corresponding v, we get at once the factor of proportionality given in (1), 
and hence also, since e is known, the value of the quantum of action h. 
Everything seems to favour this as making possible a precision determina- 
tion of hf provided that the voltage remains constant and is well defined 
(this is attained by using a great battery of accumulators). 

The following. Fig. 57, taken from Duane and Hunt,* shows how 
loniiation sharply the excitation voltage 

I ymin naa<y determined by this 

t I method of observation. The 

/ • r voltages in kilovolts are plotted 

t I / J fj the abscissfle, and the defliec- 

j t j I / / tions of the electrometer, giving 

I / / / // the ionisation measured in the 

1 I T / / / spectrometer, ai’o plotted as 

i J / / / / ordinates. The cui ves may be 

j J t I i T called isocliromales since each 

24 26 28 30 ^ sV 36 38 40 Kilovolts one refers to a definite colour, 

488 424 377 345 318- 308 =\.10» and hence frequency v. At the 

6-44 G*3i 6*34 G*38 6*41 G*39 —h.W foot of each of those ionisation 

F'jo 57 

curves, that is directly below 
the intersections with the a;-axis, we have written the corresponding wave- 
lengths in X-units (10 ~ cms.) and also the value of the quantum of 
action, /i, calculated from these numbers, and expressed in erg secs., cor- 
responding to the dimensions: energy x time. More recent researches 
by D. L. Webster, t Webster and Clark, J Blake and Duane, § and E. 
Wagner, I1 in which the same method was used have considei'ably reduced 
the uncertainty in the determination of h; they lead to the values 

h - 6-53. 10 
h = 6-55 . 10 - . 

When we stated above that the limit or edge of the continuous spec- 
trum was found to be independent of the material of the anti-cathode, 

* Phys. Rev., 6, IGG (1915). 

t Proc. Nat. Acad., 2, 90 (1916) ; Pliys. Rev., 7, 599 (191G). 

X Proc. Nat. Acad., 3» 1^1 (1917). § Phys. Rev., 9, 568 ; IQ, 93, 624 (1917), 

II Ann. d. Phys., 57i 401 (1918) ; Physikal. Zeitsebrift, 21, 621 (1920). 
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we (lid not intend this to apply to the increase of intensity at the excita- 
tion edge, or, indeed, to the intensity at all. Tfi,e iniemity, both the total 
and the maximiiin, of the continuous or “ impulse ” spectrum is observed* 
to 1)(‘ projjortiojial to the atomic number of the material of the anti-cathode, 
and, for the rest, a})out 2 ^'f'^> 2 ^oriional to the square of the excitation voltage 
V. So far we have not succeeded in finding a theoretical explanation of 
these interesting and important laws, that is, to link them up with our 
present views of atomic structure. 

Compared with the continuous spectrum of X-rays, what is now the 
position of the line-spectrum, the “characteristic” spectrum? Does 
equation (1) hold for this, too? We already know from § 4 that this 
question is to be answered in the negative. There we spoke of the ex- 
citation limit or edge of the K-lines, and we use this term to denote the 
energy that the cathode rays must at least have in order to remove an 
electron from the K-shell to the periphery of the atom, and thus to pre- 
pare it for the emission of the K-series. In Pig. 48, this excitation limit 
was represented for the K-series (K-limit) by an energy-level that is 
higher than the energy-levels of K«, K^, or even K^. It is equal to the 
difference of level between the zero-level of the periphery of the atom and 
the K-level. If, in accordance with the /z-v-law, we ascribe to it a 
frequency vk, then the latter satisfies the inequality : 

Vk > ry > > Va . , . . (2) 

The excitation Iwiit measured in this way as a frequency is thus the 
series limit, to which the K-lines tend and at which they accumulate (of. 
the dotted line in Pig. 58 above). This leads us to certain inferences. 
Suppose that we allow the voltage or V applied to a cathode-ray tube to 
be increased gradually up to the value i ask when the line 

K^, characteristic for the material of the anti-cathode of the tube is 
emitted for the first time. In contradictoii to (1) it is not emitted when 
the voltage is V^. We allow the voltage to increase still further, to V^; 
again, neither the line nor even is yet emitted. Hather we must 
increase the voltage to the excitation limit e = or even further. 
Then the lines K^, K^, K^, ap 2 )ear simultaneously. This was actually 
confirmed by very careful experiments of Webster {loc. cit.). We follow 
E. Wagner in calling the difference between and Va the Stokes lag of 
the line K^ and thus link up with Barkla’s term, “fiuorescent radiation,” 
for the characteristic radiation. The Stokes lag of is less than that of 
Ka, and that of Ky is vanishingly small. Stokes’ Kule of Fluorescence in 
the visible region is confirmed without exception in the region of X-rays. 
In the visible region, where conditions are less simple and less funda- 
mental than in the Eontgen region, there occur occasionally apparent 
exceptions to Stokes’ rule (but cf. p. 184). 

The circumstances of the excitation of the L-series are still more 

* 0. T. Ulrey, Pliys. Bev., 11,^401 (1918). 
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interesting. In Fig. 48 we drew the excitation limit for the lines a, y, 
. . . of the Jj-serios. In consideration of tht‘. necessary subdivision ot 
the li-level into three minor levels \j.,, L.j we must, to be accin ate, 
designate as the L-limit, the limit intended in Fig. 48. 11 we again 

define a frequency corresponding to the energy-level then this will 
be the series limit for the lines a, y, c, tof tlu* L-series (cf. the preceding 
section, Table 12), thus 

Vy'> v^'> 

The second energy-level lies, as we saw, detjper than the energy- 
level Jj ^ ; the lines jSj 8, ?/, 0, k that end in this level are hai'tlei* than the doublet 
lines a, y, c, C L allocated to them. To excite these lines, it is iu‘ct‘ssary to lil t 
an electron from the level to the surface of the atom. The lre(|uency 
defined by the Av-relation now becomes the series limit of the. second 
set of doublet lines, and we find the inequality to hold : 

Vl.. > > Vk > Vj3 > V,,. 

Thus we have a doublet of excitation limits for the L-series. The fac^ 
that the distance between these excitation limits is, as wt‘. would 

expect after what has gone before, equal, in the case of each elcniunit, to 
the doublet Avj, studied in the preceding paragraph, will soon be cor- 
roborated by the evidence of direct measurements. 

Again we. infer : to excite the La-line, the cathode- ray (uiergy equiva- 
lent to v,e is not sufficient. Rather, it is nec(*ssary to go as far as the 
voltage given by r V = when all the lines a, y, c, i. of the L-series will 
appear simultaneously, but not yet the lines S, ■//, 0, k. To c.rcKe thcsCj 
the encrijy of the cathode rays must ayaia increase tilt the second e.vcitation 
limit is reached. In the case of enenjies that lie bet tree n those of the first 
and second excitation limits, only the softer line of each L-donhlet is /nn- 
duced. Just as in the K-series the excitation limit coincides per- 
cej)tibly with the hardest K-line y, so in the L-series the limits and 

coincide perceptibly with tlie linos ^ and 0 of the hai'dest doublets, as 
is shown graphically in the lower part of Fig. 58. 

But there is yet a third energy-level L.^, b(4ow L.^, at which the lines 
xxV These lines do not at once appear when the second ex- 

citation limit is passed. The voltage V has again to be increased to a 
third excitation limit, given by the equation e\ ^ hv^, . It is only then 
that the L-series is completely formed. And almost coincides with 
the line 1 j^, and we get 

vl,, > j /0 > 

Exact foundations for all these assertions are given by extremely careful 
measurements carried out by Webster and Clark*, Webster t, and Hoyt J 

* D. L. Webster and H. Clarlc,.,P5roc. Nat. Acad., 3, 181 (1917). 
t D. L. Webster, ibid., 6, 2G (1920). ^ F. C. Hoyt, ibid., p. 639. 
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for rt and W. Tn the case of W, the three excitation limits, calcu- 
lated from the frequencies of the lines ^0 and i/r, are : 

Lj-limit , . . V = 10*2 kilovolts 

Lrlimit . . . V = ll-6 

L.j-limit . . . V = 12-0 „ 

Ily adjusting the voltage to values in the vicinity of these, the appear- 
ance or disappearance of the lines, or their change of intensity could be 
ohs(‘i ved, partly by photogi'aphic means, and partly by the ionisation 
method. According to Hoyt, the following lines are certainly to be 
allocated to the three limits thus : 

fjj -limit . . . €(Lay^L 

L^-limit . . . 7)13^ 

Tjg-limit . . . 

in full agreement with the scheme of the preceding section. Tn the case 
of Xi X ’ allocation is left open. A comparison of their 

])hoiographic intensities at 12*0 and 12*5 kilovolts seems to favour their 
iiiclusion at present in L.j. According to our scheme, x x should 
actually belong to L.^, but k which forms an L-doublet with must be 
added to L.,. For the same reason, w^e must count the line ^as belonging 
to ; in the case of W, it was too weak to be observed by Hoyt ; in that 
of Pt it is just exactly covered by x'. Of course, experiments of this kind 
arf^ the surest means of arriving at an unambiguous conclusion about the 
significance of the individual lines. 

Earlier, the author, arguing from the supposed existence of an A- 
doublet ” (cf. p. 171), had assumed that, besides the limits Lj and L^, there 
were t'lro further limits and A^ in the Tj-series, of which A^ was sup- 
posed almost to coincide with L.^. This assumj)tion falls to the ground 
with the “ A-doublet,” and is, in particidar, refuted by Hoyt*s measure- 
ments. 

Now what happens to the incident energy of the cathode I’ays at 
the excitation limits ? It is used to drive the K- or the L-electron to the 
periphery of the atom and is thcrefoi*e absorbed. What happens, on the 
other hand, if we allow pilmary X-rays to fall on to the same material in 
place of cathode rays ? These too, if sulliciently hard, are able, as we 
know, to excite the characteristic radiation of the matter of the anti- 
cathode, in accordance with the general law of equivalence E = hv. But 
then they must make available for the expulsion of the K- or the L-elec- 
tron, the same amount of energy 1^ as that furnished in the excitation by 
cathode rays. The energy of the primary X-rays becomes reduced by 
this amount when it passes through matter, in which it excites secondary 
radiation. 

That is : the excitation limits become marked in the continuous X-ray 
spectrum-as^absorption limits. 
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' In Fig. 58 this is suggested by the continuous tinted bands which are 
added to the corresponding line-spectra. For tixainple, let ns consider 
the excitation limit of the K-series. Let the ]))‘irnary Rontgeii radiation 
be that of a tube of about 40 kilovolts tension, that is, it is to have a 
continuous spectrum which is to extend to wave-lengths of ^lOO X-units 
(cf. Fig. 57). Let the matter receiving the radiation be a silver l(‘at. In 
the case of Ag (cf. Table 21), the excitation voltage of tlie K-senaes is at 
the wave-length = 485 X-units. The softer portions of tlui incident 
spectrally resolved continuous spectrum X > \k are only slightly weakened 
as they undergo only a general absorption, which, moreover, decreases as 
the hardness increases. At A. = ^ Btrong selective absorption suddenly 

occurs. This persists also for X < limit of the continuous 

spectrum ; it gradually becomes less, corresponding to the uniform 
decrease of the absorptive power with the increase of hardness. 

Fig. 58 exhibits these conditions as they appear on a photographic 
plate placed directly behind the Ag-leaf.* At the left half of the upper 

band, for X > Xk, the absorp- 
tion is weak, that is the 

darkening of the plate is in- 
tense, and indeed the more 
intense the longer the wave- 
length, that is, it increases to- 
wards the left. At X = Xk, the 
selective absorption of the 

silver in the leaf comes into 
action. On the right side of 
Fig. 58. the band the photographic 

plate is thus strongly screened 
by the Ag-leaf. We have at first a region of little darkening and then, 
as the hardness of the rays increases, a slow increase of the darkening, 
corresponding to a slow increase in the transparency of the Ag-leaf. 

Similar results are found for the L-series. Let the matter through 
which the radiation is transmitted be, for example, a gold leaf. In the 
case of Au the three L-absorjition or excitation limits Lj, L^, Ly are at 

== 1038, Xf, = 899, X,^ = 861 X-units (cf. Table 22). Let the 

radiating X-iay tube emit softer radiations than before, so that it may 

furnish the region of wave-lengths under consideration with sufficient 
intensity. For X > Xj^^ the absorption is uniformly w^eak ; at X == Xj,^ a 
strong band of absorption asserts itself ; at X ~ X^ , a second somewhat 
less intense one appears (corresponding to the smaller intensity of the 
second lines of the L-doublets in comparison with that of the first) ; and 
at X == Xj, a third band appears, which is only weakly represented. 

* We liero disregard altogether the specific action of silver in the photographic 
layer, which partly reverses the action of the absorbing silver leaf. This action is 
lustrated in Fig 69, t 
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A(;cordingly, a photographic plate which is placed behind the Au-leaf 
and of which the darkening is shown in Fig. 58 (lower half), exhibits 
intense darkening to the left of the first limit ; immediately to the 
right of this it appears very bright, on account of the selective absorption 
in the Au-leaf. The darkening increases slowly towards the light till it 
decreases suddenly at the second limit L 2 , though less suddenly than at 
th(‘. limit L| ; at the third limit L.j a third weak brightening follows. 
With increasing hardness the darkening beyond L.^ increases continuously. 

Concerning Fig. 58, we have yet to remark that, towards the left in 
the upper part of the figure, the L-absorptiori limits, towards the right 
in the lower part of the figui-e the K-absorption limit, may be imagined 
to be added, but at a considerable distance a\yay. In the case of Ag the 
L-limits are so soft that they have escaped observation so far ; in the 
case of Au the K-limit is known, but it would lie quite outside our figure. 
After the schematic Fig. 58, we consider in Fig. 59 a spectrum, that 
was photographed by E. Wagner and J. Brentano, of a tungsten anti- 
cathode ; in the lower part no absorbing layer was interposed, whereas 
in the upper part the radiation had been made to pass through an 



Fig. 59. 


aluminium plate 1*4 mm. thick. The big spot on the left is the 
over-exposed point of intersection of the primary radiation with the 
photographic plate. A revolving crystal has spread out the wave-lengths 
in increasing order towards the right, that is, in the opposite direction 
to that in the schematic Fig. 58. At the right end of the lower part of 
the figure we see the comparatively soft L-lines of the tungsten anti- 
cathode marked out with extraordinary clearness on the weakly tinted 
background, which represents the continuous spectrum of the anti- 
cathode. The lines a and a were too distant to he taken on the plate. 
The photographed lines are successively, counted from right to left. 
Pi </>» y? X > X» ^ y three most intense lines y and B have been 
made recognisable as such in the margin. In the upper part of the 
figure the softer L-lines and, for the greater part, also the continuous 
background has been extinguished by absorption in the aluminium 
sheet (this is the general, not the selective absorption; the selective 
K-absorption of A1 occurs at much softer wave-lengths and would 
be obtainable only in the vacuum spectrograph, and still more so the 
L-absorption edges). If we follow the continuous spectrum towards 
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the left, in the lower part of the figure, we come' across several striking 
sharply defined absorption edges that here (namely, in the scale of 
wave-lengths) extend towards the left with decreasing darkening. What 
do these absorption edges in the lower part of the figure denote, in view 
of the fact that no absorbing medium intervenes ? It has been ascer- 
tained from indisputable and unambiguous experiments that they are 
due to the ^jliotograjohic silver Irromide layer. The intense band on the 
left is the K-absorption edge of Ag and it is repeated in the weak band 
furthest to the right ; the extended band between these is the K-absorp- 
tion band of Br. Corresponding to its position in the natural system 
(Br, Z = 35 ; Ag, Z = 47) the Br-band is softer than the Ag-band. The 
former is entirely extinguished by the Al-sheet whereas the latter is not 
absorbed either in the second order or in the first. Of course, actually, 
the Ag-band reflected in the second order has the same wave-length as 
that in the first order. This explains the circumstance, which at first 
sight seems paradoxical, that the Br-band is weakened more in its 
passage through the absorbing A1 than the Ag-band of the second order, 
which, according to its position in the figure, seems softer, but which is 
in reality much harder. To conclude the description of this instructive 
figure we have now only to mention that the photographic darkening is 
dependent on the quantity of the absorbed energy. That is why the plate 
becomes dark, particularly where the wave-lengths absorbed selectively 
by the Ag or ihe Tir meets it. The AgBr layer acts simultaneously 
as an absorber and as an indication of the absorbed energy, and its 
increased absoiqition is indicated by increased darkening. A bolometric 
or an ionisation measurement of the radiation transmitted by the AgBr 
layer would, on the other hand, indicate increased absorption by exhibit- 
ing a lessening of the energy. 

We now give figures of the absorption limits. The v/R values have 
been placed alongside of the X-values, and in the case of the L-series the 

values of the ^ doublets are also shown. Table 21 gives the K-edges 
xt 

or limits, Table 22 the L-edges. 

A comparison of Tables 21 and 10 coniirins that the K-limits lie hard 
by the line Ky, and, indeed, in accordance with Stokes’ law they are dis- 
placed a little towards the direction of shorter wave-lengths,* by about .] 
per cent, as Duane and Btenstrdm have proved for W by means of pre- 
cision measurements, f The same remark follows from a comparison 
of Tables 22 and 13, with regard to the D-edges, and the lines Ij^, L6>, 

opinion hold hy TI. Fricke, Pliys. Rov., 16, 202 (1920), tJiat tlie K-liinit of 
Mg is softer than the lino K/3 (K7 was not observed in this case) is contradic.Uid by the 
K/3 ineasiiroment of Hjahnar (given in our Table 10). In the L-sories, Dimiu' and 
Patterson, Proc. Nat. Acad., 6, 508 (1920), have felt themselves obliged to register an 
infringciineut of Stokes’ law in the ease of tungsten. For the lines which we have 
called (d (cf. Table 18) tins is, however, not so. 

j Proc. Nat. Acad., 6, 477 (1920). 
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and hif/. But, further, a comparison with Table 15 shows that the ah- 
sorpiion doublets of the h-series coincide, vnthin the liinits of error, 7 rith tlm 
emission doublets. The significance of this fact in the atomic model be- 
comes particularly clear in the light of Fig. 55 : the absorption doublet 
is given as the difference in the energy-levels by the energy-step between 
the Lj^- and the L^-level, in the same way as the emission doublet is 
given as the depression in passing to the new energy-level. 

Tablis 21 


Ahsorptkm Limits of the K-series 


Element 

A in X- units 

v/Ji 

Element 

Ain X- units 

WB 

12 Mg . 

9511*2 

95*81 

45 Rh . 

633-0 

1709*7 

13 A1 . 

7947*0 

114*67 

46 Pd . 

6075 

1795*6 

15 P . 

5758 0 

158*26 

47 Ag . 

485*0 

1878*9 

16 S 

5012*3 

181*81 

48 Cd . . . 

4G8-2 

1967*3 

17 Cl . 

4384*4 

207*84 

49 In . . . 

443*4 

2055*2 

18 A 

3865*7 

235-73 

50 Sn . . . 

424*2 

2148*2 

19 K . . . 

3434*5 

265-33 

51 Sb . 

406-5 

2241*7 

20 Ca . . . 

3063*3 

297-48 

52 Te . . . 

389 6 

2339*0 

21 Sc . 

2751*7 

331-17 

53 J ... 

373*7 

2438*5 

22 Ti . 

2493*7 

365-43 

55 Cs . 

344*4 

2G4G-0 

28 V 

2265*3 

402-27 

56 1^ 

330-7 

275e5*6 

24 Cr . 

2067*5 

441-14 

67 La . . . 

818*8 

2858*4 

25 Mn . 

1889*2 

482*36 

58 Co . . . 

306*8 

2970-2 

26 Fo . . . 

1739*6 

523-84 

59 Pr . . . 

294*6 

3003 

27 Co . 

1601-8 

568-90 

60 Nd . . . 

283-5 

3214 

I 28 Ni . 

1489 0 

612-00 

62 Sm . . . 1 

263-6 

1 3457 

, 29 Cu . 

1378*5 

061-06 

63 Eu . . . 1 

254*3 

[ 3584 

I 30 Zn . . . 

1296*3 

702-98 

64 Gd . 

245() 

3710 

81 Ga . . . 

1190*2 

765-64 

66 Ds . . . 

229-4 

3972 

32 Ge . . . 

1114*6 

817*57 

67 Ho . 

221-4 

4116 

33 As . . . 

1043*5 

873*28 

74 W . 

178-06 

5117*8 

34 Sc . . . 

979-0 

930*82 

78 Pt . . . 

158*1 

5764 

35 Br . . . 

917*9 

992-78 

79 All . 

153*4 

5941 

37 Rb . 

814*3 

1119-1 

80 Ilg 

149-1 

6112 

38 Sr . . . 

769*6 

1184-1 

81 Tl 

144-8 

6298 

39 Y . 

725*5 

1256-1 

82 PI) 

141-0 

6463 

40 Zr . 

687*2 

1326*1 

83 Bi . . . 

137-J 

6642 

41 Nb . 

650-3 

1401*3 

90 Th . 

113-1 

8057 

42 Mo . 

618-0 

1474*5 

<<2 U . . . 1 

107-5 

8477 

44 Ku . 

558-4 

1631-9 





Observors; Fricko, Phys. Kev., 16, 202 (1920) (Elements 12 ^Ig to 24 Cr). Duaue 
and Kang-Fu-Hu, ibuL, 14, 510 (1919) (Elcinonts 25 Mii to 58 Co). Siegbahn and 
Jonsson, Phys. Zcitsclir., 20, 251 (1919) (Elements 59 Pr to 67 Ho). Duane 
and Stenstrbm, Proo. Nat. Acad., 6, 477 (1920) (74 W). Duane, Frioke and 
Stcnstrdm, ibid,, 6, 907 (1920) (Elements 78 Pt to 92 U). 

It is to be regarded as an outstanding achievement of science that 
also the M-absorption limits have been fixed completely at least in the 
case of the heaviest elements. In the cases of U and Th, Stenstrbm 
found three, and Coster five dilTerent limits, that is just as many as we 
found it necessary to assume in the scheme of L-lines of emission to ex- 
plain their existence. The three softest limits were observed by Coster 
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Tabt^b 22 


AbsirrjUion TAiniis of the Tj-srriefi 


Klcincnt 

\ 

In 


hrt 

Pa 

^ .dues of vj 

L, ' 1., 

\l 

b. 

Ai' 

U 

55 

2459 

2299 

2157 

8706 

896*4 

422*5 

25*8 

5() }>a 

2848 

2194 

2068 

888*1 

415*8 

441*7 

27*2 

57 Tja 

2250 

2098 

1971 

405*0 

184*4 

462*8 

2!)*4 

58 Cc 

2158 

2007 

1887 

422*8 

154*0 

482*9 

81*7 

5 J Pr 

2071 

1922 

1808 

440*0 

474*1 

501*0 

84*1 

60 Nd 

1992 

1842 

1786 

457*5 

494*7 

5*24*!) 

87*2 

74 W 

1213-6 

1072*6 

1021 

750*88 

849*59 

88!)*!) 

98*71 

78 Pt 

1070*5 

982*1 

888*5 

851*26 

977*65 

1025*6 

1*26*89 

79 An 

1038*3 

1 899*8 

860*6 

877*65 

1018*2 

1 1058*!) 

185*5 

80 Hg 

lOOG-7 

i 870*0 

883*5 

905*20 

1017*4 

i 1098*8 

14*2*2 

81 T1 

977*6 

i 841*5 

805*5 

982*15 

1092*9 

t 1181*8 

150*7 

82 Pb 

949*7 

i 818*8 

780*8 

959*53 

1120*5 

1167*8 

160*9 

88 Bi 

921*6 

787*2 

758*2 

988*79 

1157*6 

120!)*!) 

168*8 

90 T). 

759*6 

628*6 

604*4 

1199*7 

1 119*7 

1507*7 

250*0 

92 U 

721*4 

591*8 

568*5 

1268*2 

i 158!) *8 

1602*!) 

276*6 














Observers : O. Hertz, Zoitsclir. f. Phys., 3, (P)20) (Z ~ 55 to 60). W. Dnano and 

K. A. Patterson, Proc. Nat. Acad., 6, 50<) (1920) (Z — 71 to 92). 


for Bi, too. The orderly sequence (cf. also Chap. \TTI^ S 5) in the num- 
ber of limits or energy-steps, namely, Kl, L3, M5, N7, is worthy of 
notice. The last number is used as a theoretical postulate for founding 
Table 12, but for the present there seems little chance of verifying it ex- 
perimentally. As a matter of fact, even in the case of the absorption 
limits of the M-series the experimental difficulties are extraordinarily 
great. Not only is it necessary to use a vacuum spectrograph, but it is 
also necessary to prepare the absorbing metallic salts in extremely small 
quantities, for example, by soaking tissue paper in them. The result of 
the measurements is given by Table 23, which, following Coster, we ex- 
press in wave numbers v/B,, 

Table 23 



M, 


M 3 


M, 


83 Bi . . 

191*86 

199*44 

238*9 



4 

90 Th . . 

244*90 

256*55 

297*99 

.S54-4 

381*6 ^ 

f *//R-value 8 

92 U . . 

261*08 

278*99 

817*18 

382-1 

408*9 


In placing the excitation and the absorption limits after the emission 
lines we have simply followed the course of the historical development. 
From the strictly systematic standpoint, however, we should have 
reversed the order, as is actually and rightly done in a report by 
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§ 7. Excitation and Absorption Limits 

W. Duane on Er)ntgen spectra * The behaviour of the atom as regards 
enoi gy expresses itself most clearly and most simply in the existence 
of tl\e absorption limits. They represent directly the portions of energy, 
by the manifold combinations of which alone the emission lines are 
abb' to be pi'oduced. Compared with the former, the latter are compli- 
cated (jxpressions of the energetic structure of the atom. 

The relation betwefiii absorption limits and emission lines in the 
X-iay region is the same as that between the ‘Uerms ” (cf. Chap, VI, 
1) and the wave-numbers of the lines in the visible region. The object 
of ^peciroHcopy to determine the atomic states and their energy values. 
These are represented directly by the series terms. The observation of 
spt'ctral lines is merely a means of arriving at the terms. Oyily when the 
s'pcctral lines have been develojjed in series, and have been resolved into 
teruis, may the object of sjjectroscojry be said to have been attained. 

The laws of selection according to which the energy-steps of the atom 
conspire together to produce emission lines of Eontgen spectra will not 
be given before Chapter VII I . More involved theoretical steps are 
necessary before? they can bo made clear. Only then, too, shall we be in 
a position to prove the correctness of our table of the methods of origin 
by which the lines of the K-, L-, and M-series are produced. Each datum 
of the table implies a quite definite numerical statement about a relation- 
ship between the energy-quanta or, what amounts to the same, the 
wave-numbers of an emission line and of two absorption limits. For 
example, when we denote the origin of La by the symbol — > L^, we 

assert that the following equation holds t?xactly between the wave-number 
V of Ltt and the wave-numbers of the limits L^, : 

V = (2) 

for which we may more conveniently write 

V = Li - Ml (3) 

It is to be remarked that, in the case of the K-series in Table 9, the 
origins of K/? and Ky were indicated only generally by the statements 
M K, N K, and no further details were given as to which M- or N- 
level here comes into consideration. Since rather subtle questions arise 
in dealing with the origin of in particular, which we shall not be 
able to treat before the last chapter (under the heading “ Defective 
Combinations we shall wait till then before adding the details that are 
still wanting for the exact definition of K/d and Ka. 

When the origin of all the lines is known, we shall be able to replace 
the tabulation of the lines by a mere tabulation of the limits together 
with the rules of combination that correspond to the origin of the line in 
question. Thus, in principle, the tables of this paragraph may replace 
those of the preceding paragraph. Analogous conditions hold in the 

* Bulletin of the National Besearch Council, 1 , 383 (1920). 
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visible region. Whereas earlier reference book-; used to contain (l(*tail(‘(l 
tables of the wave-lengths, but could add no H'solution iTito tcM ins, tlu^ 
tables of, foi* example, Dunz (cf. Chap. IV, ^2) 1‘ui‘nisli, in addition to 
the wave-lengths, the values of the terms which are of most. intcM’C'st to 
us, and which are of the greatest physical importance. In futinc*, indeed, 
it will bo suhicient to know the terms alone, as long as the mode of 
origin of the lines in (piestion, that is their resolution into terms, is firmly 
established. We actually put this point of view into ])i’actic(‘ for tlie 
X-rays in C'hapter VTTT, ^ G, under the heading ‘‘ Tables of Term Values.” 

Hitherto we have dealt only with thvi it of tlu^ absor])tion limits. 

C^^oncerning the avwimt of the ahaorption we mentioned inen^ly its g(‘n(M*al 
decrease as the wave-length decreased and its sudden in(a‘(‘as(‘. in ])ass- 
ing the absorption edge. The amount of the absor])tion is m(‘asui’(‘d 
numerically by the absorption coefficient //,. This is dcTmed by tlui statc'- 
ment that for homogeneous radiation the relative* dt‘cr(‘as(» of int(‘nsity in 
the passage through a laye)* of dejjth d is c"/"'. From the al)soi-])tion 
coctlicient fji, we pass on to the true ahsorpf Ion cocfficiciit p in which th('- 
loss due to the coefficient of scattering .s* (cf. Cha]). I, ]). dl) has Ix^tm 
subtracted ; and from this again, if we divide it by tlu* numhei- of atoms 
per cubic centimeter, to the true absorption cocfjivicnt per atovi, whicli wo 
shall call /I,,. According to calculations by Ji. Clocker,* tin* way in 
which the latter de 2 )ends on the wave-length A of the ahsoi hi'd }’adia.tion 
and on th(^ atomic number of the absorbing (‘h'liu'nt is i('])resented for 
the neighbourhood of the K-absorption limit by tin* formida* (A l)(‘ing 
measured in erns.) : 

22-8 . 10 for A > A,, , , , 

“ 1120 . 10- . A“‘« for A< Ak ‘ ^ ^ 

We arrive at this formida if we plot the logarithms of the m(*a,sured 
values of th(i absorption coefficients as ordinates, and tlu*. logarithms of 
the wave-lengths or the atomic numbers, respectively, a,s abscissav The 
points so obtained lie along segments of straight lines, from tin*. ])Osition 
of which the factors 22*8 and 1120, and from tluj inclinations of which 
the exjjonents 2-8, 4*28, and 8*72 are determined. The uncertainty of 
the exponent 2*8 of A makes it iluctuate betwtuui 2*0 and )h0, 1 according 
to ex‘perimcnt. The very unconvincing fractional form of the expommt 
shows that we are dealing only with an (unpirical formula and that th(i 
2 )rof)er theory of the jjrocess of absorption is still wanting.. 

In this way we get for the dependence of log p, on log A the character- 
istic j)icture of Fig. GO. Su2)230se we are dealing, for example, with Ag, 
at first in the vicinity of the I\-a])Sorption edge, A,^ === 485 X-units. If 

* Physikal. Zeitsclir., 19, ^>0 (IDIS) ; tlio formula above for tlu‘ atomic, 

absorption cootficicut was kindly furnisbed by Mr. (lloeker for tbe purpoHcs of this 
ac(;oiint. 

+ For extremely bard wave-lougtbs far below the absorption limit, measurements 
by Cl. W. Hewlett, Phys. Uev., 17, 281 (1921), indicate that p is jiroportional to 
Cf. in tliis connexion Note 2 at the end of the book. 
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we", start from the Jess bard rays (A.> Ak, at the right end of the continuous 
line in the figure), log ^ decreases uniformly as log A decreases, as far as 
A Ak- At thei latter j)oint, on account of the excitation of the character- 
istic. radiation of Ag, increased absorption begins; the absorption co- 
ellicient suddenly jumps up, and, indeed, to a value seven times as great 
as Lhat hetore the jump; to this there corresponds in the logarithmic 
re]>resentation a jump of the amount log 7 = 0-84. After the jump the 
unilorm decrease of tlie al)sorption recommences as the absorbed radiation 
increases in hardness; the logarithmic value of the decrease as ])efore 

47Ag 


K L 

7 ? « V'vf 4 y cf 
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A B, A=B, A 

Fig. 60. 

the jump, being again determined by the exponent 2*8 of A in equation 
(2). If, on the other hand, we go towards the right into the dotted region 
(which is not corrol)orated by measurements in the case of Ag), we arrive 
5 it the L-aljsorption limits. The course is here, if we judge for instance 
from the example of Au, similar to that for the K-absorption limit ; there 
ai-e sudden jumps, the graph having a parallel course before and after the 
jump. In the figure three such jumps, of decreasing intensity, have been 
inserted, corresponding to the three absorption limits L^, L^. 

Concerning the rise of the absorption at the limit in question, it is not 
quite sharp and sudden as was previously believed and 
as it appears in Fig. GO. Rather, the limit has a 
certain structure. Stenstrom showed this for the 
M-limits, G. Hertz for the L-limits, and Fricke for 
the K-limits of the lightest elements. Fig. G1 shows 
the K-limit of sulphur, according to H. Fricke,* as a 
photometric record of the darkening of the plate. Great 
values of the ordinates denote good transmission, that is, 
little darkening of the plate measured photometrically and corresponding 
strong absorption in the absorption film placed in front of the plate. The 
photograph for the case of sulphur shows a precipitous but nevertheless 
steady rise of the absorption between k and K. The distance ifcK amounts 
to about 5 X-units and is a measure, so to speak, of the breadth of the 
K-edge. But the two absorption maxima behind K, called A and B in 
the figure, are still more remarkable. (The small zig-zags are due 

*Pliys. Rev., 16, 202(1920). 
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to the granules of the photographic plate.) In tlie photographs the inter- 
vening minima appear as comparatively sharp lines of hrightness. 

Kossel* accounts for the successive maxim:i as t‘ollo\vs. The main 
limit K corresponds to the energy that is necessary to trsinsport an cdectron 
from the K-shell to the periphery of the atom, and the succeeding maxima 
A and J3 correspond to the transitions of a “ K-eh cdron ” to Cieriain vii tual 
orbits, characterised hy certain quantum conditions, whicdi lie outsider the 
atom. The amounts of energy necessary for this arc', of course, gi'c'atc'r 
than that corresponding to the true K-limit. The maxima A, B, . . . 
therefore lie on the side of greater vibration numi)ers. On Kossel’s vic'w 
it follows that the intervals separating these maxima fi*om each other and 
from K, when measured in wave-numbers, must be of the; ordc'r of magni- 
tude of the Eydberg constant K, and this is confirmed by thci figure. 
Further, it follows that the phenomenon of a band-structui-c^ is acec^ssibie 
to observation only in the case of very soft bands, that is, for thc^ K-baiids, 
only in the case of the lightest elements. In thc^ absorption (‘dges in the 
harder region, the successive maxima, when measurcid in wave-lengths, 
crowd together. 

This leads us to a fundamental question. Why is it tliat thc^ visible 
spectral lines may be observed both in emission and in absoiq)tion, but 
the Rdntgen rays occur only as emission lines ? The ground of this is, 
according to Kossel again, to be sought in the differences between the inner 
regions of the atom and the outer regions. In thc^ interior the shells (tlie 
possible “ quantum orbits ") are occupied by electrons and an elocti’on that 
is ejected out of the interior finds no vacant orbit and must thc;refore 
escape to, at least, the periphery of the atom. In the on lor rv(fiovK of the 
atom, howevcir, the “quantum paths*’ of the electrons are free; they are 
virtual not real electronic orbits. When excited, the electron that is re- 
moved out of its natural orbit can pass over into any of th(‘S(i virtual 
orbits. Fach such transition corresponds to a dc'finite acquisition of 
energy and hence, according to the /o'-law, to the absorption of a definite 
spectral line. In the Eontgen region, however, absoi'ption lines occur 
only as secondary phenomena accompanying the absorption edges in 
transitions that stretch beyond the peripheiy of the atom into the outer 
region of the atom unoccupied by electrons. 

Whereas, in Fig. 60, Z was kej)t fixed and A was varied, the depend- 
ence of the absorption coefficient on Z is obtained from a logarithmic 
graphical representation in which A is kept fixed and Z is varied. Here 
too the course is along straight lines. According to investigations by 
Bragg and Peirce t the steepness of the descent is measured by the ex- 
ponent 4 of Z, and whereas, according to calculations of Glocker, the ex- 
ponent is 4-28 or 3*72 according as A ]> Ak or A < Ak respectively. (It is 
interesting to note that the two latter numbers differ by the same amount 


Zeitschr. f. Phys., 1, 124 (1920). 


+ Phil. Mag., 28, 608 (1914). 
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from 4.) docker's determination, which is founded on more compre- 
hensi ve material than that of Bragg and Peirce, is without doubt the safer of 
the two. The fact that the exponents of Z cannot be the same for A,]> Xk 
as foi‘ X<^Xk already follows from the circumstance that the absoiption 
juin]) measured by the ratio of the /Z's before and after the jump diminishes 
systematically as Z increases, whereas if the exponents were equal, as 
given by Bragg and Peirce, it would be independent of Z. It is by no 
means necessary that the absorbing substance be present in the form of 
an element. The absorption of Rontgen rays is, like their emission (cf. 
p. PI 8), an additive property of the atoms composing the j^ubstance. 

J<"inally, we shall make a little digression into the region of medical 
lioiitgen ylioiogrwplis. These are, as we know, whether received on a 
fluorescent screen or on the photographic ])late, shadow 'pictures. They 
are thus concerned only with the transmissive or the absorptive power of 
the object through which the rays pass. The human body is essentially 
composed of the elements 11, C, N, O, P, Ca (for which Z = 1, G, 7, 8, 
15, 20). Now the atomic absoi*ption increases, as we saw, approximately 
in ])roportion to the fourth power of tlie atomic number, and the absorp- 
tion of a compound, of a mixture or of an aqueous solution is composed 
of the additive absorptions of its constituents. Thus to know the absorp- 
tion of bone-substance Ca 3 (P 04 ) 2 , we have only to superpose the absorp- 
tions of Ca, P, and O, whereby each is to be counted the number of times 
it occurs in the formula (thus, 3, 2, and 8), and to find the relative absorp- 
tion of the bones with respect to the surrounding tissues, we have to 
compare them with the absorptions of ILO, which is easily the prepon- 
derant constituent of the tissues. In this way we get : 

3 . 20-‘ H- 2 . 15^ + 8 . 8^ .,/5V _ /Iby ^ 

278 ^ = 

As we see from this the amount for Ca considerably outweighs even that 
for P ; the fluorescent screen counts, so to speak, only the Ca-atoms. 
But if a lead bullet (Pb, Z = 82) is lodged in the bone, its absorption ex- 
ceeds that of the bone to an extraordinary degree. The excellent contrast 
effect produced by a solution of bismuth that has been introduced into the 
stomach or the intestine is due to this; for its atomic number is 83. The 
concentration of the bismuth solution need not even be high ; on account 
of the ten times higher atomic number of bismuth compared with 
oxygen, a Bi-atom acts about as strongly as 10,000 0-atoms and 1 grm. 
of Bi acts about as strongly as 1 kilogrm. of water. The same explanation 
holds for the surprisingly strong absorptive action of iodine preparations 
that are photographed, for example, as iodoform in the bandages ; for 
iodine has the atomic number 53. 

But the dependence of the absorption on the wave-length and its jump 
at the absorption edge also comes into account for the medical use of 
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Eontgen rays. For it is on this fact that one of the commonest hardness- 
gauges, that of Wehnelt and the attached Wehnelt scale is founded (or 
Benoist’s hardness-gauge, which is based on the same principle). Its 
construction is familiar : an aluminium wedge is placed alongside a silver 
plate of uniform thickness. We read off that position of the aluminium 
wedge at which it absorbs just as strongly as the silver plate, so that 
equal brightness is caused in the fluorescent screen. Whereas A1 absorbs 
all rays regularly — for the K-edge of A1 has such a soft wave-length that 
it does not come into question practically — the Ag absorbs the harder 
rays for which A <[ 485 X-units selectively and absorbs only the softer 
rays regularly. Therefore, in the transition from soft to harder rays, the 
point of equal brightness moves along the scale in the direction. of the 
thicker end of the Al- wedge, as then the Ag-absorption begins for a greater 
part of the mixed rays and so the same thickness of silver becomes equiv- 
alent to a greater thickness of the aluminium wedge. 

This may suffice to show that in the medical application of X-rays 
the more refined results of physical research, in particular those concern- 
ing the absorption laws, come into account. 
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THE HYDROGEN SPECTRUM 

§ 1. Introduction to the Theory of Quanta. Oscillators and Rotators 

I F we wish to penetrate further into the nature of the theory of 
quanta, we must not restrict ourselves to the special case of 
vibrational energy, which we treated alone in Chapter I, §6. 
This case takes precedence historically ; it led Planck to formulate from 
heat radiation a definition of his quantum of action lu The simple 
oscillator was used by Planck in a certain sense as a theoretical resonator 
to heat radiation ; by means of it he developed his hypothesis of energy- 
quanta (see p. 37). This hypothesis is the foundation of the photo-electric 
law of Einstein and also of its extension as Bohr s hypothesis concerning 
emitted and absorbed energy. 

Adopting a more general standpoint we shall consider instead of a 
special Planck oscillator any arbitrary mechanical system whatsoever, or, 
for the present, a little more specially, arbitrary moving 'poinUmass, 
whereby it matters little whether we assume it to be charged (an electron) 
or not. 

We find it expedient to begin by enunciating the form that Newton 
gave the mechanical laws in his Princijna, in particular his Definitio II 
and Lex II {Definitio I defines the conception of mass ; Lex I is the 
law of inertia). 

Definitio II : Quantitas motus est mensura ejusdem, orta ex velocitate 
et quantitate materiae conjunctim. 

“ The momentum (amount of motion) is the product of the mass and 
the velocity.” 

Lex II : Mutationem motus proportion alem esse vi motrici impressae 
et fieri secundum lineam rectam, qua vis ilia imprimitur. 

“ The change in the momentum (amount of motion) is proportional to 
the impressed force and takes place in the direction in which that force 
acts.” 

In place of amount of motion we say momentum or impulse; we 
denote the impulse by p, and hence by Definitu) II we have : 

2 > = mv ..... (1) 

As usual, we designate the position of the point by lectiliiiear co-ordinates 
X, y, z. For the sake of generalisation later, we shall, however, use, 
13 • 193 
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instead of different letters, different suffixes att*ached to the same letter 
thus : « a?, = z. The velocity is then given in magnitude 

and direction by 

( dec \ ' 

where x ^ $2 « y, etc. j 

and if p^, p^^ are the corresponding components of the momentum or 
impulse then, by (1), 

Pk = (2) 

The fact that the dynamical triplet of impulse co-ordinates occurs 
conjointly with the geometrical triplet of the co-ordinates of position is of 
great importance to us. Furthermore, the above formulation of the law 
of motion, Newton’s Lex IT, is of particular importance to us, especially 
with regard to the foundation of the theory of relativity (cf. Chap. VIII). 
It is wrong to speak of Newton’s “ I jaw of Acceleration.” Tt it mt the 
kinematic quantity acceleration* but the dynamic quantity change of 
momentum that w regulated by thin law. In this sense we write down 
Lex II for each co-ordinate direction (A; == 1, 2, e3) scpai atel}' : 

= K;t = . (3) 

In (3) we assume that the force K is derivable from a potential eneigy 
l^pot (function of qj). The kinetic energy is : 


m/.., . ..> . ... V 


2m 


by (2). We call the total energy, considered as a function of nud 

Hamilton’s function H, We have : 


P) ~ + 1^;^ 


m ^ MI ^ M^h,,, ^p^ 

i>qk- ' m 


Consequently we may write the fundamental equations (2) and (3) in the 
form : 

dqj ^ ^ rA\ 

dt dt iq^. ' ' * * w 

This TIamiltonian or canonical form of the equations of motion is 
remarkable not only on account of its symmetry but also because it 
remains preserved if any arbitrary new co-ordinates are inti-oduced (cf. 
Note 4) and because it holds not only for an individual point-mass but 


* Of course, when tl»o mass is constant p — mq = mass x acceleration. 15ut in 
general the mass is not constant ; in the theory of relativity it is not oven constant for 
a single particle of mass ; and in ordinary mechanics it is not constant for a rigid 
body, for then the role played by mass is taken over by the moment of inertia, and 
this varies during motion. In these cases Newton’s assertion about change of 
momentum remains valid, but not the statement about mass x acceleration whicli has 
wrongly become prevalent. 
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also for any arbitrary. mechanical system. For arbitrary co-ordinates 
and systems * the impulse p is defined by ; ' 

in which the kinetic energy is to be regarded as expressed as a function of 
the qj!s and the For the individual mass-point, (5) clearly becomes 
identical with (2) if rectangular co-ordinates are used. 

The values of the co-ordinates q and p determine the corresponding 
state or phase (in Gibbs* terminology) of the system. To get a vivid 
picture of the state of motion in terms of the position (g') and the velocity 
or impulse (p), respectively, we imagine, in the case of an individual 
point-mass (which has three degrees of freedom), its three position co- 
ordinates q and its three impulse co-ordinates p drawn as perpendicular 
co-ordinate axes in a space of six dimensions, so that each point of this 
space represents a phase of our point-mass. In a system having/ degrees 
of freedom this phase-space is of 2/ dimensions. 

Fortunately, we need not frighten off the reader by discussing our 
problems in multi-dimensional space. We may rather for the present 
restrict ourselves to systems of one degree of freedom, for which the 
general phase-space resolves into a single phase-plane. Later, too, when 
we shall have to consider systems of several degrees of freedom, we shall 
be able to arrange so that we have only to discuss two-dimensional 
sections of the phase-space, that is, again, certain simple phase-planes. 

We draw q and p as rectangular co-ordinates in the phase-plane of our 
system. In this plane we construct the phase-])aths or orbits, that is, the 
sequence of those graph points that correspond to the successive states of 
motion of the system. Choosing any point as an initial state we may 
plot the phase-paths and densely cover the whole of the phase-plane. 
The characteristic feature of the quantum theory, however, is that it 
selects a discrete family of phase-orbits from the infiniio manifold of 
phase-orbits. To define these selected orbits, we shall first consider the 
area of the phase-plane included between two arbitrary phase-orbits : we 
shall c‘ 4 ill such an area a phase-area. We then draw our family of orbits 
so that the phase-area between t\vo neighbouring orbits is always equal 
to the quantum of action h. In this way h acquires the significance of 
the elementary region (or element) of the phase-area. We shall regard this 
significance as constituting the true definition of Planck’s quantum of 
action h. We shall next illustrate these rather abstract ideas by means 
of two very important special cases, that of the oscillator and that of the 
rotator. 

We give the name linear oscillator to a point-mass m that is bound 
elastically to its position of rest and that can be moved to either side of 

*Wg shall not discuss here how the definition is to be generalised for the case 
when the acting forces have no potential. 



196 


Chapter IV. The Hydrogen Spectrum 


this central position only in a direction x q or its reverse, whereby it 
experiences a restoring force but no damping resistance. The oscillator 
is the simplest instance of a centre of vibration such as is assumed in 
Optics in the form of a quasi-elastically bound electron.” We use the 
more accurate term “ harmonic oscillator ” if we wish to emphasise that 
the latter is capable only of a definite characteristic or natural vibration 
on account of its elastic attachment. Let the vibration number or 
frequency of the oscillator (number of its free vibrations per unit of 
time) be v. The vibration phenomenon is then expressed Dy : 

X — q == a sin ^irvt .... (6) 

In this case the impulse p simply becomes equal to mq (according to 
(2), and in agreement with (5)). Hence 


‘p = ^lirvnUL CC& ^TTvt . . . . ^ (7) 

By eliminating t from (6) and (7) we get as our phase-orbit an ellipse in 
the p-^-plane having the equation : 


i: 



= 1 


( 8 ) 


in which the minor axis h is defined by 

h = ^irvma (9) 

The area of the ellipse is then : 

iihTc 

W 

We next assert that this same quantity is also equal to — whore W 

denotes the energy, which remains constant during the vibration. If, for 
example, we calculate W at the time t — 0, the potential energy is zero, 
and the kinetic energy is 

Qa“(27rF)" = W . . . . (10) 

and hence, actually, 

W 

abw = — ( 11 ) 

By altei’ing W we get in the phase-plane the phase-orbits as a family 

of similar ellipses since, by (9), the ratio ^ has the constant value 27rm. 

We have now to make the selected ellipses of this family succeed one 
another in such a way that the elliptic zones have each the same area h. 
Then h is at the same time (see Fig. 62) the area of the first (or inner- 
most) ellipse ; the second ellipse has thus the area 2/^, the the area nh. 
If W„ is the energy of the oscillator, when it describes the ellipse as 
its orbit, then according to (11) 

W„ = nhv 


( 12 ) 
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Whereas in the classical theory all points of the phase-plane are of 
equal value and represent possible states of the oscillator, the states for 
which the graph points lie on one of the ellipses of our family are dis- 
tinguished. They represent the stationary states of the oscillator, that is, 
such states as the oscillator may pass through without cessation and 
without loss of energy, in other words, in the case of a charged point- 
mass, without radiating energy. Equation (12) shows that in these orbits 
the energy is a whole multiple of the elementary quantum of energy c, 
that is, 

' € = hv, W„ = . . . . (13) 

We thus arrive at the idea of energy-quanta that we hinted at in the 
opening paragraph of this section and that we introduced on page 37. 
When the oscillator retains its station- 
ary state with constant energy, its graph 
point traverses during one vibration an 
ellipse of the family in the phase-plane. 

From time to time, however, the energj^ 
of the oscillator changes, and when its 
graph point jumps over to a smaller 
ellipse it emits energy; but when its 
graph point passes over to a larger 
ellipse it absorbs energy. The emission 
and absorption occurs in multiples of the energy quantum c. 

Owing to the assumption of discrete phase-orbits and discrete energies, 
the oscillator may only describe motions of dehnite amplitude (of 
maximum displacement) and velocity. For from (6), (10), and (13) the 
resulting magnitude of these two amplitudes is : 




l2}l€ 

V * 


We have given here the extreme form of the quantum theory, which 
recognises only discontinuous transitions between the various motions of 
the oscillator. To obviate this paradoxical idea, Planck later developed 
a form of the quantum theory in which phase-points in the interior of 
the elliptical zones may also be regarded as yossihle states of the oscillator, 
that is a theory in which the graph point of the oscillator is not ex- 
clusively bound to the confines of the elementary regions. When energ}^ 
is absorbed, the graph point is to displace itself in a coiitiiiuons manner 
through the interior of the elementary region and is to jump from one 
boundary curve to another only when energy is emitted. For our 
purpose, however, the first form of the qufintum theory will be more 
appropriate. We therefore make the definite assertion (for the oscillator 
and for every mechanical system of one degree of freedom) : The graph 
point {of the system) in the phase-plane is restricted to certain "^quantised'' 
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phase-orbits {which characterise certain quanta). Between each orbit and 
its successor there is an elementary region of area h. The n^^^ of these orbits 
{if closed) has an area nh. Expressed as a formula this is : 

dpdq = nh .... (14) 

wherein the integral is to be taken over the interior of the n^^^ orbit. If 
we carry out the integration with respect to p (corresponding to the 

elementary formula ^ydx for the area of a curve y = /(.'t)), we get 

pdq = nh (15) 

This integral is to be taken along the n^^^ m'bii itself. We shall call the 
left member of this equation phase-integrot and denote it by J, i.e. 



We consider the definitive formulation of the quantum hypothesis to 
consist in the postulate that the phase-integral must be a whole multiple 
of the quantum of action h. This postulate singles out of the continuous 
manifold of all mechanically possible 'mo tio7is a discrete and infinite number 
of real motions, that is such as are 'possible accordmg to the theory of 
quanta. In contradistinction to this general form of the quantum 
hypothesis, the original hypothesis of energy-quanta that was formulated 
by Planck for the phenomena of heat radiation is only a special result of 
the general quantum postulate adapted to the oscillator, in the preced- 
ing, we were relieved from the task of evaluating the phase-integral (15) 
only because we were able to calculate the area of the ellipses directly 
from the formula ah7r. 

From the oscillator we pass on to the rotator. This term is to denote 
a point-mass m, w^hich rotates about a fixed centre uniformly in a circle 
of radius a. The natural co-ordinate of position is here the angle 
which the radius to the point-mass makes with an arbitrary initial radius 
= 0. We thus set p = </». The kinetic energy is 

= (16) 

In the case of uniform rotation the potential energy will certainly be 
independent of ^ ; it is indifferent to us whether this energy depends on 
a since a is constant during the motion. Hence we may write 

Epof = const. 

The impulse or momentum co-ordinate in this case corresponding to the 
co-ordinate q is by (5) and (16) : 

2> =a ma^q 


j 


(17) 
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P>^ 


It signifies the moment of momentum with respect to the centre of the 
circular orbit. Since q = const., this moment of momentum {InvpuU- 
moment) p is constant during the motion ; this, in fact, follows immedi- 
ately from the equations of motion (1). Therefore the phase-orbit of the 
rotation (the orbit in the phase-plane is a straight line parallel to 
the g-axis (Fig. 63). Hence the phase-orbit is not a closed curve in this 
case. Hence we have here first to define what is to be regarded as the 
area of the phase-orbit. 

The following remark accomplishes this : the phase of the rotator 
(its position in the orbit and the direction of its momentum or impulse) 
becomes repeated after every complete 
rotation. Thus, the true phase-orbit is 
not an infinitely long straight line but 
a finite one that repeats itself. In the 
(/-direction the phase-plane of the rota- 
tion has only the length we may, 
for example, cut it along the lines 
r/ == ± 7r and join the edges so as to form 
a cylinder. The surface area of the 
cylinder between the and the 

(n - 1)^^^ pliase-orbit, being a rectangle on the base Stt, is equal to 
2Tr{p„ - We have to set this surface equal to li. We then get 

for the surface between the and the zero phase-orbit, which is repre- 
sented by the (/-axis, the expression 





(18) 


This is the surface that takes the place of the area of the closed curves in 
the case oi' the oscillator. 

From this we see that the rotator is to he quantised not in energy 
quanta but in quanta of moment of momentum. In the case of the rotator 


the moment of momentum must be a whole multiple of 




If, on the 


other hand, we calculate the energy (kinetic enei’gy) of the I’otator, then 
it follows from (16) and (17) that 




and from (18), when v = , 

Stt 


E, 




nh q 


nhv 


(19) 


Here v denotes the rotation frequency of the rotator (number of full 
revolutions per unit of time), which appropriately takes the place of the 
vibration number of the oscillator. Hence if we wish to speak of energy- 
quanta hv in the case of the rotator, too (which is better avoided 
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altogether), we should find iii^ energy to he not a frliole muUrple, httt a half- 
vmltvple of the energy -element hv. 

By quantising the oscillator and the rotatoi wo have already laid tlu‘, 
foundation of the numerical details of J^ohr’s hydrogen atom. As a 
matto' of fact, we shall see later that (18) determines the orbits, in 
which the electron that belongs to hydrogen circulates round th(i 
hydrogen nucleus. Tn the same way (13) dett rmines tht', In^quency ol 
the radiation that is emitted when the electron crosses from one such 
orbit to another. Biit we shall even at this stage set the treatment of 
the hydrogen atom and other atomic models on a broad(^r basis. To 
achieve this we pass on from the case of one degree of freedom, to which 
we were able to restrict ourselves in dealing with the oscillator and the 
rotator, to the case of any number of degrees of freedom. In this case 
we must demand not one quantum condition of the form (15) but / 
different quantum conditions, by which each of the f degrees of freedom 
in a certain sense becomes fixed. We infer this, as a general result, 
from the perfect sharpness of the spectral lines, which allows us to 
conclude that the atomic phenomena underlying their origin are 
fully determinate. For this purpose the author has adopted a direct 
** heuristic*’ method,* which leads to the same results as those simul- 
taneously obtained by Planck t as a consequence of a more systematic 
investigation into the treatment, along quantum lines, of systems of 
several degrees of f reborn. The postulate of the author is : we mnst 
impose the condition (15) on each individual degree of freedom of the 
system, that is, we must j^osiulate the value of the phase-integral for 

degree of freedom to he a whole multiple of h : 



A little earlier than the author, W. Wilson J developed the same 
postulate from the law of heat radiation. 

By setting 7?^. = 1, 2 . . . in turn in (20) we fix the first, second . . . 
quantised phase-orbit of the degree of freedom. Since the system is 
bound by each of its degrees of freedom to one of these orbits, the 
required definiteness of its motions is attained. In certain exceptional 
cases, so-called degenerate cases, the number of the necessary conditions 
becomes reduced : then, for / degrees of freedom, less than / quantum 
conditions already suffice to assure the sharpness of the spectral lines 
emitted by the system. 

* “ Zur Thcorie dor Balmerschen Serie,” Sitzungsboriohtc det Miinohoiier Akadcmie, 
Dec., as also 1915, and Jan. 1910, Ann. d. Phys., 61» 1 (1910). 

t M. Planck, “ Dio Struktur des Phasenraumes,” Ann. d. Phys., 50 , 385 (1910). 

^W. Wilson, “The Quantum Theory of Radiation „and Ijino-spcctra,” Phil. Mag., 
29 * 795, June, 1915. A historical account has been given by N. Bohr, Kopenhagener 
Akademio, 1918, Toil I, in which a work by Hn. Isbiwara, simultaneous with that of 
W. Wilson, is referred to. 
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At this stage we may already state a general property of the phase 
integral, which is of fundamental importance for all that follows : the 
phase-integral J is a necessarily positive quantity; that is, the whole 
number n in (20) is a positive integer. This property really follows from 
th(‘ geometrical meaning of the phase-integral in (14) as a surface area 
(regarded positive) of the ((/, p)-plane. But we may easily convince 
ourselves of this by analysis. For this, it may suffice if we take the 
case of the oscillator. Here p = mq, and hence 


^pdq = ^mqdq = \^mCfdi. 


In the last integral all factors, in particular also the progress of the 
time dt, are necessarily positive ; hence the phase-integral itself will also 
be a positive quantity. The proof for the other cases is exactly similar, 
if the kinetic energy of the system contains only squares (not products) 
of the velocity co-ordinates : this may always be secured by choosing 
the co-ordinates suitably, whereby the place of the mass m is taken by a 
positive function of the co-ordinates. 

Concerning the integration limits of the variable in the phase- 
integral (20), we postulate that the variable g* is to traverse the whole 
region that serves to characterise uniquely the phases of the system. In 
the case of a cyclical co-ordinate (q « rotator), this is the region from 
-TT to +7r (cf. Fig. 63, folding of the plane into a cylinder); for a 
variable radius vector r, it is the region from r^nin to r^nax and back again 
ro Vmirf Further examples of the application of this rule, which clearly 
arises quite naturally out of the idea of the phases of the motion, will be 
found in this and in the succeeding chapter. 

It is more difficult to decide the question : which co-ordinates are to he 
used in forming the phase integral (20)? It is clear that our general for- 
mulation of the quantum theory has a definite and unambiguous sense 
only if it is supplemented by a rule regulating the choice of the co- 
ordinates g* pi^. that are to be used in equation (20) and fixing the choice 
uniquely. In the simplest cases, which we shall treat in the sequel, in 
particular in that of Kepler motions in the plane or in space, appropri- 
ate co-ordinates offer themselves immediately : namely, the cyclical 
azimuth and the radius vector r; but even here the condition of 
uniqueness raises difficulties (at least in the non-relativistic treatment ; 
cf. Note 8). In other cases an analytical rule of Schwarzschild and 
Epstein, which is described in Note 7, serves to determine the co- 
ordinates. But this rule, too, is restricted and applies only to a definite 
class of motions (so-called conditionally periodic motions). How to pro- 
ceed in cases which do not fall under this heading is not yet known. 

If we recapitulate what we, arguing from the sharpness of spectral lines, 
have learned about the quantum treatment of the osciHator and the rotator 
and about the application of quantum methods to general systems, we get 
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an entirely new type of view of natural phenoinetia. We thereby adopt 
the extreme view of the original Planck theory, according to which the 
(]uantiim favoured states lie solely at the limits of tht^ (‘lementary regions, 
whereas the interior of these regions remains ([iiite fr(‘e of ])has(‘-points. 
These quantised states are distinguished from aP otlnu* possibilities as 
stationary states of the system by characteristic whobi nunih(*rs ; tlu^y do 
not succeed each other continuously but form a m^i-irork. 1 n ihii (|uantum 
orbits an electron moves, if undisturbed, permanently and without re- 
sistance, that is, without emitting radiation ; tht^ electi’on is thus, so 
to speak, rendered immune by the (]uantum (condition as regards the 
emission of radiation. The ji/Laae-space, belmj the nuinifold of oil con- 
ceivable statesy inclndimf non-si atlonanj slates ^ vs* crossed mesh.-like hif the 
(frapU-curres of the stationary orbits. The size of the ‘niestbes is deterninied 
by Planck's constant h. 

S 2. Empirical Data about the Spectra of Hydrogen. The 
Principle of Combination 

Before we deal with the spectra of the simplest ehunent JI, foi’ which 
Z = 1, it may he convenient to make here some ])r(^limmarv reniai’ks 
about spectra in general. 

Whereas solid bodies emit a continuous specti’um when they glow, 
wtj observe in the case of gases and vapours (exce))t foi* isolated I'egions 
of continuous emission) line-spectra and band-spectra. The former ladong 
to the atom, the latter to the molecule. Hence in a Geissler tube tlui 
hydrogen must hrst dissociate into atoms before its line-spectrum can 
appeal’. In the case of iodine vapour, on the other hand, the band- 
spectra disap])ear in propoi’tion as the dissociation of .h, into J pro- 
gresses. The line-spectra consist of individual well-deliiuid lines or 
complexes of lines; the band -spectra appeal-, if the dispersion is small, 
as toned hands (often accompanied by “flutings" (“ Ka/nnelleninyen"))^ 
but they resolve under higher dispersion into a great number of neigh- 
bouring lines. 

Within the Iine-sp(*ctra regular se([uences of lines may be grouped 
together into series. The distances between successive lines decrease 
according to definite laws in each serifjs as we proceed towards the violet 
end, and the lines accumulate at a series limit which is usually accessible 
only by extrapolation. At the same time the intensity of the lines de- 
creases regularly towards this limit of the series, either, as is the rule, 
from the beginning of the series, or from a definite point later. The 
series character is particularly marked in the first three columns of the 
periodic system (alkalies, alkaline earths, and earths). The lines of a 
band-spectrum accumulate at the heads of the bands, but do not become 
infinitely dense there as in the case of the series lines at the series limit ; 
the heads of the bands lie partly towards the violet and partly towards 
the red. 
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Line- spectra and band-spectra occur during emission as well as 
during absorption. Tndeed, the absorption spectra, in the form of Fraun- 
hole.r lines, primarily played the determining part in the historical 
d(‘velopment of the measurement of wave-lengths. Absorption spectra 
hav^e a characteristic advantage over emission spectra in that they have 
a greater number of lines. Whereas, under ordinary conditions, only 
f(i\v lines of the emission series are sufficiently intense to be observed 
(for example, those of the hydrogen series are known from photographs of 
nebular clusters as far as the 33**' member of the series, and in vacuum- 
tubes, at the most as far as the 20 *-** member), the absorption series, also 
under laboratory conditions, may be counted almost up to the series 
limit, and they number as many as 50 lines. 

In Fig. ()4 we show the absorption spectrum of the so-called principal 
s(*i ies of sodium according to 3. Holtzmark. The wonderful consistency 
of the series law is brought into full evidence by this picture. The photo- 
graph has been cut off at the right end just at the series limit ; here the 
individual lines no longer appear separate. At the left end we see besides 
the individual absorption lines a continuous absorption band. The line 



Fig. r»4. 


on the left corresponding to the longest wave is not the first lino of the 
Na-series (the well-known yellow ]>-line), but the line A = 2823, which 
already lies in the ultra-violet region, for the photograph was arranged 
so as to picture solely the ultra-violet lines. The D-lhie would lie out- 
side the figure towards the left and, provided the sensitivity of the plate 
remained the same, would be much more intense still than the darkest 
line of the photograph. 

The first lines of the visible hydi’ogen spectrum were measured by 
Fraunhofer as absorption lines of the solar spectrum and were called the 
(J, F, /, h lines, respectively. Nowadays we call them Ha, H/g, Hy, H 5 . 
Their distances apart ai’e shown by wave-numbers (reciprocal wave- 
lengths) schematically in Fig. 65. In this case, too, we have the same 
regularity as in that of the Na-spectrum, indeed in a still purer form, 
since the law of the hydrogen series is essentially an integral law. 

It was J. J. Balmer, a teacher at a secondary school in Basel (B^le), 
who, at the instigation of Hagenbach, sought out this law and exposed 
its ideal form so clearly that we have nowadays to make only non- 
essential improvements on it (cf. the relativity correction in Chap. VIII). 
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Balmer^s formula became the model of all later rational spectral formuhe 
and constitutes the firm foundation of the theory of spectral lines. 
Balmer wrote his formula* thus : 


X - 


m- 


k 


(i) 


The Integral numbers m and n have the values // = 2, m ~ 3, 4, 0, (>, for 
Hft, H; 3 , Hy, Hg respectively. The factor Jo (which must not, of course, 
be confused with Planck’s constant h) is, accoitling to Balnu*!*, if X is 


measured in Angstrom units (lA = 10“^cms., cf. ]). 151), equal to 3645-G. 
Nowadays we write Balmer’s formula thus (X in cms., r in cm. - : 


- ■■ = < - j.) 


H = 109077-6;) 
k = 3, 4, 5, . . 


( 2 ) 


Formula (2) arises from (1) (if we disregard the choice of units and the 
present more exact determination of the numerical factor li) by setting 
in (1), w = 2, and 



4 

E 


( 3 ) 
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Here K is the Rydberg constant (Rydberg-Ritz factor) already introduced 
earlier. The slight difference in the numerical value of R as now given 
and as given earlier on page 155 will be explained in § 4 of the present 
chapter. What accuracy comes into consideration when we write down 
a number of eight figures may be judged from the fact that the standard 
metre measure itself is defined only to the extent of several /x's, that is 
to the, at the most, 10"®*^*' part of its length. 

The fact that the accuracy of Balmer’s formula is not overdrawn may 
])e recognised from the following table w^hich gives a comparison, for the 


*Ann. d. Phys., 25, ^0 (1885). Balrnor remarked simply that the ^vavedellgthR 
of Ha, H| 3 , Hy, Hfi, may be represented in terms of the “basic number” h, quoted in 
the text, thus : 


^7 S 


16/^ 26, 9^ 30, 


Enlarging the fractions i and g for H/s and Hs in the manner shown, he recognised 
the successive numerators as the squares, 3^, 4'*^, 6^, O'-^, and the denominators as the 
differences of squares, - 2^, 4- - 2‘^, 5^ - 2^, O'-^ - 2^. With the discovery of the 
basic number h Balmer’s formula so to speak blossomed into existence. 
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first seven lines of Baltner’s series, of the observed and the calculated* 
wave-lengths in Angstrom units 


Table 


1 

] 

A: = 3 

i 

^ = 4 

r=: 5 1 /,* s= 6 

1 

1 . 

j 

/,: = 8 1 fc = 9 

1 

A calculated . 

A observed 

6563 -07 
6563*04 

4861*52 
4861*40 ^ 

4.340T>4 ; 4101*00 
4340*66 1 4101*00 

! 

3970-24 

3970-25 

3889-21 i 3835-54 

3889-21 ! 3835-63 

1 


This lirst example also serves to give the reader an idea of the extra- 
ordinary accuracy of spectroscopic measurement — accuracy of calculation 
and of measurement — which overshadows even the famous “ astronomic 
accuracy,” 

Balmer concluded his short account in 1885 with the remark that 
the discovery of a corresponding “ base number k for elements other 
than hydrogen would be very difficult, and would be possible . only in the 
case of the most accurate measurement of wave-lengths. How astonished' 
he would have been to learn that the same base numer h or, respectively 
4 

(of. 3), E = occurs in the spectra of all other elements. To have re- 
cognised this is, above all, the achievement of Eydberg, and to a lesser 
degree, of W. Eitz, who gave a more accurate expression. 

The essential feature of Balmer’s discovery is the denominator of the 
formula (1), in that he recognised it as the difference between two in- 
tegers. ,From this we get formula (2) giving the difference of two 
“ terms,” the first being the constant term, which, at the same time, gives 
the series limit (k = cd), the second being a variable term. This repre- 
sentation as the difference of two terms corresponds to the view of the 
wave-number as the difference of level between two energy-steps, which 
we treated in the preceding chapter (p. 187). There, too, we emphasised 
the point that our real interest is in the terms or energy-steps and not in. 
the term -differences or wave-numbers. 

Through his simple formula Balmer showed the way to the most 
general and most fruitful principle of spectroscopy, which was introduced 
in 1908 by W. Eitz, who i*ecognised its fundamental importance, under the 
name, “ Ftinciple of Combination.” Eitz formulated the principle in his 
original paper t thus : “ By additive or subtractive combination, whether 
of the series formulae themselves, or of the constants that occur in them, 
formulae are formed that allow us to calculate certain newly discovered 
lines from those known earlier.” But the fundamental importance of the 
principle of combination consists of the following: by expressing the 

* According to B. Dunz, Bearbeitung unserer Kenntnis 'Von den Serien. Diss. 
Tubingen, 1011, p. 2. 

tW. Ritz, Gesammelte Werke, published by the Schweizer Physikal. Gesell- 
sohaft, p. 162. Paris, Gauthiers Villars, 1911. 
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wave-number of a spectral line as the diiTercnc(‘ of two terms, wc, (hdino 
two different states or energy-levels of the atom in (puistion. In this 
way several lines or series of lines determine s(‘V(n{il atoujic states or 
energy-levels for the same clement. The principle of combination now 
asserts that it is admissible to pass from any otk^ of th(is(^ levels to any 
lower level, and to derive from the difference of the two coi’r(^s])onding 
terms a new wave-number of the element. That this now wave- 
number happens to he obtained by additive or subtractive combination, 
as is stated in Kitz’s original rule, is unessent ial. For (*xam])l(‘, if we 
represent two lines by means of the term-differem'os A - B and ( 1 " I), then 
we get new lines by combining the terms (BD) and (A(') with the wave- 
numbers D - B and C - A, which cannot thus be dei ived individually fi om 
A - B and C - J) by the simple process of addition or subtraction. Tt is 
only when two terms of the original lines are tliemselvos ('qual tliat the 
above quoted formulation of the princijde of comlnnation snHie(‘s. 

The principle of combination has maintained itself in the whole region 
of spectroscopy from infra-red to X-ray spectra as an exact jtliysical law 
with the degi'ee of accuracy that characteris(*s spectrosco])ic measure- 
ment. It constitutes the foundation on which Bohr's tlieorv of sj)ectra 
rests, and is, in essence, identical with Bohr's law (cf. Ohaj), 1, G, 
eqn. (6)), which likewise taught us to regard the frequency of a spectral 
emission as the dilference between two energy-levels. But not all com- 
binations that may be formed from the terms or energy-levels are ecpially 
probable. Bather, there are certain limitations (“rules of selection”) 
that, under certain circumstances, reject certain combinations. It will ])e 
the object of the next chapter to found these limitations and to give the 
conditions of excitation, under which the rules of selection may be trans- 
gressed and combinations may be forcefully effected that do not occur of 
themselves. A first and particularly brilliant test of the principle of 
combination was offered by the hydrogen spectrum. Even Balmer him- 
self raised the question whether the number in his formula might not 
also take the value 3, but the state of spectroscopy at that time did not 
admit an answer. That is, he suspected lines with the wave-numbers : 

= v = E(i, - jj),etc. . . (4) 

Ritz demanded the existence of these lines on the ground of his principle 
of combination, since the first line of (4) may be obtained by forming the 
difference of the wave-numbers of and H„ while the second line may 
be obtained by forming the difference of and H„, and so forth. There- 
upon Paschen succeeded in finding in the infra-red region of the hydro- 
gen spectrum intense lines of wave-lengths X = 18751-3 and 12817-5A 
respectively, corresponding exactly to the previously calculated values. 

Since then, there is no doubt that Balmer’s formula must be written, 
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in conformity with the conjecture of its discoverer, with two integers, 
thus : 

.... (5) 

Paschen’s lines form the first two members of the infra-red series of 
hydrofjen, which are obtained by setting n = 3, m = 4, 5, 6 , . . . Now, 
what is the position of the series that corresponds to the values 

n - 1, A: = 2, 3, 4, . . . ? 

It lies in the ultra-violet and its limit i/ ~ K is four octaves higher than 
th(‘ series limit of the ordinary Balmer spectrum v — 11/4, which likewise 
lie^s in the ultra-violet. The existence of this ultra-violet series of hydro- 
gen was the final confirmation of Balmer’s formula by Lyman. In 
particular, the base line of this “ Lyman-series,” namely, 



appears excellently sharply defined on all photographic plates obtained 
by Millikan (cf, p. 161) for the extreme ultra-violet. Its wave-length is, 

A = 12i5-7A. 

It is in a sense the prototype of all spectral lines, being the most funda- 
mental spectral line of the simplest whole numbers that can be imagined. 

Balmer's formula (5) maintained itself in the sequel not only as a 
sufficient, but also as a necessary condition of the hydrogen lines. That 
is to say, not only are all the series of lines indicated by (5) actually 
observed in the case of hydrogen, but also no other lines belong to the 
hydrogen atom but those contained in (5). Until recently (1913, when 
Bohr’s theory was proposed) two further series were ascribed to hydro- 
gen, which were determined from the formulae 

t--2,3,4 (6) 

<’> 

They were called the “ Principal Series ” and the Second Subsidiary 
Series of Hydrogen,” while Balmer’s series itself was called the “ First 
Subsidiary Series,” in accordance with a terminology that will be de- 
veloped in Chapter VI, § 1. 

The series (6) was originally measured by A. Fowler * in the spec- 
trum of a mixture of H and He ; series (7) was discovered by Pickering 
in the spectra of nebular clusters (f-Puppis). According to Bohr’s 
theory, however, both series are to be ascribed not to H but to He"^, that 
is, to ionised helium ; at the same time formulae (6) and (7) are to be 


Monthly Notices, 73 (1912). 
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remodelled and supplemented as follows (by nmltiplying numerator and 
denominator by 4) : 

= k = i,r>,6, (Ga) 

. = fc = 5, (i,7 (7a) 

Written in this way, they come under Balmer's form (5), with the differ- 
ence that K is replaced by 4B, a fact that points to the doable nuclear 
charge of He (cf. eqn. (17) of the next paragra])h), and with the further 
difference that the value of R in (6a) and (7a) docs not agree exactly with 
the value of R in (5); this is explained by Bohr's theoiy of motion of the 
nucleus (cf. S 4 of the present chapter). But our reasons for denying 
hydrogen the scries (6) and (7) and ascribing them to helium are not 
only of a theoretical nature, but rest on experimental evidence given by 
precision measurements of A. Fowler* and F. ]^ischen,+ to which we 
shall often have occasion to refer. 

For the present we assert that the series (6) and (7) occur not only 
in mixtures of hydrogen and helium, but also in quite pure helium. 

We next remark that Pickering’s series (7) includes only one-half of 
the lines represented by (7aj, namely, those for which k is odd; the 
other half coincides nearly, but not quite (on account of the above-men- 
tioned small difference in the value of K) with the ordinaiy Ikilmer series. 
In reality both together form a uniform series in that the lines of th(i 
one type arrange themselves according to intensity continuously among 
the lines of the other type. It is therefore unjustifiable and arbitrary to 
detach one-half as the Pickering series and to asci’ibe it to hydrogen. 
The othei- half was overlooked earlier only becaiis^i it could not be 
separated from the neighi)ouring true hydiogen lines. Further details 
on this point ai'e given in 4, Fig. 61). 

The same is true of the relation between the series (6) and (6a). Of 
the lines represented by (baj, and actually observed, the series formula 
(6) represents only the memb(?rs for which k is even. ] fence, if wo regard 
the series (6a), in the sense of (6), as the principal series of hydrogen, it 
becomes arbitrarily subdivided into two parts, of which only the one 
jits into the terminology of the hydrogen members. Actually, as Paschen 
shows, both jjarts as regards the intensity of their lines as well as the 
nature of their origin belong together, and form a uniform series. 

We thus finally find oui* above as.sertion confirmed that the simple 
and integral character of spectral laws expressed in Balmer’s formula 
represents a necessary criterion of hydrogen emission. The spectral 
laws (6) and (7) that depart from the integral type, and thus do not come 

Series Lines in Spark Spectra,*’ Proc. Boy. Soc., 90, 420 (1914), and Phil, 
Trans 1914 

t Bohr’s Heliumlinien, Ann. d. Phys., 50| 901 (1916), 
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iindcir Balmer’s formula, do not belong to hydrogen but to ionised 
h(3limn. Nevertheless, these laws are of the “hydrogen type.” They 
will, therefore, be discussed with J3almer’s series in this chapter. 

'Che question arises whether doublets, or, more generally, multiple 
liiK's occur in the case of hydrogen as in that of so many other elements 
(cf. Chap. VI, 1). Just in the case of hydrogen, this question is not 
(iasy to answer, since its lines, at ordinary temperatures, are very blurred, 
a r(;sult which is connected with its small atomic weight (and the con- 
s(3queut greatness of the Doppler elTect, cf. Chap. VIII, S 4). Now, 
oldf‘r observations of Michelson, Fabry, and Buisson, and more recent 
ones by Gehrcke and Lau have shown the lines of the Balmer series to be 
doublets,* of which the difference of wave-lengths are very small (in the 
cas<3 of Ha the doublet is of size, 0*13A). From his precision measure- 
ments of He', Paschen (cf. p. 208, foot-note 2) calculates the corre- 
sponding diffei’ence of wave-numbers to be 

Ai/ = 0-3645 ± 0-0045 cms. ^ . . . (10) 

(Concerning the dimensions, cf. eqn. (3) of p. 154). The existence of 
the doublets of hydrogen cannot ytjt be explained in this chapter ; it led 
to the elaboration of Bohr’s theory described in ('hapter VI II. There, 
too, we shall learn more details of the above-mentioned results of obser- 
vation. 

Besides the Balmer sijectrum to be understood in the general sense 
of expiation (5), hydrogen possesses another spectrum of quite a different 
nature, the so-called “many-lines spectrum” (ViellinienspeMrum). In 
contradistinction to Balmer’s “ four-line spectrum ” (called so, oc- 
casionally, in view of its four lines II„, H^g, H^, Ilg in the visible), 
the many-lines spectrum is to be regarded as a band spectrum, although 
it does not exhibit the external signs of band-spectra, namely the accumu- 
lation of the lines at certain heads of the bauds and the repetition of these 
bands, constituting flutings. From the great number of lines observed, 
however, individual groups of lines may be separated out, which follow 
the laws of band lines (set up by Deslandres +) and which also show 
themselves to be related in that they behave similarly in the Zeeman 
effect. The many-line spectrum arises in the Geissler tube at lower dis- 
charging ])otentials than the Balmer spectrum. The question as to the 
carrier of the many-lines spectrum is a subject of great controversy. The 
newest experimental investigations, in particular a work by F. Gehrcke,+ 
leave no room for doubt that its carrier is the hydrogen molecule and not 
the hydrogen atom. From the point of view of theory, only the H,,- 
molecule can come into question at all as the carrier of the many-lines 
spectrum on account of the great complexity of the latter. Actually, we 

* Cf. Chap. VIII, § 4, also for references to the literature. 

+ Fulcher, Physikal. Zeitsohr., 1912, p. 1140 ; Croze, Ann. d. Phys., 1, 37. 

tCf. Keport of the Physikal. -Techn. Reichsanstalt, 1921. 
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shall see in Chapter VII that the modern theory of band-spectra, even if 
it cannot predict quantitatively the frequencies of the many-lines spectrum, 



can at least completely account for its 
general character qualitatively if its calcula- 
tions are based on the mass and size of the 
H^-molecule. 

To give the I’eader at this early stage a 
general survey of the distribution and 
density of the lines we give here as a 
resume of the empirical data the accom- 
panying curve that has been calculated and 
drawn by K. Glitscher.’^ At regular inter- 
vals of too wave-numbers it gives as ordin- 
ates the total intensity of *he lines that have 
been measured in each of these intervals and 
whose intensity has been estimated. The 
end-points of the ordinates have been con- 
nected by a smooth curve. This curve is 
the schematic picture of the? distiibution of 
intensity in the nuiny-lines spectrum and 
would be obtained directly if, for example, 
the action of the ilahner lines were elimin- 
ated and the whole spectral region were 
photographed with a greater width of slit 
and measured 2)hotometricaJly. 

If, now, we mark the frequencies^ of the 
Balmer lines Ha, Hfi, H^, Ilg, in theii 
propel’ positions on a stri]) of paper as- 
shown on the abscissa of tlie figure, and i 
we then slide the strip along the abscissi 
until Hrt coincides with the lirst principa 
maximum a (at about lb,()00) we find tba 
simultaneously li^, H^, Jig also coincid 
with the particularly prominent maxim 
/?, y, and 8 (at about 22,000, 24,600, an 
26,000). The principal excrescenci 
(maxima) are attended hy minor excre 
cences. If we next place the strip so th 
Ha coincides with the minor maximu 
a , H^ and H^ coincide with and y. Pf 
haps it would be possible to find a thi 
group of excrescences a\ y' separal 
by the corresponding distances of the Bain 


lines. Fui'thermore, we have grouped into pairs (shown by bracks 


* Sitzungsber. d. bayor. Akad., lUlO, p. 12.0. 
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a number of excrescences of which the difference of frequencies ' is 
fairly accurate : 



(E = Eydberg's number). 


A complete theory of the many-lines spectrum would also have to account 
for the remarkable relationships here indicated between the many-lines 
spectrum and Balmer's series. 

Finally, hydrogen has also a continuous spectrum ; it stretches from 
the limit of Balmer s series to the ultra-violet ; its carrier is the H-atom. 
It was first observed in stellar spectra and was then examined more 
closely by Stark* in canal-ray tubes. This spectrum is also to be in- 
terpreted theoretically in Chapter VTT. 


^ 3. Bohr’s Theory of Balmer’s Series. 

We here make the simplest assumptions possible : a nucleus of 
negligible size carrying a charge +e, an electron of charge -e is con- 
sidered likewise concentrated at a point, and the mass of the nucleus is 
considered infinitely great compared with the mass vi of the electron ; 
that is, we are confronted with a “ one body problem ” instead of the 
actual “ two body problem ” ; Coulomb’s law is valid and likewise 
ordinary (pre-relativistie) mechanics ; the electron moves in a circle about 
the nucleus and is a simple rotator.” Concerning these assumptions 
we remark that for hydrogen, in particular, E == e ; the calculation with 
E is worth doing because it also includes the case of He + and Li + 
(cf. Chap. II, § 3, Nos. 4 and 6). The assumption that the nuclear mass 
is infinitely great is a good approximation even for hydrogen (according 
to earlier remarks, cf. eqn. (16) of the following section, vi : ?fin = 1 : 1847) ; 
but in the next section we shall let this assumption drop. 

The orbit of the electron is fixed by two conditions, one prescribed by 
the classical theory, the other by the the quantum theory. The classical 
theory requires that the external forces be in equilibrium with the inertial 
forces. The inertial force of circular motion is the centrifugal force : 

m'V“ 

— = mvco — maor 

a 


(v = a 0 ) is the linear velocity, w the angular velocity of the rotating 
electi’on, a the radius of the orbit). The only external force is the 


(?B 

Coulomb force of electric attraction 

a- 


Hence the condition of the 


classical theory is : 


or 


Ttuiijr 


r.E 

eE . 


Ann. d. Phys., 52, 255, 1917. 
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The quantum condition is given by the ( » {nation lor the moment ol 
momentum of the rotator,* namely ^irp = 7th (cl. eqn. (IH), S I ol this 
chapter). 

With our present symbols the moment of momentum takes the lorm : 
2i = mva = 

Hence we get the ({uaiitum condition as : 

%TrttlCl-M == 7lh. 

. 7lk 


i.e. 


tlUl-iti 


Stt 


Dividing by (1) and (2) we get 


Inserting this value in (2), 


V = ao) = 


n^li^ 


27r^E 

7ih 


a = 


id^meb^ 


87r^me-E" 

71%^ 


( 2 ) 

Vi) 

(4) 


Thanks to our two conditions, then, the two unknowns a and cu are 
determined. Both together deTrnatid that the eleciiwi move only in certam 
“ quantised ” circles 07i the 2**^, . . . “ Bohr circle ” ; 7i is the 

“ quantum number ” of the orbit. The radii of the circles are proportional 
to the squares of the quantum numbers : 

: a.y : ^3 : . . . = 1- : 2- : 3^ : . . . ii- . . (5) 

The times of revolution (periods) r are inversely proportional to the 

27r\ 

angular velocities ( i.e. o) = j. The times of I’ovolution in the Bohr 
circles are proportional to the cubes of the quantum numbers ; 

Tj : : . . . T„ = P : 2=* : . . . 71 /^ . . . (G) 

To bring out the analogy with the plamaary system still more and to 
prepare for later generalisations leading to elliptic orbits, we recapitulate 
our results so far obtained in the form of Kepler’s laws : 

Kepler’s First Law : The planet moves m a circle at the cetiire of tohich 
the sii7i is situated. There is a discrete inlinite number of orbits ; the 
radius of the n^^' or))it is given by the quantum number n. 

Kepler’s Second Law : The radius •vector frotn the sun to the jdattei de- 
scribes cApaal areas in equal times. The surface-constant of the orbit 
(which is proportional to our moment of momentuiii p) is equal to 71 times 
Planck’s quantum of action. 

Kepler’s Third Law : The squares of the iieriodic twies (of revohitmi) 


* It is worthy of remark that, before Bohr, J. W. Nicholson (Monthly Notices, 
72 cf. in liarticular p. 079) set up the quantum condition for the rotator, and 

used it to interpret certain lines of the sun, as well as of nebula?. Since, however, 
Nicholson did not determine the emitted radiation in terms of quanta, like Bohr, bul 
only set it equal to the mechanical frequency, his theory is very different from that o 
Bohr. 
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are proportional to the cuhen of the radii of the orhiU. For, by (6) and (5), 
the time of revolntioTi is proportional to and the orbital radius is pro- 
portional to n^. 

As above l emarked, for hydrogen, B = The radius of the first Bohr 
circle is therefore by (4) in the ctise of hydrogen : 

//,2 

47r'W 


We next determine the velocity v-^ in the first Bohr circle and divide it by 


the velocity of light c. We call the ratio simply a. By (3), we get : 


= 

G 


^Tre* 

ch 


( 8 ) 


Using the values*: c = 4-77 . - = 1-77 . 10’ . c, fe = 6-55 . lO'-'*' 

m 

(cf. p. 37), we get by calculation 

- 0-532 . 10-8 cms. a = 7*29.10-3 5-31 . 10 (9) 

The value of a will be the determining factor, in the last chapter — as the 
constant of the fine structure of spectral lines. From the value of we 
get for the diameter 2a of the hydrogen atom in its '‘normal state” the 
order of magnitude 10 “8 cms., corresponding to the ideas that were gained 
about atomic size in other ways (kinetic theory of gases, etc.). 

The calculations just given supplement numerically our general data 
about the hydrogen atom stated in Chapter II, § 3, no. I. As an illustra- 
tion we refer to Fig. 18 there drawn. In it w^e see the first three Bohr 
circles of radii a^, a^ =» a.^ = Oa^, represented. The arrows at these 

circles denote the velocities of revolution Vj, v .2 = '^’3 = ^ (cf- cqri. (3)) ; 

the increasing time of revolution is indicated by the decreasing lengths of 
the arrows outwards. These quantum-favoured orbits must exist as 
stationary states of motion of the atom ; an electron moving in any one 
of them must not radiate. 

We next calculate the energy of the electron in its various orbits and 
take this opportunity to explain why we just now called the first orbit the 
normal state of the atom. We again designate the nuclear charge by B. 
The energy is composed of potential and kinetic energy, ’^he potential 
(Coulomb) energy is, in view of (4): 


E 


^pnt 


cE 

a 


4:Tr‘^me^Vj^ 


( 10 ) 


*Herc and in the sequel e is to bo taken as measured in electric “electrostatic ” 
units, as is evident from the above statement for Coulomb’s law. According to the con- 
cluding remark of Chap. I, § 3, wo .should therefor*: multiply tlie given values of e and 

by c = 3-00 . 10i». 
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The negative sign indicates attraction. In the (-ase of repulsion we should 
have to exert work in bringing tlie ele^ctron from infinity u]) to th(^ nuchuis, 
as in the case of a spring that we set; this would coi*respoiid to tlu? ])osi- 
tive sign. When the force is attractive, we cuu’respondingly gain (uiergy, 
and have thus to exert negative work. 

In general we have the rule in a Coulomb Hold (s(Hi Note 5) that : 

Th-n, = - i • • • -00 

We can immediately confirm this rule hei (‘. For, by (-3), 




7/Z- 

2 


27r‘-'/;/r-'l^y- 

n*li- 


( 12 ) 


and this is, by (10), actually identical with half of the negative ])Ottmtial 
energy with the sign reversed. If W denotes the total tnn'rgy then by 
(10) and (12) 


W = + I*],,,,/ 


-- 1 
n- 


(13) 


Thus we may supplement our third Kepler law by stating that the even/ji 
constants of the various orbits are inversely proportional to the squares of 
the corresjmidinq quantum numbers. 

Our way of counting the energy entails that we give to an infinit^Hy 
great orbit the energy zero. As a result of this the energy constant for 
all finite paths comes out negative. As we are concerned later only with 
differences of energy the negative sign causes no difficulty whatsoever, 
although it appears to contradict the nature of energy. But, as already 
remarked on page 158, we should immediately arrive at a positive value for 
the energy if we were really to calculate the total energy of the moving 
electron, and thus count besides the kinetic and potential energies also, 
for example, the “proper*’ energy contained in the field of the electron. 
According to the view of the theory of relativity (cf. Chap. VITI, § 1, or 
Chap. II, § 6, p. 95) the latter energy is simply equal to nur, that is, 
equal to an amount of energy, which is many times greater than the other 
parts of the energy and which would therefore make the sign of the total 
amount positive. In the same way, we could include the still consider- 
ably greater positive proper energy of the nucleus. But since these proper 
energies arc constant, they naturally cancel when we form energy-differ- 
ences and they are, therefore, more conveniently left out of account from 
the very outset. 

Our energy-constant W has the algebraically smallest value in the 
f’rst (innermost) orbit. If we call it Wi, then in the 2nd and 3rd orbits, 
respectively, we have Wg = W3 = These amounts are > Wj, 

since Wj < 0. Hence the electron can be lifted from an inner to an 
outer orbit only by an addition of energy. It can fall from an outer to 
an inner orbit when it loses energy. The innermost orbit is therefore 
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most stable and represents, as we said earlier, the normal state of the 
rotn.ting electron. 

Bohr’s theory has two quantum sources ; it arises, as we stated in ^ 1 
of this chapter, out of the quantum condition for the rotator, on the one 
hand, and the oscillator, on the other. So far, we have used only the 
first condition. The quantum condition for the oscillator comes into 
force now when we turn our attention to the radiation of the atom. 

We arrive at our goal by the shortest route, which is also essentially 
the most expedient one, by referring to photo-electric phenomena. These 
\V(5re brought together under Einstein’s law (cf. Chap, f, S 0) and were 
(extended as far as Bohr’s frequency condilion for spectral emission 
(/(/<•. cii. e(|n. (6)) : 

hy =. w, - W (14) 

This equation states that if the atom passes over from an initial state of 
energy W„ to a final state of lesser energy W,., then the excess of energy 
is radiated out in the form of a monochromatic wave of light, the fre- 
(jucncy V of which is determined by just this eqn. (14). Each such 
transition thus causes an emission of well-defined light and is observed 
as a sharp spectral line. How the change of the liberated atomic energy 
into light-energy is effected is still a matter of mystery. In the next 
chapter we shall, indeed, investigate this phenomenon more closely from 
the point of view of Maxwell’s theory and shall draw from it inferences 
about the polarisation of the residting light-wave. In doing so, however, 
we do not derive eqn. (14) in our reasoning but use it as our basis of 
argument. As we already emphasised earlier in dealing with Einstein’s 
law, it is impossible to derive this equation from the idea of continuous 
electromcagnetic fields. 

Merely to satisfy the wish for a physical interpretation we give an 
account of a view of eqn. (14) that is taken from an essay by L. Flamm.* 
But this view is in no wise to be regarded as a necessary foundation 
of the equation, as is already evident from the auxiliary assumptions 
that are to be noted specially in what follows, but merely as a means of 
visualising the phenomenon involved. 

In addition to the atom, which excites the radiation, we suppose an 
“ether” to exist, which transmits the radiation. Nowadays we like to 
avoid speaking of the ether, since the theory of relativity has deprived it 
of its material existence in the older sense (cf. Chap. VIII, § 1). Here 
we use the word ether to signify no more than that “ states of vibration ” are 
possible that are propagated with the velocity c, as they are presented to 
us on all sides in experience and are described more closely in the theory 
of electrodynamic optics. In this sense we define the ether as an 
oscillator. But the oscillator “ether” differs (apart from the spatial 
arrangement and the 8j)ace-time distribution of its vibrations, with which 

* Physikal Zeitschr., 19 , 116 (1918) ; cf., in particular, p., 125. 
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we art', not concerned here), from the harmonic oscillator iiiiroduct'd on 
page 196, essentially in that it is capable of ( Kfauiting vibration ol any 
frequency v, that is, it can transmit radiation of any colour. Tln^ (*th(‘r 
therefore represents not one oscillator hut an iiilinitt* sys/eni^ of oscillators 
in which the pro])t*r frt‘quency varies continuously from oscillator to 
oscillator ; it is, so to speak, a system of organ ))i))es with inlinitely small 
differenct's of pitch. 

AYe suppose such a system of oscillators to l)e plac(‘d lu'xt to an atom. 
When the atom radiates, it is linked with this system of oscillators and 
transfers energy to it. The atom does not, iiid(‘ed, ladiah' when in its 
stationary states of motion ; hut when an eleci.ron jumps from oiu', orbit 
to another, when it passes from an orbit further rtunovi'd from the- 
nucleus to one that is nearer, energy is liberated. The sharpiiess of tlu'. 
spectral lines ])oints to the fact that this (mergy h(‘comes convert(Ml into 
momcliromaiiv energy of vibration (first assumption), that is, that it 
excites only om^ dehnite ethei* oscillator of our systcan. Whic.h oscillator 
is this? The answer is given by the quantum condition of the oscillator : 
that oscillator will res])ond, for which tlu^ energy set fna* by tlu* atom 
equals a whole multiple (integral number) of its eneigy elements. .Assum- 
ing this integral number to be 1 (second assumption), we havti to set the 
energy element of our ether oscillator equal to the (‘iiergy W„ - W,. set 
free by the atom. Thus we again arrive at our eqn. (14). 

In (14) we insert the value of (13) for the energy. Let n he the 
quantum number for the final orbit, and k{'> n) that of the initial orbit. 
We then get : 


_27r%ecYEYyi _ 1\ 

~ \ej W ky 


(15) 


Now E = <3 in the case of hydrogen, and if we set 


27r*^me‘^ 

^ “P ■■ 


(16) 


we get from (15) exactly Ikdmer's series in its (jeneral form (5) on 
page 207. Foi’ other atoms of the hydrogen type (J le ' , Li + * , etc.) Zc, 
where Z is, as earlier, the nuclear charge or the atomic numlu'.r of the 
atom. For such atoms we get, correspondingly, from (15) : 

• • • . ( 17 ) 

But the sweeping success of Bohr’s theory is not founded only on the 
derivation of Balmer’s formula, but especially on the nuiiierical calcula- 
tion of the Rydberg-Eitz constant E that occurs in it. Before Boln*, 
A. E. Haas,* in particular, had already proved tlu^ universal nature of 
this constant, and had shown how it was very probable that it could be 


jIj * Sitzungsber. Wiener Akad., March, lUOO, 
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ox])resse(l in terms of h and electronic data. But Bohr’s theory first 
brought complete clearness by giving the relation (16). If we use the 
values given on page 213 : 

c - 4-77. JO-i^ fi/m = 1-77. 10^^; h = 6*55 . 10-"" 
then it follows that 

E = 3-27 . sec. - 1 . . . • (IH) 

Thireby it is to l^e noted that when we set the energy-element of the 
oscillator equal to Jiv, we take v to mean the vibration number in the 
ordinary sense, having dimensions sec. But, for spectroscopic reasons, 
we have wished to take v as meaning the wave-number, i.e. the reciprocal 
of th(i wave-length, having dimensions cm.-*. We therefore contrast as 
on page 154 in eqns. (3) and (4) : 

the propel* vibration number or frequency, sec."’ . . ^ ^ 

the improper frequency or the wave-number, cm. X’ 

Accordingly we have yet to divide our formula) (15) and (16) by 
c — 3 . 10"\ to get from the proper vibration number to the spectroscopic 
wave-number. Consequently, there results from (16) and (18) 

R = 1-09 . lO'’ cms.-i . . . (19) 

This value of B agrees, except for the last, not quite certain, figure with 
the observed value in eqn. (2) of page 204, in which B ~ 1*09678 . lO®. 
Bohr’s theory is thus confirmed very strikingly. 

We shall now continue to reverse the sequence of results and use the 
theoretical formula for Bydberg’s constant to correct one of the data 
occurring in it, namely e, m or h. We actually kno\v Bydberg’s number 
to a degree of accuracy that v/e can never hope to attain in measurements 

of e, ^ or h. This leads us to the problem of siiecirosco-plc unit,% which 

we shall, however, be able to solve only when in the next section we 
have deepened the theory of Bydberg’s constant. The problem is to 

calculate the universal constants e, ~ , h from purely spectroscopic data 

m 

with “ spectroscopic accuracy.” 

In Fig. 67 we once more summarise Bohr’s theory graphically. The 
ultra-violet (Lyman) series (71 — 1), the visible Balmer series (?t == 2), 
and the infra-red Paschen-Bitz series (n = 3) appear in it as counterparts 
to the K-, L-, M-series of the X-ray spectra in Fig. 47. The fact that 
Fig. 67 requires, on account of the “ Principle of Selection,” a correction 
(namely elliptic orbits in place of circular orbits) will be accounted for in 
Chapter V. at the close of § 2. The figure shews, just like the calculation 
(eqn. (4) of this section) how greatly the size of the hydrogen atom 
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increases with the value ol’ the (juantum numh{‘r Bohi '^ recognised 
in this an explanation of the fact tiuit the higlier inemh(‘rs of Baliner’s 
series, even in highly evacuated tubes, are niosi, often not to he obscirvtul, 
but are only known through spectra of nebula). He argued in this way : 
the mean distance between the atoms (which is esstuitially their mean 
free path) must be greater than the diametei- of the outer orbit of the 
electron concerned in the production of the ^^poctral line, if it is to be 
possible for this line to be emitted at all at th(‘ gas-density in (juestion. 
For tht) d3rd line of JIalmer’s series this distance would have to be 
greater than 1-2 . 10 cms. and this would correspond to a gas pressure 
of less than 0*02 mm. of mercury. In this May it s(‘emed possible to 
find an upper limit for the pressure of the hydiogen gas in lu'lnda) which 
radiate out Balmer’s sei’ies. 

More recent observations, however, as J. k^anck t points out, have 
demolished this view and its cosmological inference. The a])pearance of 
the higher lines of the series is dependent above all on the (‘uergy of 
excitation of these lines, which is 
necessary according to the /n^-law, 
being supi^lied to the atom. When 
the pressure is not vei*y small, how- 
ever, the frequent collisions prevent 
larger amoimts of energy from being 
collected in the exciting atom, iml(‘ss 
the collisions, as in the case of He, 

and other gases of small electro- 
afiinity, take place without loss of 
energy. Under such circumstances 
(e.g. if \v(i have very little lU in He 
of, say, 40 mm. pressure) w(* find that in spite* of the small free path 
and frequent disturbances of the paths, the series lines are. (*mitted very 
richly. 

The wealth of lines of the absorption seikis to which we called 
attention on page 203 and nqn’rsfmted in Fig. 04, is (explained in flu^ same 
wiiy ; in the bcjuii of light that is absorbed all wave-l(*ngths and tlun efore 
all (juantities of energy kv are ])resent. Hence all absorption liiu's occur 
at the same timt*. 


nUrftviolrl 
Lyman Snnn 
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4. Relative Motion of the Nucleus 

Our corilidence in the theory of the hydrogen spectrum developed in 
the preceding paragraph becomes strengthened if we can show that 
certain more detailed inferences that result from Bohr’s picture of the 
phenomenon of emission are confirmed by experience. 

In the preceding section the nuclear mass was assumed to be infinite 

* Phil. Mag., 26, 0 (1018). 


tZeitschr. f. Phys., 1, 1 (1020). 
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and the nucleus itself was assumed\) be at rest. We now take into 
account that the mass of the nucleus Js finite and then see that it, too, 
will move. Our first Kepler Law engage 212 
will now accordingly be enunciated thus : ‘ 

The planet and the mn each move in 
about their common ceiitre of gravity. 

In Fig. 68 let m be the mass of the planet^ 
i\t that of the sun. According to the law of con- 
servation of the centre of gravity, the centre of 
gratity S of m and M remains at rest, m and M 
move on their circles at the ends of a common 
<liaraeter with the common angular velocity <i>. 

Let a be the distance Sm, A the distance SM. Then 



from which it follows 

a ~ (a -f- A) 


am = AM 


M 

M -p m’ 


A - + A) 


m 


M + 7U 


(1) 


( 2 ) 


The classical condition (p. 211) now requires that the Coulomb attraction 
is equal not only to the centrifugal force of the planet, but also to that of 
the sun. Thus 


mao)^ = MAoi- 


_cE_ 

'{a -f A)2' 


This double equation reduces, on account of (1), to a simple equation. 
By substituting n/ from (2) and by using fx as the “resultant" mass of 
m and M, namely 


we get 


IM H- m 

y(a -f A)‘^i)“ == rK 


(3) 

(4) 


We have also the following definition equivalent to (3) 


1 


' +4 

m M 


(5) 


The quantimi condition next becomes added to the classical condition. 
This deals with the moment of moirientum p of the rotator. The latter 
quantity is composed of the moment of momentum of the planet 
and that of the sun MA^o), thus : 

p = -P MA-w. 

By eqns. (1), (2), and (3) we write for p successively : 

, . . wM 


ja -P A)2(i> = /Lt(a -P A)^(o 
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Tho quantum condition requires that: ^irp — nh , thus we 

+ A)“(i) “ 2^ • • • ‘ 

Equations (4) and (0) a>>;ree with equations (1 ) and (2) of thn ])r('ct‘din‘^^ 
section, with tho (‘xception that /x and a + A taK(‘S th(‘ ])lace of m and a. 
Consequently w’e may use the solutions for these (‘qiuitions ohiaiiuMl fi om 
(4) of the previous section. The result is : 


Cl -p A 


n-li^ 




(7) 


Tho potential enci'f^y between the sun and ihe ])la.n(3t is now ((d‘. (10) 
of the preceding section) : 




rK \TT*fU’'W 

a + A /r//.*' 


The kinetic energy is again half the potential enei-gy with nwersc'd 
sign (this tlu'orem is proved in Note 5 at the end of the. hook foi’ moving 
nuclei, too), hence the total energy is : 


W = H,/. 




27r*/xr- 

7l-hr 


(B) 


The circumstance that /a, the “ resultant ” mass of the sun and planet 
enters into this equation, points to tho fact that we are now concerned 
with the energy-constant of the common motion of both masses (their 
relative motion). For this common motion there is a discrete series 
of quantised states of motion that are singled out of the manifold of 
all states of motion by the quantum number, in exactly the same way 
as previously for the cases in which the planetary orbits were alone 
considered. 

We now consider a transition from an initial state of motion (with 
the energy-constant quantum number k) to a final state of motion 
(with the energy-constant W^, quantum numbei- n <; k) and assume that 
the energy set free again becomes transformed into monochromatic radia- 
tion, according to eqn. (14) of the previous section. The energy set 
free is derived now, not only from the planet but also from the sun 
during the transition ; the sun’s orbit alters simultaneously with that of 
the planet in a ratio definitely fixed by the change in the quantum 
numbers. The spectral formula obtained in this way is clearly again 
eqn. (15) of Ltie previous section, but with /x in place of m. Con- 
sequently we get for Kydberg’s constant 


E 


2Tr^me^ 



E. 


1 + 


M 


(^>) 
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Jlere we havcj insert(id the valuer of jm out of e(|n. (3), whereby the 
(hinoiiiiruitor was divided ])y M. The symbol njcalls the earlier 
\alue of B in eqn. (16) of the previous jjara^raph, which was actually 
obtained under the assumption that M = oo . E(pi. (9) contains the 
following remarkable result : — 

Owing to th(i relative motion of the nucleus Bydherg’s constant be- 
ooines r(‘duced in the i-atio ^1 + : 1. Bydberg’s constant is least for 

hydrogen, for which its value is 

(10) 

1 + 

mil 

Its value foi* helium is greater, being 


Bhc ~ 


1 + - 


1 + 


mu 


( 11 ) 


and, for increasing atomic weight, approaches the universal limit B^, 
which is independent of the atomic weight, and which was designated as 
Bydberg’s constant simply by B in the previous section. 

This result, too, we ow(‘. to Bohr. He remarked at once that from 
the spectrosco])ic determination of Bh and B^, or, what is easier to carry 
out in practice, from the determination of Bii and Bue, the quantity m/mn 
could be obtained. It actually follows from (10) and (11) that 

_ ^He 

?nH Bh - iBue 

The determination of m/mu in eqn. (12) is equivalent to the de- 
termination of the specific electronic charge elm. We actually have 


3^ = . (13) 

mn ejvi ^ 

Now, cjviii is the specific ionic charge, the electrochemical equivalent* 
of § 2, Chapter T, that is, a quantity that is very accurately known (its value 
is 96,494 Coulombs). An exact spectroscopic determination of mjmu de- 
notes at the same time an exact knowledge of ejm, one that is presumably 


* Strictly speaking, the difference between vin and ~ I'OOSviji ought to be 
taken into account ; we called attention to this difference in th{/ foot-note at the conclu- 
sion of Chapter III, § 8. In the relative motion of the nucl^s we are dealing with the 
true mass 7ah of the hydrogen atom, not with the mass /ot the imaginary hydrogen 
atom 7)111 = 'l/L, to which wo refer our quantities in eh^trolysis when we define the 
chemical equivalent charge. Consequently in eqn. (13V/m,ji would, strictly, have to be 
replaced by mht and would have to be taken equfel to 0G4‘J*4/l*OO8. In the same 
way, in eqn. (10), wc sliould have to write wh in pla^* of but not in eqn. (11) — for 
the true atomic weight of He is equal to four U?mes the ideal, not the true, atomic 
weight of H. As a result of this a correction sb/uld also be applied to eqn. (12), too, 
and this has to bo taken into account if we carrying out exact numerical calcula- 
tions, hut wo may express this correction injjfip text. 
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more accurate than can ever be obtained from experiments on the deflec- 
tion of cathode rays. We have thereby come a step nt^arer to the goal 
that we set up as the problem of spectroscopic* units in the i)receding 
section: Instead of using the one value of R ^ R^ in eqn. (16) of the 
previous section, we use the two values Rh and Rm, out of the above 
eqns. (10) and (11), and we get, instead of one, two equations for deter- 
mining the three universal units e, e/m, and h. The necessary third such 
relation we shall get to know in the last chapter. 

We must next broach the question how the dil’ference betwecni R^ 
and Rne may be made evident in practice. This is made possible by the 
series of ionised He, of which we spoke in S 2. 

Ionised helium is of the t^’pe of hydrogen {irasserstoffaludick =: 
hydrogen-like). It consists, like the H-atorn, of a nucleus and of an 
electron and differs from it, at first sight, only in having a double nuclear 
charge. Accordingl}?^ its spectral lines are contained in the general 
formula (17) of Balmer*s type, mentioned in the previous section, if we 
set Z = 2 in it. But on closer inspection a finer difference, which is at 

k = 6 =7 =8 =r9 t=rl0 = ll=12— He-^ 




P 



Fig. 69. 








present of essential importance to us, is the difference in the nuclear 
mass. This mass is not, as in the case of hydrogen, but 

Consequently the earlier R = Rn is to be replaced by R,,„. From 
eqn. (17) of the previous paragraph, there thtis arises in this way, if we 
eet n = 4 : 


i*' = - 



1 ) ... fc = 

TrdJ 

T -- ^ - . k = %n + 

(m + ■i)V 


The subdivision into two parts (which is not really contained in the 
nature of the matter ^in question) brings into evidence the circumstance 
that the component for which k is even {k ~ 2w) coincides very nearly 
with Balmer*s series, whereas the other part {k = %n + 1) has the 
form of Pickering’s series t.hat was given earlier in eqn. (7) of page 207. 
The combination of the two partial series (which conforms with the 
nature of the matter in hantl^ into one uniform series corresponds 
to the earlier formula (7a) on pi\ge 208. 
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In Fig. 69 we exhibit the positions of the He * -lines relatively to the 
JWmer lines. The length of the lines is to denote diagrammatically 
their intensity, on the assumption that we are dealing with a mixture of 
He and of H. For this reason the Balmer lines are drawn shorter than 
the neighbouring He^'-lines. The difference in the position of the two 
series corresponds to the difference between Eh^ and Ei,. Since E,,^ > E,i, 
the helium lines, as compared with the Balmer lines are displaced a little 
towards the violet end. The lines P of Pickering’s series, that is, the 
helium lines h = + 1, arrange themselves between the helium lines 

k = 2m, and, as emphasised on page 20B in order of steadily increasing 
intensity. 

The researches of Paschen mentioned on page 208 give for the wave- 
lengths of the helium lines and the neighbouring Balmer lines the 
following values (here cut short at the first decimal place) in Angstrom 
units, which confirm the displacement towards the violet, as predicted 
by theory. 

Table 25 



He+ 

H 

7c = G . 

65G0-1 

C562-8 (Ha) 

7c=: 7 . 

6411C 

— 

7c= 8 . 

4869*3 

4861*3 (H^) 

9 . 

4661*G 

— 

k^lO . 

4338*7 

4340*5 (Hy) 

A: = 11 . 

4199*9 

— 

7c = 12 . 

4100*0 

4101*7 (Hfi) 


According to our whole development of the question, this violet shift 
of the helium lines with respect to the Balmer lines may be regarded as . 
a certain indication of the relative motion of the nuclei during the 
stationary forms of motion of the atom, or, more accurately, of the 
slightly different relative motion of the heavier helium nucleus compared 
with that of the lighter hydrogen nucleus. The differ eiices behoeen the 
lines, as exhibited in Fig, 69, depict the small distances bekveen the centres 
of gravity shown in Fig. 68. At the same time they give us definite 
information to the effect that in our intra-atomic planetary system the 
laio concerning the persistence of the common centre of gravity remains 
in force. 

It need hardly be mentioned that this exhaustive test of our atomic 
model is possible only thanks to the extraordinary accuracy of spectro- 
scopic methods, by means of which differences of wave-length of -j/in 
a million can still be determined with absolute certainty. 

Of the series of ionised helium we have considered in detail that 
which has the final quantum number ~ 4 (Pickering’s series), in § 2 
that with the final quantum number = 3 (Fowler’s series) was touched 
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on lightly. Also some ot' the re])Vosentativ(^s of th(j series with the tiiial 
quantum numh(‘r u ~ 2 have been measured. Tlu' succession of its 
lines is identical with that of the ordinary B.ilnu'.r s(‘ries exc( 4 )t for the 


factor 


4. The lines in question tluMcd'oni li(i in the (‘.xtreme 


ultra-violet; their wave-lengths are ohtaiiu'd from lla, H/i, . • • hy 
dividing hy 4 (as long as we disregard thr small diilerence in the 
constants R, thus : 




I (140, 


1215. 


The wave-lengths 1040 and 1215A have been found by hyinair^in 
the spectrum of helium. On the other hand, tlu^ prospects of pioving 
the existence of the He '^-lines with the final (piuntiim numbin’ n \ are 
unfavourable, since their wave-lengths are only a ijuarter of thosi^ of tht‘, 
Jjyman series, which themselves already lie in thi^ extreme ultju-violet. 

From the difference in the wavfi-lengths of thi' He ‘ -lines and the 11- 
linos, or from th(‘ wave-lengths of all the He •-lines that ho measured, 
Paschen determined the value of Ru,. and R,i. lie found (\se hin-e pur- 
posely give all the decimal places of the numbers) : 

R„, - 109722*144 ± 0*04) 

Rh - 109()77*691 ± 0*0l)i ‘ ’ * 

According to eqn. (12), we may calculate! from these values (cf. also the 
correction renuirked on in the footnote to eipi. (Id)) : 

= 1,S47. '' = l-7Gi). lU'c . . . (10) 

The latter value is almost identical with one obtained from tiie 
Zeeman effect, that is hy a semi-spectroscopic method (measurement of 
a wave-length + tlie measurement of a magnetic field) and probably 
represents the at present most acciu’ate valuii of this (piantity. According 
to eqns. (10) or (11) we follow Paschen or Flamin, respectively, in de- 
ducing from R„ ov that 

R^ - I097d7*ll + 0*0() .... (17) 

In the scries of spectia of the hydrogeji ty])e there would now become 
linked with the H- and tin* He • -spectrum that of Li • • , namely of 
doubl.'y ionised lithium. Tins Li ^ • again consists of a nucleus anu one 

* Nature, 104 , (l^)i^O). 

fOf. L. i^’larntn, Pliysikal. Zoitschr., 18 , 51H (IU17). The values (!alculatt 3 d hy 
Paschen differ from those given above by some inilliouths, since he takes the atomic 
weight of He as 3*110 instead of 4*00. 



d».ro„ ; it. “» "*‘ 

by «,». (17) o( tto 

the relative motion of the Li-nuoletlS, thft 

BaO 


m,,i = 6-94 m,„ R,„ = 


Ea 


m 


1 


1 + 1 + — 
6*94 m,f 


we write this equation in the two forms ; 

“-C* - i>) 

‘'■®'‘((«/3)< “ (t/3)») 


m 


(18) 


The first of these forms is the more natural one ; in the second, the 
triple nuclear charge of the Li causes the deceptive occurrence of the 
denominator 3 in the series formula, just as that of the denominator 2 in 
the case of He+, which led to its lines being wrongly interpreted as the 
“principal series” and “second subsidiary series” of hydrogen. Un- 
fortunately, these series of Li ^ have not yet been observed in the 
]ai)oratory. Bohr has, however, shown that it is probable that individual 
lines in certain nebula) of the Wolf-Eayet type may have this origin. 
These constellations show characteristically Pickering’s series particularly 
intensely. Their physical state therefore seems to favour the ionisation 
of the atoms and might therefore lead to the production of Li But 
since these series have not yet been discovered completely in these 
nebulae, we shall not enter into the numerical calculations of Bohr’s 
conjecture here. 


S 5. The Ka-line of Rdntgen Spectra. The Model of the He-nucleus 

Continuing from the preceding reflections on the spectra of He+ and 
Li +"* , we shall proceed further in the sequence of spectra of the hydrogen 
type, and, indeed, at once as far as elements of any arbitrary atomic 
weight. Let us assume for a moment that the element of atomic number 
7i had been deprived of all its electrons except one by intensive ionisa- 
tion, or, what comes to the same thing, suppose all its electrons but one 
had been removed from the neighbourhood of the nucleus to the periphery 
of the atom, then the orbits described by this remaining electron in the 
vicinity of the nucleus would be governed by the same simple laws as in 
the case of the hydrogen electron, and the spectra that I’esult from the 
jumps between these orbits would again be determined by eqn. (17) of 
page 2IG. We shall be able to identify the Eydberg number R that 
occurs here with our Rjo. Bor the quantum numbers n and h'^n we 
shall insert the simplest values n = 1, k = 2. We then get 

L-Kf"?) ■ • • • (1) 

15 
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In this we first call attention to the fact that the factor especially 
in the case of the heavier elements, brings this vibration number out of 
the visible region far into the ultra-violet. Even in the case of hydrogen 
(Z = 1), the line defined by (1) belongs to the Lyman ultra-violet series 
(cf. p. 207). As Z increases, the corresponding line passes over into the 
Ttimtgeii or X-ray reijion. As an actual fact, eqn. (1) represents ess(mtially 
the principal line of the K-series of the X-ray specti um, namely the Ka- 
line. In Chapter III, Si 5, we deduced for this line, by an empirical 
method, Moseley’s formula ^7) of page 157 : 

B - (ii - iKl. - 2<) ■ ■ ■ ■ (2) 

The difference between the eqns. (1) and (2) consists essentially in the 
substitution of Z ~ 1 for Z. Without attaching importance to this for the 
present, we shall rather direct our attention to the general agreement 
between what our theoiy led us to expect, leading to e(]n. (1), and the 
empirical datum expressed in eqn. (2). We may then make the assertion : 
Independently of the mme detailed structure of the atom,, the field of ike 
nuclear charye dominates in Us interior. The electron which produces 
the Yi.a-llne behaves in the ma in as if it confronted the nucleus alone. The 
fipectral formula of the Ka-line is essentially of the simplest type^ that of 
hydroyen. 

To ari'ive at a closer understanding of the Ka-emission, we shall follow 
the example of Debye* and drop the assumption that all electrons except 
one have been removed from the vicinity of the nucleus. Bather, we 
know from 4 of the preceding chapter that in the excitation preparatory 
to the K-emission, only one electron is taken out of the K-shell and 
removed to the periphery of the atom. This one missing electron is then 
replaced in the K-ring from the next following L-ring when the Kn-liiu 
is produced. Let p he? the normal numbe'r of electrons in the K-shell, ( 
that in the L-shell. We imagine both as circular rings and suppose th( 
2) or q elections, resjiectively, distributed at equidistant intervals alonj 
them. The initial and final state of the atom in the K-emission may thei 
be characterised by the following scheme : — 

K-ring L-ring 

Initial state . . . - 1 q 

Final state ... q - 1 

The outer rings that foil aw the L-ring arc to be left out of consider? 
tion in this, since they are not (or at least not essentially) brought inf 
question by the Ka-emission. 

Our next step is to evaluate the energy constants W for the K- an 
the L-ring, at fiist for the normal distribution of the electrons. 
assert that they are given by : 

* Pliysikal. Zcitsclir,, 18, 276 (1917). 



§ 5. The Ka-line of Rontgen Spectra 


227 


K-ring : W « 
Ij-ring: W = 


V J[2 

Q 2*2 ^effy 



( 3 ) 


and that at the same time the radii of the rings, as calculated from eqn. 
(5) on page 74 are given by : 


K-ring: a 
L-ring : a 




= 2 - p 


(4) 


in which is the radius of the first Bohr circle for hydrogen, and 
denote the quantities introduced on page 75. 

To prove our assertions we set up, exactly as on page 211, the classical 
and the quantum condition for the determination of a and w, the radius 
and the angular velocity, whether in the K-ring or the L-ring. In deriv- 
ing the classical condition, we fix on any one electron of those in the ring 
for which we are making the calculation and let this he subject not only 
'to the centrifugal force and the attraction of the nucleus hut also to the 
repulsion exerted by electrons of the same ring as that to which the 
selected electron belongs. The latter rej^ulsion, by eqns. (9) and (10) of 
page 75 {n = 'p or q, for the K- or L-ring respectively) amounts to : 



1 



In the case of the L-ring there becomes added also the repulsion 
exerted by the inner K-ring on the selected electron of the L-ring. If we 
suppose the K-ring, as an approximation, contracted into the nucleus, 


the repulsion is expi*essed simply by 
fore becomes 

for the K-ring : = 

for the L-ring : 97UUii^ = 


The classical condition there- 
a- 

a- a“ a'^ 

__ ^^9 

(ir a- ~ a‘^ 



in which has the same significance as in (3) and (4). 

Let the quantum condition be the same as in the case of hydrogen ; 
it requires that every electron of the K-ring rotate with one quantum of 
moment of momentum, and evei y electron of the L-ring with two such 
quanta. Thus 


K-iMiig : 
L-ring : 


Viaro) = 


M 

2,rl 
2h[ 
27r j 


( 6 ) 
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As is evident, the present conditions (5) and (6) arise from the earlier 
eqn. (1) of page 211, and (2) of page 212, if ^ve set in the latter 

E = eZ,.jf and n ~ 1, or = 2, i (^spc'ctively . . (7) 


For this reason we may also take the value of <i for this equation out of 
the eqn. (4) of § 3. But the latter becomes our present eqn. (4), ii we 
compare our present and the former e(jn. (7). Our eqn. (4) is thereby 
proved. 

To pass on to eqn. (3), that is, to calcuLae the energy, we first wrihi 
down the potential energy of the nucleus and (in th(^ cas(‘. of the Jj-ring) 
that of the K-electrons (that are nearer th(‘ nucleus) for tlui individual 
electron, namely : 


and 

a a 


Next, the potential emu'gy of the electrons of th(' ring unden* consideration 
with respect to the selected electron (belonging to th(i same ring) is, by 
eqn. (12) of page 75 {n = p or (j for the K- and h-ring, respectively: 

2r>‘.s„ 

a 


The potential energy with rcs})ect to all the, eh'ctrons of the ring in 
question therefore becomes (cf. also e(jn. (13) of p. 75) : 


K-ring ; 

2> 

or/ 

a 

1 

+ * 

p 

^ a 

Ij-ring : 

'/ 

C-/i 

a 

+ <i 

eh) ( 

+ q 

a 




a 


a 


( 8 ) 


But the expressions to 1x5 proved, contained in (3), arise from thes(5 if 
we insert the value of ((/,) from (4) and take, into account that he}*e, too 
(cf. Note 5) t}i(5 total energy is equal to one-half of the potential ene)*gy. 

The I’adiation emitted when th(5 atom passes from the initial state to 
the final state is governed by Bohr’s frequency condition : 


hr = W,, - W, (9) 

By inserting here the values from (3), the terms relating to the final state 
appear with a positive sign, those relating to the initial state appear with 
a negative sign. Concerning the different meaning of for the initial 
and the final state, we refer to the above scheme for the generation of the 
Ka-radiation. We get from (9) : 

i^-p 


+ ('?-!) 


2=* 


■,-iY 

- — - - q - 


jO + 1 
22 






The result so obtained looks much more complicated than our eqn. (1) 
to which we were led by generalising directly Balmer’s formula. Thi 



line of Rontgen Spectra 


m 


fact that a closer relatioubu*^ nlanation. We showed that the 

beoonieB clear when we deve\o\AN>^\ • . 'consider only the motion of 

of an electron 

V 

K 



-Sc ) 


in which we use the abbreviations : 


T), = ps„ - {p - 1) D, = qs, - (-Z - 1) S,,- 1 , 
C = Pi -0,-1) i. , + {q - 1) - q 


(p + 1 + 

4 ” ■ . 


Thus we see : eqn (1) in the first member of the developmejit of eqn, (10) 
ifi lowers of 7i, The fact that the K-emission is of the hydrogen type, is 
explained not only if ive assume provisionally as above, that, as in the case 
of hydrogen, a single electron effects this emission, hut also if we assume our 
present picture of electronic rings that are occupied by several electrons. 

Our next step would be to choose our integers p and q so as to obtain 
as close a connexion as possible between eqn. (10) and the observations 
of the Ka-line. According to J. Kroo * this is attained by using the 
values : 

■ Z' = 3, r/ = 9 (12) 

This connection is noteworthy but it is not perfect. ^Ye show this in the 
following table calculated by Siegbahn.t The first column contains the 

Tablk 20 


z 

Theor. 

Exper. 

A 1 

17 Cl 

192-78 

198-12 

- 0-89 

19 K ... 

243-76 

244-06 

- 0-80 

20 Ca 

271-60 

271-86 

- 0-2G 

21 So . . . 

300-99 

801-22 

- 0-28 

24 Cr 

898-55 

898-78 

- 0-28 

26 Fe . . . 

471-49 

471-58 

- 0-09 

27 Co 

510-34 

510-45 

- 0-11 

28 Ni 

550-80 

660-78 

+ 007 

29 Cu 

592-85 

592-75 

+ 0-10 


elements and their atomic numbers ; the second contains the theoretical 

values of ^ according to Kroo’s assumption (12), in which, however, the 

relativity correction is taken into account, which was already men- 
tioned on, page 158 but which will not be set on a firm foundation till we 
get to the final chapter. The formulae, completed in this way, are con- 
structed quite analogously to eqns. (10) and (11), but differ from them by 

* Physikal. Zeitschr., 19, 807 (1918). 

f Ann. d. Phys., 59, 72 (1919). This is the same essay as that already quoted on 
page 152, in which Siegbahn describes the method of his precision measurements. 
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terms of small numerical value, that contain higher powers of Z and that 
are due to the change of the electronic mass with high velocities. The 
third column contains trie experimental values of v/K in agreement with 
our Table 11. The fourth column contains the difference A between the 
theoretical and the experimental values. It shows that the course of the 
values is regular and increases linearly with Z. It is impossible to 
eliminate A by choosing other values for p and q^. Is it possible to ex- 
plain it by relining further the above scheme of calculations ? 

Continuing from Kroo’s essay, the author 'has pointed out * tliat, 
strictly speaking, not only the proper energies of the K-ring and the 
L-ring, but also the mutual action between these rings themselves and 
also with respect to the outer rings have to he taken into account, and 
that the outer rings, which were neglected in our calculation, by con- 
tracting or expanding, according to the electrons present in the inner 
rings, likewise contribute amounts of energy to the en dssion of Kbntgen 
rays. Moreover, these energies, due to mutual action, depend on whether 
the rings are imagined co-plauar (lying in one plane), or with their planes 
inclined to one another in space. It was possible to prove, howevei’, 
that, although these amounts of energy were not negligible in themselves, 
they, for the most part, cancelled one another. 

On the other hand the question arises, whether the notion of plane 
rings can be more than a rough approximation of the true arrangements. 
We are inclined, at the outset, to answei* in the negative. We shall ex- 
pect, not plane rings, but spatial shells (e.g. 8-shclls, cf. p. 208). Fi’oin 
the point of view of the periodic system, the numbers = 8, ry = 9 cer- 
tainly do not inspii e confidence. Bather, in conformity with the whole 
structure of the system of elements, we must demand that == 2 for the 
K-shell, and q — 8 for the I^-shell. Furthermore, we must demand that 
the same numbers p and q, with which vve represent the Ku-emission, 
and the coi’responding and fixed distribution numbers for the outer shells 
account for not only the Ka-line, but also for the remaining lines of the 
K-spectrum as well as those of the h- and M-spectrum. Many tentative 
calculations in this direction, in particular by Tj. Vegard, show that this 
is impossible even if moderate accuracy and completeness is aimed at. 

i^ut there is another fundamental featui-e that must prevent us from 
proceeding along the way that we have started along. The whole calcu- 
lation of this paragraph depends on the assumption that the fy-electrom 
of the L-shell are equivalent as regards their energy. This assumptioi 
is certainly not right, as our later critical investigation of the “ ellipti< 
complex” (Elli'psenverem) in Chapter VIII, 5, will show, and i 
leads to absurd consequences. 

As a result of this, the detailed explanation of the Ka-line here ai 
tempted has only limited importance. The similarity between ]3almer' 


Physikal. Zoitsclir., 19 , 29‘J (1918). 
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and Moseley’s lormula demands an explanation. We showed that the 
term in furnishes the clue, whether we consider only the motion of 
a single electron, or whether we consider the transition of an electron 
between shells occupied by several electrons. The siviilarUy of X-ray 
spectra with those of the hydrogen tyiye extends thus far ; but it does not 
furnish a complete theory of the energy-levels of Eontgen rays. 

Nor can we claim to have obtained final results in the next matte)* of 
discussion, in which vve are concerned with an experiment leading into 
the region of nuclear physics, namely, in finding the quantum elahoration 
of our model of the helium nucleus. Following the suggestion of Lenz, 
we described this on page 97 as an inverse oxygen model, of which an 
illustration was given in Fig. 23. It has two negative electrons separated 
by a distance 26, surrounded by four positive electrons or H-nuclei 
(protons), the latter being distributed at equal distances along a circle of 
radius a, and rotating with the uniform angular velocity . 

We have two classical and one quantum condition for determining 
the three unknowns a, 6, oj. 

First, we have the condition of equilibrium for the negative electrons 
under the action of their mutual repulsion, and of their attraction towards 
the four positive elections (protons), both according to Coulomb’s law. 
The repulsion amounts to ; the attraction due to a single H-nucleus 
is e^l{a^ + h'^), and has the component e^hl{a- + in the axial direction. 
Hence the condition of equilibrium when four nuclei are present is : 

46 “ (a'^ + 6 ‘^)''* 

From this it follows that : 


+ Jpyi = i66^ 


6‘-' = 


IGn r 


(ir -f- 6“ ~ 
6*' = 


16^6^ ] 

I 

m - ij 


(13) 


Then we have the mechanical condition of eijilibrium for one of the 
rotating positive electrons. Its centrifugal force is 7/qtaor. The com- 
ponent of attraction, due to the individual negative electron, in the radial 
direction amounts to e^ajiar + 6-)“; it must be doubled owing to the 
presence of the two negative electrons. The repulsion due to the three 
remaining electrons likewise acts in the radial direction, and is given, 
according to eqns. (9) and (10) on page 75, by where has the 

value 0*957, according to Table 3. Hence the condition of equilibrium 
of the positive electrons in the radial dii-ection is : 




2r“a 

{a^ + 6->' 



If we insert the value of + 6- from fl3), it follows that 


(14) 


TOnaV = e2[-i(16S - 1)? - = 0-58e“ 


(15) 
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Finally, we apply the quantum condition for the rotation of the 
positive electrons (or protons). As in eqn. (6), we assume in the case of 
the K-riiig that each electron rotates with an amount of energy equal to 
one rotation-quantum. We then have 

^Tnniia^in = h (16) 

The essential difference between this and the determination of the size 
of the hydrogen atom in § 3 consists in the fact that the mass m of the 
negative electron is replaced by the 2000 times greater mass Wh of the 
positive electron. The result is iliat the radius a of our model of the helium 
nucleus is about 1000 times smaller than the radius a^ of our model of the 
hydrogen atom. For we get from (15) and (16), by eliminating w : 

_ 1 Jif 

~ 0-58 4 


or, taking into consideration the significance and the size of the hydro- 
. gen radius in eqns. (7) and (9) on page 213, and the value of — in 
eqn. (16) on p. 224, we get 


a = 


m 


0-58 


The same quantum condition that deterinined the correct atomic size of 
the model of the hydrogen atom leads to the result that our model of the 
helium nucleus becomes of sub-atomic size and that it shrinks^ comjyared 

with the former model in the ratio . 

m^ 

According to Euthert'ord’s experiments on deflections of a-rays, 
certainly, the true extent of the helium nucleus is markedly smaller, 
namely 3 . 10 cms. We may explain our different result on the gi’ound 
that at such small distances and with such concentrations of energy 
Coulomb’s law no longer remains valid (cf. p. 97), or by admitting that 
the details of our model are not yet correct. Jn any case, our calculation 
is worthy of notice, since it gives a hint as to how the smallness of the 
dimensions of the nucleus and the holding together of the nuclear parts 
comes about. As a matter of fact we have the firm conviction that the 
quantum theory holds sway even in the interior of the nuclei, and that the 
structure of the nuclei is governed by the same quantum laws as govern 
the structure of the atoms. 


§ 6. Elliptic Orbits in the Case of Hydrogen. 

In § 4 we subjected the model of the hydrogen atom to a first test by 
demanding that the law of the persistence of the common centre of 
gravity should hold for the two-body problem : nucleus -f electron. This 
leads to an elaboration of the first Kepler law and to a refinement of the 
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definition of Rydberg^s number. Wo next apply a second test to our 
hydrogen model, by asserting that eMipiic orbits are possible as well as 
circular orbits. In this sense we enunciate Kepler's first law in its 
complete astronomical form : 

The planet moves in an ellipse at one focus of which the sun is 
situated. 

In this formulation of Kepler’s law we have for the present disregarded 
the relative motion of the nucleus ; we can easily make up for this little 
imperfection later. 

Our chief concern is to select from the manifold of all mechanically 
possible elliptic orbits those that are possible according to the quantum 
theory. The motion in the elliptic path represents a problem of two 
degrees of freedom^ since the position of the electron is determined by two 
co-ordinates, most simply by the polar co-ordinates measured from the 
nucleus, namely the azimuth and the radius vector r. We then get for 
the element of orbit ds of the electron 


ds^ = dr^ + rHg>'. 
Hence the kinetic energy becomes 


E,, 




2 \dt,) 2 


+ 


( 1 ) 


and the potential energy becomes (we here again denote the nucJear 
charge for the present E) 


Ej>o« = 


r 


( 2 ) 


Corresponding to the position co-ordinates g = and (/ = r, respectively, 
we define the corresponding impulse co-ordinates (momentum co-ordinates) 
in accordance with § 1 of this Chapter (p. 195), namely 

P=Tf ■ ■ ■ ■ 

We denote these impulse co-ordinates by p^ and p, y and then we get, on 
account of (1) and (3), 

2)<f, = mr^, pr = mr .... (4) 

where p^ is the moment of the momentum mi\ namely the product of 
the perpendicular distance r and the azimuthal component of the 
momentum, andp,. is directly the radial component mr of the momentum 
(cf. Fig. 70, in which the component r of the velocity in the direction of 
the radius vector and the component r(j> pei’petidicular to it in the direction 
of increasing are shown). According to Keplers second law (“the 
radius vector sweeps out equal areas in equal times ”),p^ is a constant 
during the motion, the so-called “ areal constant." We indicate this by 
setting in future 




( 5 ) 
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tn our general formulation of the quantum theory, 1 of this Chapter, 
eqn. (20), the quantum conditions for our system of two degrees of freedom 
are : 


«/> ~ ‘Jtt <J} = 2ir 





The limits of* the integrals correspond to the rule for limits given on 
p. 201. They includcj the full range of values of the position co-oi dinates, 
namely, in the case of </>, the region from ~ 0 to <!> == 27r, and, in the 

case of the region from r,„in to 
r,„ax and then hack to again, 
for which in the case of the closed 
elliptic orbit, too (but not in the case 
of an open orbit, such as we shall 
later have to c. nsider), we may 
again write <f> -- 0 and </> = 27r. 
Foi- we want to ascribe to the 
perihelion. the azimuth </> == 0 
(cf. Fig. 70) ; </) = TT then corre- 
sponds to the aplielion r„tax- In the return to the perihelion </> again in- 
creases to the value </> = 27r. The first equation (6) will be called the 
azimuthal quantum condition, tiui second equation (()) will be called the 
radial quantum condition. 

On account of (5) the first equation (6) becomes 

27rp ~ nil ..... (7) 

namely, the quantum condition of the rotator given earlier (eqn. (18) on 
p. 199). The second equation (G) has to be rtistated in terms of the 
orbital equation of the ellipse. 

According to elementary analytical geometry we write this equation 
in polai’ co-ordinates thus : 

^ = (', -f (bcos(/) .... (8) 



To determine the constants C, and (1, that have for the present been 
left indeterminate, the following relations are used (cf. Fig. 70) : 


Major axis 
Eccentricity 

Numerical value of the eccentiicity 

Minor axis 
Perihelion 

hence, on account of (8), 

1 

a(l - 


a = MP - MA, 
- CM, 

_ OM 
* “ MP’ 
b = MQ = a Jl 

<f> “ 0 , — r „fff, = 

( ’1 + 0 , 


OP =a(l - e), 


(9 
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<j> = ir,r = r,aax = OA = a(l + e), 


Aphelion 

and hence, on account of (8), 


From (9) and (1.0) we get 
C. = 


a(l + 0 


= 0, - c, 


( 10 ) 


a 1 - €■!’ 


C., = 


a 1 - 


and eqn. (8) becomes : 


1 1 1 + e cos <j> 

r ~ a J - <- 


( 11 ) 


(11a) 


From this it follows by logarithmic differentiation with respect to (j ) : 

I dr __ € sin (f> 

r dcji 1 + € cos 

In the radial quantum condition (6) we now write, in view of (4) and (5), 

dr ; p dr\ 

^ d^ ^ dij} 

On account of (11a) we therefoi-e get 

p dr = pi — ] d<h = p€^ 

^ ^ \r clef}] ^ (i + € cos 

and our radial quantum condition becomes 


( 12 ) 


J (1 + € COS <f>y- 


or, on account of (7), 


€ 

^TT 


ttJ (1 + € COS tf^Y n 


(13) 


The left side depends only on the eccentricity c. That is, € is determined 
by the two integral quantum numbers n and n. In Note 6, eqn. (7), at 
the end of the book, it is shown that by carrying out the integration in 
(13) we get :* 

- 1 = ii that is, 1 - c- = , . (14) 

y/l - c- + ^0- 

The areal constant determines the size of the ellipse, the eccentricity c 
determines its form. Hence, through the azimuthal and radial quantum 

* W. Wilson derived the above eqns. (18) and (14) a little earlier thaii the author 
from Ins general formulation of the quantum conditions quoted on page 200 (Wilson’s 
essay in Phil. INlag., 31» 101 (1010) was completed in Nov. 1015, the author’s was 
finished in l)e(\ 1015). But no application oi these equations to Balmer’s series have 
been made by Wilson. •• 
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condition, eqns. (7) and (14), the size and form of the elliptic orbit is jSxed 
in accordance with the quantum theory. From the oontinuou^ manifold 
of all possible ellipses there are Urns selected a family of quantised ellipses, 
(jiven by the ttvo positive integers n and n\ 

We next turn to the calculation of the energy. The kinetic energy is, 
by (1), (4), (5) and (12). 


If we here use (11) and (11a), we get 


(15) 


ma\l - c-yV 


1 + 


+ c cos 




On the other hand we have, by (2) and (11), 


E 


'jJOt 


_ cE ^ eE 1 + € cos <)> 


1 - 


(i5a) 


(16) 


The sum of the kinetic and the potential energy must be independent of 
the time, and hence also of </>, namely it must equal the energy constant 
W. From this it follows that the factor of e cos ^ in this sum must 
vanish. This gives 

eE 


__ ^ 

a{i ~ 


p-_ 

meV^il - 


(17) 


The value of a obtained in this somewhat indirect and artificial way 
might have been obtained more directly from differential equations of 
the problem, but we wished to avoid writing down the latter. Uy re- 
writing the value of a by means of (7) and (14) and adding the value of 
b{^ a Ji - we get * 


«ls (’* 




On the other hand, by using (15a) in (17) and then adding (10), we get 


W 


^kfn+ poi 2 7 2 


2a 


(19) 


( 20 ) 


If we insert in this the value of a from (18), we have 

w — - 1 

(n -h n'y 

This result is of the greatest consequence and is superlatively simple : 
we have fou7ul for the e^iergy of the elliptic orbits the same value as m eqn. 
(13) 071 p. 214 for circular orbits, with the 07ie difference that the quantum 
number n in the latter case is replaced by the quantum sum, 7i + 7i'> 
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Each of the quantised ellipses of our family has an amount of energy 
equivalent to that of a definite Bohr circle. 

We next consider an ellipse of the family as the initial orbit — ^let its 
quantum numbers be h and h ' — , and another as the final orbit — with 
the quantum numbers n and n. In order that the transition may be 
free and accompanied by the emission of energy, we must certainly have 
h + + n (cf. eqn. (20), in particular as regards the signs). We 

calculate the energy radiated out according to the 7i]/-law (Bohr’s 
Frequency Condition). We get a result quite analogous to eqn. (15), 
page 216 : 


2ir^me^ /E\ Y f _ i \ 

7i3 \e)\{n + n'f {k +“'A;')V 


( 21 ) 


For hydrogen 
number E, to : 


K = e, this simplifies, if we introduce Eydberg’s 


1 _ 
\{n + V)2 


{h + kj) 


( 22 ) 


From the point of view of practical results, this spectral formula 
again gives only Balmer’s series, but it has a deepened theoretical signifi- 
cance and its origin has now multiple roots. By the admission of our 
elliptic orbits the series has gained no extra lines and has lost none of its 
sharpness. 

When the author, early in 1916, developed the above theory, he 
referred at the outset to a series of indices * by which the various possi- 
bilities of generation contained in a Balmer line may be made manifest. 

1. In the natural state of the H-atom without a super-imposed field 
the various possibilities of generation coincide only accidentally, as it 
were, in one line. But if we allow an electric field to act on the lumin- 
escent atom, in the manner practised by Stark, the original quantum 
orbits will be disturbed. It is evident that the disturbance will affect 
the various ellipses differently ; it will therefore alter the energy of the 
various orbits differently in each case. The result is the so-called 
Stark effect, to which we shall return in the next chapter. 2. Similar 
consequences follow from the application of a magnetic field and the 
result is the Zeeman effect. Here, too — both in our theory and in the 
older view based on the classical theory — the resolution of the lines is 
not due to new possibilities of vibration being generated but to the cir- 
cumstance that lines which were originally coincident are differently 
displaced and hence separated by the magnetic field. We shall also 
study the Zeeman effect in the next chapter for the case of the hydrogen 
atom. 3. The most beautiful and most instructive manifestation of the 
various elliptic orbits that belong to the same Balmer line is, however, 
given by Nature herself without our agency in the fine structure of space- 
time conditions as reflected in the fine structure of spectral lines. The 


Sitzungsberiohte der Munohener Akademie, 1915, p. 425, cf., in particular, § 6. 
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last chapter will deal with this subject. 4. The coincident lines in the 
case of hydrogen may be separated by an inner atomic field in place of 
an external electric or magnetic field. Such an inner atomic field does 
not, indeed, occur in the case of hydrogen itself or atoms of the hydrogen 
type (an electron and a nucleus, singly or multiply charged) but in the 
case of all other atoms (neutral He, Li, etc.). In the next chapter but 
one we shall see that such atomic fields are the cause of the one Balmer 
series of hydrogen in the elements not of the hydrogen type splitting up 
into the series systems : Principal Series, First and Second Subsidiary 
Series, etc. 

We now enumerate the various possibilities of circular and elliptic 
orbits that belong to a given value of n 4- n\ To begin with, we remark 
that : {a) n — 0 denotes a circular orbit. For when n = 0, then by 
eqn. (14), c = 0, and the focus and centre of the ellipse coincide, that 
is, the ellipse degenerates into a circle. This couln also be read of! 
more directly from the radial quantum condition (fi), which shows that 
when n vanishes, y;,., that is f, also vanishes, and hence r must be con- 
stant. 

(h) 91 = 0 denotes a degenerate ellipse ; it is the focal distance counted 
twice. For when n == 0 we get from (14), c = 1, i.e. the perihelion and 
the aphelion coincide with the two foci. This follows more directly, too, 
from the azimuthal (juantum condition (6) and its connection with the 
areal constant ]). This denotes the area swept out by the radius vector 
in the unit of time. If this is to vanish,* the orbit must degenerate into 
a double line with a zero areal content. But the electron, in describing 
this orbit woutd fall into the nucleus. Owing to the permanence of 
atoms we regard this as impossible. Thus we declare the orbit n = 0 to 
be impossible and do not include it among the following orbits. In Fig. 
71 it is indicated by a dotted line. 

The number of possibilities that belong to a given value of n + n\ for 
example, n + n =3, is obtained from the apparently not very subtle 
equation of resolution : 

3 = + 99/ = 3 + 0 - 2 -P 1 - 1 -f 2. 

We thus have three possibilities ; the fourth, 3 = .0 + 3 is excluded as 
being fictitious by what was said under (/>). In all three cases we have 

for hydrogen, by eqn. (18) (K = e, ii^ = ~ radius of the first Bohr 

circle), the same a, namely a = . 3^. 

On the other hand, b, by the same eqn. (18), changes in steps thus : 

/> = . 3 . 3, 6 = . 2 . 3, 6 = .1.3., 

* Wc arc hero c3oncorned with the limit p — 0. If we set p — 0 directly, that is, if 
we h^t the electron fall into the nucleus without a blow from the .side, thou if we 
suj)pose the nucleus to be penetrable, the electron could oscillate pendulum-like to 
equal distances on the other side and back, moving to and fro. In reality, of course 
both the orbits linop — 0 and simply p — 0 are to be rejected. 
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After this, the following tabulation with the illustrations of Fig. 71 
will be immediately intelligible : — 

n n ~ i, one j)0ssibility. 

= 1 = 0 a = = 6 


Circle. 

n + n = 2, two possibilities. 
n = 2 n = 0 a — 2%^ 

n = 1 = 1 a — 2-//, 

A circle, oi* an ellipse of eccentricity c 


b — a 


b == 

v/3 


” 2 ■ 


n + n = 8, three possibilities. 


n = 3 

n 

= 0 

a ~ 3“ftj 

b = 

a 

7i = 2 

71 

- 1 

a = 3-a, 

b - 

f.a 

u 1 

n 

- 2 

a ^ 3 -Vi, 

b - 

la 

’irclc, or 




s,/5 

Jh 

ellipses of ecce 

ntri cities c -= 

or e = 



a. 





b. c. 




7^ + n = 4, four possibilities. 


7i = 4 7l' = 0 

77, = 3 7i' = 1 

7t = 2 7i' = 2 

7i = 1 7l' = 3 

Circle or ellipses of eccentricities 


a — 


b = 

a 

a == 


b = 


a = 


h = 


a = 


b =- 

> 


J7 

s/i2 


€ = 

4 ’ ^ 

“ -4 . 

or 


yi5 

4 


The figures here drawn do not exactly correspond with reality: in the 
first place, for the sake of economising space, we have not drawn them to 
the same scale (cf. the accompanying arrows etc.) ; secondly, to 

give a better survey of the curves we have drawn them concentrically 
instead of confocally. But if we keep the position of the nucleus fixed in 
the figure, then, not the ccntre.s, but the foci in which the nucleus (at rest) 
is situated, coincide. Tn this way there result from Fig. 71 the following 
figures which bring out the true conditions better. 

Now that we have investigated the various possibilities for the single 
orbit when ii + 7i is given, we can immediately state the number of 
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possibilities for the transition from an initial orbit (with a given k + k') 
and a final orbit (with a given n + n ). In general this number is equal 
to the product (n + n') {k + A;'), for example, in the case of the He ^-line, 

V 1 1 . . 

4K ~ ^ ~ 42 ’ equal to the product 3 . 4 = 12 (combination of one of 

the four initial orbits of the fourth drawing of Fig. 72 with one of the 
three final orbits of the third drawing of Fig. 72). In the same way we 
get for the Balmer series the following number of possibilities of 
generation : — 

H- m Hy 

2.3 2.4 2.5 2.6 

fn thus enumerating all these possibilities of production we do not 
wish to affirm that they are all realised in nature. In the next chapter 
we shall develop a Principle of Selection ” which separates out from the 
totality of tlie possible transitions between orbits those that can excite the 
emission of radiation. So far our enumeration has started purely from 
the possibilities in the atom. Through the linking up of the atom wdth 

!>• c. d. 

Fig. 72 . 




the “ether” both in respect to energy and impulse, several of these 
possibilities become fictitious. 

The relative motion of the nucleus that has so far been disregarded 
may be added in the case of elliptic paths just as easily as in that of 
circular orbits. From the equations of motion of the nucleus and the 
electron separately we form, as for the astronomical Kepler problem, the 
equations for the relative motion of th(^ electron with respect to the 
nucleus. These differ from the equations of motion for when the nucleus 
is at rest, in that the “resultant mass” /x (eipi. (3) on p. 220) takes the 
place of the electronic mass m. The same holds for the azimuthal and 
the radial quantum condition. We first postulate that the sum of the 
phase-integrals calculated for the motion of the electron and for that of 
the nucleus, both for the </> as for the r co-ordinate, is equal to a multiple 
{n or n) of hj and therein we express the corresponding distance's between 
the centre of gravity in terms of the distance between the electron and 
the nucleus in the relative motion. The result is the same quantum 
conditions as in eqn. (6) of this section but with instead of m. Con- 
sequently /X also takes the place of m in the expression for the energy. 
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The result of this for the spectral formula is that K,„ etc., take the 
place of Kao, whereby these symbols have the same meaning as in eqns. 
(9), (10), (11) of § 4. We may conveniently refrain from carrying out 
the calculations here sketched. Perhaps we may finally make two 
observations regarding the method of calculation. 

The above treatment of Kepler’s problem was kept as elementary as 
possible. But by using the methods of higher mechanics in our dis- 
cussion of the same problem in Note 8 at the end of the book, we shall 
not only reduce the amount of calculation but also gain in precision. 
Por we shall be able to present points of views to show that the polar 
co-ordinates here used are prescribed by the very nature of the problem 
and thereby give an answer to the question which was raised in § ] of 
this chapter on page 201. The method that is to be developed later is 
unquestionably superior to that used in this paragraph. Moreover, the 
method of treatment of this paragraph cannot quite escape the reproach 
that it leaves a certain gap in not giving reasons for the choice of co- 
ordinates. Nevertheless it was inevitable that we should begin with the 
visual methods of this section ; they form the proper introduction to the 
more abstract method of Note 8. 

Our second remark, too, concerns a certain gap in the preceding 
representation. Por Kepler’s problem belongs to those exceptional cases 
of which we spoke on page 200 ; it is a so-called degenerate •problem. 
The extermil characteristic of a degenerate problem consists in the 
circumstance that in it the choice of co-ordinates is not unique and 
that, therefore, the quantum conditions, too, that depend on the choice of 
co-ordinates, may be applied in various ways. In the case of our Kepler 
problem, the so-called parabolic co-ordinates that we shall use in § 4 of 
the next chapter, are in principle admissible as well as polar co-ordi- 
nates. By making use of these parabolic co-ordinates we should 
get quantised ellipses selected from the group of Kepler orbits differ- 
ent from those which we get when polar co-ordinates are used. 
The justification for favouring the latter is offered onl;y when we have 
performed a passage to a limit, namely, by treating our problem first 
according to the laws of relativistic mechanics (cf. 2 of Chap. VlII) and 
then, by neglecting the relativistic variability of mass, j:)as8ing over to 
classical mechanics. The result obtained in this circuitous way agrees 
exactly with the result of our above treatment. On the other hand, the 
internal criterion for the degeneration of a problem consists in this, that, 
to fix the energy and hence also to obtain sharp spectral lines, fewer 
quantum numbers are necessary than there are degrees of freedom 
involved in the problem. We have already characterised degenerate 
systems in this way on page 200. In our case the quantum numbers n 
and n' do not actually enter into the expression (20) for the energy 
individually, but only the quantum sum n -f n'. Thus, from the view of 
quanta, our problem has, so to speak, not two, but one degree of freedom. 

10 
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From the point of view of his own principles, Bohr* accordingly 
denies that both conditions (6) are necessary foi* the treatment of the 
non-relativistic Kepler problem. We must of course admit that this 
view is incontestable, but, on the other hand, wo can point to the fact 
that, from the physical point of view, our pi-oblem is to be regarded only 
as the limiting case of the non-degenerate relativistic problem, in which 
both quantum conditions, the azimuthal and the radial condition, come 
fully into their own. 

7. Quantising of the Spatial Position of Kepler Orbits. Theory 
of the Magneton 

In the preceding section we quantised the Kepler orbits with respect 
to size and form, by means of the azimuthal quantum number n and the 
radial quantum number n\ We wish to show that the quanta can 
perform still more : they also determine the position of the orbits in space, 
that is, they select from the continuous manifold of all possible positions 
of the orbits in space a discrete number of orbits that conform with 
certain quantum conditions. 

It is possible to quantise spatially only, of course, when a certain 

favoured direction is given with re- 
spect to which we may measure the 
orientation of the orbits. Such a 
favoured direction may be given 
either by an external held of force or 
by an internal atomic held. The first 
case is simpler and will be considered 
here. But in this case, too, we have 
no longer, even for the hydrogen 
atom, pure Kepler orbits. Bather, 
these are deformed through the ex- 
ternal field of force. If we wish to 
manage with the Kepler orbits, not- 
withstanding this, we must pass on 
to the “ limit when the force tends 
to zero.” In this passage to the 
limit, on the one hand the disturbance of the orbits by the field of force 
vanishes, but on the other hand the possibility of their orientation with 
respect to the field of force remains. The reason for this is that, whereas 
the disturbance of the orbits is a phenomenon which varies continuoiisly 
with the field of force, the orientation of the orbits is restricted to certain 
discrete possibilities. That is why the latter remains after the passage 
to the limit, whereas the former vanishes. 

*Cf., for example, what he says on page xv of his introduction to liis collected 
essays on atomic structure, published in German by Vioweg & Son, Braiinsohweig, 
1921 . 
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We take the direction of the lines of force as the axis of a spatial 
polar co-ordinate system r9il/ ; in Fig. 73 this is the axis SN. We as- 
sume the nucleus to be at rest in O ; we draw the unit sphere (i.e. one 
of unit radius) about 0 as centre. Let the variable radius OP point to 
the present position of the electron. Let OK be called the common line 
(“ Knotenlinie ”) ; it is the line of intersection of the equatorial plane 
OKQ and the orbital plane OKP. The great circle KPAB is the trace 
of the orbital plane on the unit sphere. The “ latitude 0 is represented 
in the figure by PN, the longitude reckoned from the common line, 
is represented by KQ ; in addition, we consider the “orbital azimuth” 
which is given by KP. Let a be the angle between the direction ON of 
the lines of force and the normals OM to the orbital plane ; a appears 
in the figure as the arc MN, and at the same time as the angle at K in 
the spherical triangle KQP, which is shaded in the figure. 

Corresponding to our three degrees of freedom rO\j/, we have now three 
quantum conditions : 

^p,dr = iili; | p^dO = n.Ji . (1) 

The integration with respect to if/ is from 0 to 27r. The integration for 
0 stretches (cf. p. 201) from 6-,nhi = NA beyond 0i,wx = back to Omiat 
the integration for r is as formerly (cf. p. 201) from r^ain over r,,,ax back to 
r^uin* Thus the radial quantum integral is not dilferent from that in the 
two-dimensional point of view. As in the preceding section, eqn. (14), it 
gives us : 

2ir2) ( - l) = n'h . . . . (2) 


and determines as before, through the eccentricity e, the' form of the 
orbit, p is the areal constant for the orbital azimuth <f>. The corres- 
ponding quantum condition is : 

•iTT 

= 27rp === nh (3) 

0 

Let n be called as before, the azimuthal quantum number ; as a means of 
distinguishing 71^, let it be called the equatorial quantum number. We 
now assert that the azimuthal quantum number is equal to the sum of 
the “ equatorial ” number 7i^ and the “ latitudinal ” quantum number : 


n = 


■ • • • w 

The proof is contained in the definition of p, p^, and p^. In general 
the following holds (cf. eqn. (5), § 1 of this chapter) for any arbitrary co- 
ordinates qp : 

TilSikin 


Ejfcilh 
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The latter holds because Ejt/,, is a homogeneous quadratic? foi in of the ()’s 
(cf. also Note 4, eqn. (5)). In our case this yields, accoiding as we use 
plane polar co-ordinates 7’<^, or spatial polar co-ordinates rOij / : 

•= i(prr + p^) = ^{jJrT + 2)0$ + p^ij/). 

From this it follows : 

p^ = ped + 

or, integrated with respect to the time for the whole duration of a com- 
plete period : 

^pdtf} = ^pedO + • • * • (^) 

The integrals here indicated are our phase-integrals of eqns. (3) and (1) ; 
their values are, in turn, nh, nji, and nji. Thus eqn. (5) is identical 
with eqn. (4). 

But between the quantum numbers n and theit3 is also the relation 

== n cos a . . . . • (h) 

For is the whole moment of momentum of the rotating electron ; is 
its component in the equatorial plane. The former is, in Fig. 78, drawn 
as the vector in the direction of the noi’mal OM to the orbital plane, 
the latter as the normal ON to the equatorial plane. As Fig. 73 shows : 
we have 

p^ == 2^ {^) 

According to this, 2^, just like is constant during the motion. The 
equatorial quantum condition (1) becomes on calculation 

27r27^ = n^Ji . . . . . (bj 

III virtue of this equation and of eqn. (3), (7) is shown to be identical 
with (6). 

Eqn. (6) already contains the remarkable result that there are certain 
quantum favoured sjnctial q^ositions of the orbital plane characterised by 
integral member h. Combined with eqn. (4) it states : 

cos a — ’ - , 7^, + n., ~ n . . . (9) 

We consider in turn the cases n = 1, 2, 3, . . . and represent them 
by the Figs. 74 a, b, c. In them, the direction of the lines of force is, as 
in the preceding figure, supposed to run from the top to the bottom. The 
sense of rotation in the orbital plane is arbitrary, but is to be considered 
the same in each part of Fig. 74. 

n = 1. In this case there are, according to eqns. (4) and (9), only 
two 2 ) 0 ssibilities : 

n. = 1 n,y = 0 cos a = 1 

and 

n^ == 0 n., ^ 1 cos a =» 0 
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Hen ice the orbital plane is either the equatorial plane (a = 0) or a 
meridian plane through the direction of the lines of force (a = 7r/2). 
Pig. 7'tA exhibits sections of both planes. 

n — 2. According to eqns. (4) and (9) we haw here three pos- 
sibilities : 

7^1 = 2 0 cos a = 1 

nj = 1 ^2 =» 1 cos a = ^ 

Wj « 0 fiij, = 2 cos a = 0 

Besides the equatorial plane (a = 0) and the meridian plane 
(a = 7r/2), there is a third possible inclination of the orbital plane, 
namely, that making an angle of 60*" with the equatorial plane (a = tt/S). 
Fig. 74 b shows those three positions in section. The orbital plane, in- 
clined at 60'^, can of course be rotated arbitrarily about the direction of 
the lines of force ; in the figure this is indicated by drawing the optical 
image of the one plane. 


A It c 



n = l n=*2 n=3 

Fig. 74. 


/I = 3. Here there are four possihilities : 

iiy = 3 71,, — 0 cos a == 1 

== 2 n,, = 1 cos a = ^ 

= 1 n,^ = 2 cos a = i 

7q = 0 n., = 3 cos a = 0 

These four positions of the orbital plane may be constructed, as has 
been done in Fig. 74c, by dividing the radius into three equal parts. The 
positions corresponding to the values cos a = § and cos a = J have been 
drawn twice, to indicate that the corresponding orbital planes may be 
rotated about the direction of the lines of force. 

So the process continues. In each of these orbital planes in space 
the electron may clearly describe, besides the circular orbit indicated by 
n, a series of elliptic orbits; for example, in the case n = 3, it may 
describe, besides the circular orbit n = 3, n = 0, also the elliptic orbits 
n = 3, = 1 ; = 3, n — 2\ n — 3, = 3, . . . In the order of 
sequence of Fig. 72, these are orbits, each of which is represented by 
a different picture among those given ; the circular orbit is represented 
by Fig. 72c ; the first elliptic orbit by the ellipse of Fig. 72 d that has the 
smallest eccentricity, and so forth. 
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Without doubt this spatial quantising is one of tlu* most surprising 
results of the quantum theory. When we consider the. simplicity with 
which the positions are derived and how simple is the result, it seems 
almost like magic. 

Spatial quantising, as long as we stop at the limiting case of the 
external force tending to zero, has of course no effect on the calculation 
of the energy of the orbits and the spectral consequences following there- 
from. The two quantum numbers and then enter into the ex- 
pression for the energy only in the form of the sum : n = % + \ that 

is, the expression for the energy and the spectral frequencies that are to 
be derived from it remain the same as in the case of simple quantising 
in the plane. 

It is in connexion with this that the spatial Kepler problem is one 
degree more “ degenerate *’ than the plane Kepler problem. Whereas we 
describe it mechanically by three co-ordinates as a problem involving 
three degrees of freedom and determine it, according to quantum con- 
siderations, by three quantum conditions, only the quantum sum 
+ lU 4- 11 occurs in the expression for the energy. The necessity 
of using three quantum conditions may therefoio be disputed (cf. the 
conclusion of the last section). But if we pass on from the case “ in the 
limit the force tends to zero,"' to a true held of force, the degenerate 
character is eliminated and tlie existence of three quantum conditions 
becomes essential. 

In carrying out the latter transition, we get at the same time a 
correction of the spatial possibilities enumerated above : in each case 
the number is to be reduced by one, since, in each case, the last position 
in our enumeration, the meridian position characterised by == 0, 
cos a = 0, drops out. The reason is similar to that which in the 
previous section led us to declare as fictitious the ellipses that had 
degenerated to a double straight line (dotted in Fig. 71). Just as in 
the case of the degenerate ellipses the electron would collide with the 
nucleus, so wo may show that in the meridian position of the orbital 
plane the electron, under the influence of an electric force acting in this 
jdanCj would finally approach infinitely near the nucleus. We cannot 
furnish the proof before ^ 5 of the next chapter, when we deal with the 
Stark effect, and when wo generalise it for forces other than electrical 
forces in § 7 of the same chapter, in speaking of the Adiabatic Hypothesis, 
But we must take the result, which also holds for the case in the limit 
the force tends to zero,” for granted here, to correct our above enumeration 
of the possible orbits in space, \vhich we now state as follows : — 

For any arbitrary azimuthal quantum number n there are exactly n 
quantised positions of the orbital plane which are characterised by ivltole 
numbers. They correspond to all resolutions of the number n into n^ + ?^o, 
including n^ = 0 {the egii^tor ial position of the orbital plane)^ and excluding 
Wj = 0 {the meridian position). These n positions are cofistructed by dividing 
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a rad ms of the equator of the unit sjahere into n equal parts and erecting 
on the dioiding imnts {excluding the centre of the unit sjjhere) right-angled 
triangles according to the examjde given in Fig, 74. These figures them- 
selves are to he corrected by removing the diameter ivhich is at right angles 
to the equatorial plane from the series of the projections of the orbital 
planes. 

From this point of view we next return again to Fig. 71 of the 
previous paragraph. Each part of it was drawn for a given quantum 
sum s ^ 71 + n\ and consisted of s orbits, namely, a circular orbit « s, 
n' == 0) and s - 1 elliptic orbits =» s - 1, n' = 1 ; w = s - 2, s' « 2 ; 
w « s - 3, w' == 3, respectively, and so forth). By now adding the 
spatial position of the orbits and taking into account the above theorem, 
we see that each of these orbits may in their turn be produced in as many 
ways as the numerical value of their azimuthal quantum number n ; that 
is, the circular orbit may be produced in s different ways, the first elliptic 
orbit in .9-1 ways, the second in s ~ 2 ways, and so forth. Owing to 
the lack of detailed knowledge, we regard all these spatial modes of 
generation as equally probable and as occurring equally often empirically ; 
we thus arrive at the conclusion that the probability of the circular orbit 
to that of the first, second, . . . elliptic orbit is as 

5 : .9 - 1 : .9 - 2 : . . . : 2 : 1 . . . ( 10 ) 

We call this probability the “a priori probability.” We hereby as- 
sxime as in this whole section the presence of some direction of force or of 
orientation in space, but on the other hand we assume that the force 
that is present in no wise essentially affects the character of the Kepler 
orbits. 

Our “ a priori probability ” will later give us a certain support in 
dealing with the difficult question of the intensity of spectral lines. 
Even now, however, it may already be remarked that this does not 
suffice to settle the question finally, but that the “probability of tran- 
sition ” between the initial and the final orbit plays an essential part in it. 

To conclude this chapter we shall briefly consider a very important 
but as yet very obscure problem of physics on which the spatial quantis- 
ing of electronic orbits promises to throw light, the problem of the 
magneton. 

The view that every paramagnetic substance (i.e. susceptibility > 0) 
has a definite magnetic molecular moment is old established among 
physicists. It was elaborated in particular by Wilhelm Weber, and was 
rendered certain by Langevin’s theory of the dependence of paramagnet- 
ism on temperature. Within the last decades P. Weiss* has set out to 
prove by means pf a great number of detailed measurements that this 

* Summaries are given by P. Weiss, Physikal. Zcitschr., 12, 935 (1911), or Verb, 
d. D. Phys. Ges., 13 , 718 (19il) ; B. H. Weber, Jabrbuch fiir Bad. u. Elektr., 12 , 74 
(1915) ; B. Cabrera, J. de Chimie Physique (Guye), 16 , 442 (1918). 
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moment occurs not as an arbitrary quantity but as a tvhole vmltiple of a 
certain elementary 7noment. The value of this elementary moment, the 
“ magneton *’ is, according to him : 

M = 1123*5 gauss x cm. per mol . . . (11) 

The value of the elementary moment of the individual atom or, in 
the case of compounds, of the individual molecule is obtained by dividing 
(11) by Loschmidt's number, L = 6*07 . 10‘^^, and is : 

jjL = ~ j 7~ “ 1 * lu gauss X cm. 

The assumption immediately forced itself on physicists hat this 
elementary magnetic quantum was no new constant i)ut was :)robably 
connected with the elementary electric quantum e and the quantum of 
action h. Let us endeavour to find this connexion as sim]^ly as possible. 

As we know, a magruitic moment is equivalent to an electric ciinent : 
Weber’s electromagnetic measure of current in C.G.S. units depends just on 
the fact that the current strength times the enclosed surface around which 
the current flows is equal to the moment of the elementary magnet, 
placed at right angles to the current surface, that produces, at a great 
distance, the same magnetic field as the current. Let the current be a 
circular current of radius a and let it be produced by the revolution of 
an electron about the atom. If m is the angular velocity of the electron, 

then o)/27r is its number of revolutions per second and is the current 

strength, calculated as the quantity of electricity that passes through the 
cross-section per second. Hence the magnetic moment /x of our circular 
current, calculated from the intensity of current and the circular surface : 




( 12 ) 


Our rotating electron is a rotator. Its moment of momentum is 
determined on the quantum theory by the condition 

nh 




27r 


(13) 


Hence the mechanical moment of momentum and the magnetic 
moment are expressed by o) and a in the same way and their ratio to 
one other is a universal constant. From magnetic measurements we 
can arrive at the mechanical moment of momentum and its value accord- 
ing to the quantum theory. Just as there is an elementary quantum 
of mechanical moment of momentum, so there exists theoretically an 
elementary quantum of magnetic moment. 

From (12) and (13) there follows 

e nh 
^ m iir 
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Thfi theoretical elementary quantum of magnetic moment is, therefore, 

6 h 


or, referred to the mol (or gramme-atom, respectively) 


M = 


eh 


(14) 


that is, if we insert the known values of elm, h, and L : 

M = 5584 gauss x cm (15) 

that is almost exactly five times as great as Weiss’ magneton (11). We 
shall call the value (15) the Bohr magneton. 

Now, how does it happen that Weiss appears to get the smaller unit 
in his measurements? What value is to be attached in particular to 
the methods of calculation by which he obtains the value (11)? We 
accept as the answer to this question an investigation by W. Pauli, jr., 
which we shall now describe.* 

Concerning solid paramagnetic substances first, wc must, in interpret- 
ing the measurements in question — at all events — take into consideration 
their crystalline structure. The same applies to ferromagnetic substances, 
all of which occur only in the crysfalline or micro-crystalline form. 
Whereas Weiss assumes that, in the stale of saturation, all atomic 
magnets point in the same direction, the crystal structure would seem 
to favour a distribution of these directions among directions prescribed 
by the symmetry of the crystal. 

In the case of paramagnetic liquids, too, the theoretical interpretation 
is rendered difficult by the complicated character of the liquid state and 
by the question as to how the diamagnetism of the solvent is to be taken 
into consideration. In this .case there is to be added that the magneton 
numliers determined by Weiss are by no means exact multiples of his 
fundamental unit. 

There then remain the jHiramagnetic gases, of which measurements 
have hitherto been possible only for the cases (X and NO. In this case 
Langevin’s theory of paramagnetism seems to ensure a trustw’orthy 
calculation of the magnetic moment to be ascribed to the individual gas 
molecule. Langevin’s theory asserts that the Curie constant C, that is, 
the product of the absolute temperature and the susceptibility calculated 
for a mol of the gas, is given + by : 

C = ^-008^61 (16) 


M is the magnetic moment of the mol ; that is, L times the magnetic 
moment ft of the individual gas molecule ; K is the gas constant referred 


* W. Pauli, Qicantentheoric und Magneton, Pliysikal. Zeitscbr., 21, 615 (1920). 
fCf., for oxample, M, Abraham, Tfieorie der JSiektriziUit, Bd. 2, 4, Aufl., ^81, 
p. 263. 
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to a mol ; B denotes the inclination of the magnetic axis of a gas molecule 
to the direction of the magnetic field ; the horizontal bar drawn above 
the expression denotes that the average is taken for all angles of 
inclination. 

Of course, before the advent of the quantum theory, Langevin’s 
theory assumed B to be continuously variable. By treating, in addition, 
all positions as equally probable (it is admissible to disregard favouring 
the direction of the magnetic lines of force in the process of adjustment, 
since it requires only a correction that is proportional to the intensity of 
field), the theory set 

cos- B ^ \ (17) 

that is, made it just as great for the direction of the lines of force as for 
two axes perpendicular to this direction. But, from the jmnt of view of 
spatial quantising, this is 7ic longer admissible. Bather, we now have - 

For n = 1. All orbits place themselves at right angles to the direc- 
tion of the lines of force, cf. Fig. 74a; we have excluded the other 
theoretical possibility, the meridian position of the orbital plane. Hence, 
for all orbits cos ^ = 1, and therefore 

cos**^ = 1 (I7a) 

For n = 2, The orbital planes set themselves partly at right angles 
and partly at angles of 30° to the lines of force ; cf. Fig. 74n. Either 
cos ^ = 1 or cos (? = 4 ; I'hc theoretical possibility cos 6/ — 0 is again to 
b^ excluded. As on page 247 we regard both these possibilities as 
equally probable. Consequently, 


cos--^ B^i[i + (4)‘-^] = S ... (17b) 

For n = 3. There are three and only three cases, namely, cos B — i, 
cos 6 = 4, ^ three are e(iually probable. Accordingly 

cos-^fl= J[1 + a)^+ (§y^] = . . . (17c) 

» 

In general. For the quantum number n, we have n equally probable 
positions, and we get 



1 (n + 1) (2n + 1) 
3 M 


+ . . 



(]7d) 


Equal distribution (equi-partition) among all directions, in the 
manner assumed by ijangevin’s formula (17), comes about, then, only in 
the limit when n co, as was to bo foreseen. But this circumstance 
has a considerable influence on the calculation of the value of the 
magneton. As a matter of fact, Weiss bases his determinations of M 
along the reasoning of Langevin on the following formula which arises 
from (IG) and (17) 


M = V3BC . 


(18) 
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Taking into consideration spatial quantising, he should base them on 
the fo)*mulaB : 

In the case n = 1 [eqn. (16) and (i7a) M = VKC . (18a) 

In the case w = 2 [eqn. (16) and (17b) M ~ >/fEC . (18b) 

and so forth. 

In the case w = 1, for which the magnetic moment amounts to 1 
Bohr, that is 5 Weiss, magnetons, Weiss would obtain a value according 
to eqn. (18) that is Js times too great, namely : 

5 \/3 = 8*7 instead of 5 Weiss magnetons . ' . (19a) 

In the case n = 2, for which the magnetic moment amounts to 2 
Bohi* and hence 10 Weiss magnetons, a comparison of (18) and (IBh) 
shows that Weiss’ method of calculation leads to a value that is too great 
in the proportion n/ 3 : thus 

lOjy-J* = 13*7 instead of 10 IVeiss magnetons . . (19b) 

Thus if we calculate by Weiss’ method, not taking into account the 
position of the magnetic orbits of rotation, we cannot obtain integral 
multiples of magnetons, whether we use the Bohr or the (five times too 
small) Weiss unit. Actually, observations seem to show, too, that the 
integral character affirmed by Weiss is not in general true. 

In the case of the gases NO and O^, the number of magnetons* 
amounts, according to Weiss, Piccard and Bauer, to 9 and 14 (more 
r(?cent measurements have given the values 9*2 and 13*9 or 14*2). It is 
worthy of note that these values lie in the neighbourhood of our numbers 
8*7 and 13*7 in (19a) and (i9b). We are therefore inclined to surmise 
that, in the case of these two very simple paramagnetic gases, we are 
dealing with the two simplest cases of one and two Bohr magnetonSy 
whereby each 0-atom, in NO as well as in O^,, would have one Bohr 
magneton. We do not wish to assert that in the case of these gases 
our numbers 8*7 and 13*7 should be accurately true, that is, that measure- 
ments free from error, when inserted in the Weiss-Langcvin formula, 
should lead exactly to the values 8*7 and 13*7. Our spatial quantising 
refers in the first place to the orbits of the hydrogen atom ; it may, 
indeed, be straightway applied to other monatomic gaaeSy whereby the 
so-called invariable plane, that is, the plane of the total resultant moment 
of momentum takes the place of the orbital plane. But the application 
to diatomic gases is very doubtful. The molecular models of such gases 
are entirely unknown to us ; according to their geometric structure, the 
spatial quantising may come out differently from that of the hydrogen 
atom, and then the energy of rotation may affect its orbital positions 
variously. When we just now concluded from the approximate number 

* Weiss and Piccard, Gompt. rend., 155f 128-4 (A012) ; 157» 916 (1913); Bauer and 
Piccard, Journ. de Phys., 1920, j). 97. 
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of magnetons 9 and 14 that there were one and tw o Bohr magnetons, 
respectively, present, we did so under the assumption that tlio behaviour 
of diatomic gases, too, will not differ markedly from tl\at of liydrogen 
and that here, too, the ideal case of hydrogen allows us to predict in 
general outline the approximate behaviour of the complicated cases. 
Moreover, we did so, in the conviction that the true unit is the Bohr 
magneton, not the Weiss magneton. 

The object of the above discussion was clearly more negative than 
positive. We wished to show that up to the present measurements have 
not been able to contradict the quantum value (Bohr’s) of the magneton, 
particularly not when it has been evaluated on the basis of Langevin’s 
formula, which takes no account of spatial quantising. On the other 
hand, we could not adduce a certain ‘positive contribution towards evalu- 
ating magnetic measurements either for crystalline paramagnetic solid, 
or paramagnetic gases. The natural conclusion that there is a Bohr 
magneton for every 0-atom was fraught with uncertainty on account of 
our ignorance of the molecular models concerned. We have no doubt, 
however, that, some day, the abundance of magnetic observations will 
allow us to recognise unmistakably the existence of the Bohr magneton 
or, what amounts to the same, Planck’s quantum of action and that it, 
just like the data of spectral observations, will bear striking testimony to 
the quantum structure of matter. 



CHAPTER V 

WAVE THEORY AND QUANTUM THEORY 

§ 1. The Spherical Wave and its Propagation. Conservation of 
Energy and Momentum 

H einrich hertz ,* in his discourse at the Heidelberg Session 
of the Science Research Society [Naturforschergesellschaft) in 
1889, drew certain general conclusions from his experiments 
on electric waves and made the following remarks about the nature of 
light : — 

“ What is light ? Since the time of Young and Fresnel we know 
that it is a wave motion. We know the velocity of the waves, we know 
their lengths, and we know that they are transverse ; in short, our 
knowledge of the geometrical conditions of the motion is complete. A 
doubt about these things is no longer possible ; a refutation of these 
views is inconceivable to the physicist. The wave theory of light is, from 
the point of view of human beings, certainty.” 

Has this certainty meanwhile been shattered? Yes and no ! In all 
questions of interference and diffraction, the wave theory has not only 
maintained its position but has, indeed, gained new ground ; it has ex- 
tended its range of influence towards the side of small wave-lengths as 
far down as Rontgen and y-rays, and towards the side of great wave- 
lengths as far as the waves of wireless telegraphy, whose length is 
measured in kilometres. In all questions, however, which, to use 
Einstein’s language (cf. p. 38), concern the production and transformation 
of light, we have the firm conviction that the optics of the undulatory 
theory is, at least in its present form, insufficient. The appropriate and 
natural point of view to adopt towards these phenomena (photo-electricity, 
secondary radiation, absorption and excitation limits) is that of propa- 
gation not in spherical waves but in light-quanta Av, in the manner ex- 
pressed by Einstein’s photo-electric law. In these phenomena amounts 
of energy occur such as the wave theory simply cannot place at our 
disposal, not even if we enlist the help of an artificial accumulation of 
energy (p. 44). The mildest modification that must be applied to the 
wave theory is, therefore, that of disavowing the energy theorem for the 
single radiation phenomenon and allowing it to be valid only on the 
average for many processes. How this new type of localisation of 


* Gesammelte Werke, 1, 340. 
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energy or this denial of every localisation of energy is to be brought into 
harmony with the laws of the electromagnetic field is still wrapt in ob- 
scurity. On the other hand, the most extreme view is that which regards 
the field laws themselves, that is. Maxwell’s equations, only as statistical 
approximations and to consider the elementary phenomenon of individual 
emission as a continual succession of light-quanta, which have a definite 
direction. The connexion between these two views would then be 
similar to that in the gas theory, in which the continuous equation of 
state, is only a rough approximation, and the proper elementary pi ocess, 
however, by which the gas pressure is produced takes place discontinu- 
ously and in impulses. But whereas we have ])een able to carry out the 
statistical calculations for gas molecules and from it the continuous 
equation of state quite rigorously, we are still far from carrying out the 
corresponding statistical calculations for light-quanta. Only Einstein,* 
again, has succeeded in taking a first step in th’s direction, in deriving 
Planck’s law of heat radiation by starting from elementary phenomena 
of a markedly one-sided and discontinuous character. The phenomena of 
light absorption and light transformation receive a natural interpretation 
in this theory ; but the phenomena of interference and diffraction find no 
place in it. In particular, the spherical wave of optics becomes a con- 
figuration that is incoherent in itself, for it comes about as a result of aver- 
aging over elementary processes that are all independent of one another. 

Both points of view, the classical continuous wave theory and the 
discontinuous-statistical theory of light-quanta, each olfer at present only 
one-half of the truth. How the dilemma will be overcome finally, cannot 
yet be gauged. At all events the classical wave theory in its application 
to the x^heuomena of light propagation has not yet been supj)lanted by 
something better. It is, indeed, astonishing how much of the wave 
theory still remains oven in spectroscopic j^rocesses of a decidedly 
quantum character. Bohr has formulated this very definitely in his 
Principle of CorrcspondeMce (cf. the end of 3). P"or example, in describ- 
ing the continuous radiation of X-rays, we pointed out the effectiveness 
of the classical wave theory (cf. p. 34). 

Ill the sequel we shall take the view, as far as the jjropagation of light 
is concerned, of the classical w^ave theory. We shall thus repress all 
doubts about the idea of a spherical wave that is coherent in itself and 
shall accejjt it as given in exj^erience. Whether this view is the funda- 
mental and final one must be left an open question ; it is at least ap- 
proximately justified by a general correspondence between wave theory 
and quantum theory. To account for the production of light by the 
process of atomic radiation, on the other hand, we must absolutely call 
in the aid of the quantum theory, in particular Bohr’s frequency law : 

Av == W« - W„ . . . . (1) 

*Verh, d. D. Phys. Gcs., 1916, p. 818; Pliysikal. Zeitschr., 18, 121 (1917). Sco 
also p. 106 of Tlie Quantum Theory ^ F. Keichc. Methuen & Co., Ltd. 
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This equation determines the frequency of the wave according to the 
theory of quanta. Besides frequency, however, a light wave possesses 
intensity, polarisation, and a certain measure of coherence (ability to inter- 
fere). The quantum theory seems at present unable to answer the finer 
questions touching the form of the vibrations, their arrangement in space 
and the space-time disposition of the train of waves. Here that is true, 
which may be said of every purely energetic treatment : the equating of 
energy — as is performed in our equation (1) — can never furnish more 
than one equation determining the course of the phenomenon. Jn the 
case of more than one degree of freedom the energetic view must be sup- 
plemented by a deeper dynamical treatment. 

Let us next enumerate the determining factors, accessible to observa- 
tion, of a monochromatic spherical wave (or one practically monochrom- 
atic) starting out from the point at which emitting atom is situated. The 
wave-length (or vibration number or frequency) is one determining factor, 
the length of the train of waves, the “ coherence length (number of 
successive wave-lengths up to the point of perceptible extinction of the 
phenomenon of “ vibration ”) is a second determining factor. (Strictly 
speaking, of course, a finite coherence length is not compatible with 
exact monochromatism ; we here mean the kind of approximate mono- 
chromatism such as is presented by a sharp but, of course, not infinitely 
narrow spectral line.) Three further determining factors are presented by 
considerations of intensity and iwlarisation. For if we draw two mutually 
perpendicular planes through a direction of emission chosen at random, 
we have in both of them a definite amplitude of the alternating electro- 
magnetic field and between both there is a certain phase difference of the 
partial vibrations. With these three data, the observable intensity and 
the character of the polarisation (linear, circular, or elliptic) is fixed for 
one direction. But it is not sufficient to furnish these data for any arbi- 
trary direction of emission, but rather this direction must be a unique 
axis for the spherical wave, in order that through it the distribution of 
intensity and the polarisation is determined for the whole spherical wave. 

At first sight it would appear that the existence of a unique axis con- 
tradicts the notion of a spherical wave. For a spherical wave is usually 
understood to mean a phenomenon that is propagated from the centre 
of the source of light symmetrically in all directions and in every respect. 
This view corresponds to our rough optical experiences but not to refined 
observation such as forms the basis of the theory of light. According to 
Maxwell’s equations (as well as the older ideas of elasticity) a spherical 
wave has always a unique axis both for the distribution of intensity as for 
polarisation. Only the phase of the light is distributed with spherical 
symmetry ; and only the wave surfaces, that is the surfaces of points in 
the same phase, in the case of a spherical wave, form a system of con- 
centric spherical surfaces. On the other hand the surfaces of points of 
the same intensity are by no means sphericak surfaces. Let us recall, for 
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example, the simplest case, in which, in the language of the classical 
wave theory a linearly vibrating electron emits the spherical wave. On 
account of the general character of transversality of the light vibrations 
no intensity is emitted in the direction of vibration of the electron ; the 
intensity is a maximum at right angles to this direction (cf. in this con- 
nexion the innermost curve in Fig. 11, which depicts this case of emitted 
radiation). The surfaces of equal intensity have therefore by w means a 
spherical shape, but, rather, the direction of vibration of the elec Iron is at 
the same time a unique axis of the distributmi of intensity. The same is 
true in the case, which, in the language of the classical theory, corre- 
sponds to an electron that executes circular vibrations. Heire the axis 
perpendicular to the vibration circle is a unique axis of 2 >olarisation, 
namely, the direction in which circular polarisation is observed, whereas 
in every direction inclined to this elliptic polarisation occurs, and in 
directions perpendicular to it, linear polarisation takes place. At the 
same time the axis mentioned is a unique axis of distribution of intensity. 
In this axis the intensity is a maximum, being, namely, twice asgreai as, 
for example, in the two directions at right angles to it. 

Now, an axis that starts out from the centre of the sphere is defined 
by tiro delermiiwuj factors, for example, two angular measurements. If 
we add to these the throe d(itermining factors which define the amplitude 
and the phase of the vibrations for this axis, and also the two first-men- 
tioned data relating to frequency and coherence, we get in all : ‘d 3 *f 2 
=s 7 determining factors or elements of definition for the spherical wave. 
(We give quantitative details of this in Note 9.) 

We require just as many equations of definition which will connect 
the light emission in the spherical wave with the changes of state in the 
emitting atom. Hereby we draw special attention to the following point : 
in general, according to the quantum view the atom and the “ ether ” are 
not connected with one another;* it is only during the process of 
emission that they ai e coupled together. In contradistinction to this, on 
the ordinary view of the wave theory, the electrons in the atom are 
permanently coupled with the ether; every change of motion of the 
electron produces wave radiation. According to this view we consider an 
electron active at the origin of every spherical wave, which generates in 
unison with the rhythm of its own motion the electromagnetic spherical 
wave. However convenient and however much accepted this view may 
be, yet we must free our minds of it. We must speak not of an electron 
but of a solution of Maxwell’s equations, which is determined by con- 
ditions of coupling in the process of emission between the atom and the 
ether. The more abstract mode of expression, to which we are forced, is 

* The objection lias been raised against tlio aceount given here that in tlio stationary 
paths, too, the coupling between the atom and tho ether cannot bo entirely detached : 
both the inner forc*es acting between tho nuclei and electrons, as well as the external 
forces of a possibly added electric or magnetic field are transmitted in tho “ ether.” 
The author finds himself compelled to admit that this objection is justified. 
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inevitable if we wish to follow out logically the view of the quantum 
theory. 

Let us now collect together the necessary conditions of coupling that 
may serve to determine the parameters of the spherical wave that enter 
into the solution. 

In eqn. (1) we have so far only one such determining equation, or 
two, if we take into account that hv determines not only the frequency 
but also the total energy of the spherical wave, that is, that eqn. (1) 
contains also a statement about the observable total intensity of each 
process of emission. 

To arrive at further determining equations we consider, besides the 
energy, the impulse or momentum of the atom, on the one hand, and of 
the radiation on the other. In mechanics the fundamental law is that of 
the conservation of viomentn7n (Galileo’s and Newton’s law of inertia), 
or, respectively, the law of change of momentum by external forces 
(Newton’s second law). The law of conservation of energy is derived in 
mechanics as a consequence of the law of momentum. 

In mc'chanics there follows, further, from the law of momentum the 
law of moment of momentum, in particular, the law of areas, which 
asserts the conservation of the moment of momentum for vanishing 
moments of the external forces. When, in the process of emission, the 
atom is coupled with the surrounding ether, we demanded by eqn. (1) the 
conservation of energy. The energy that is made available by the atom 
should be enlirel}" accounted for in the energy of radiation v, which is, 
according to the quantum theory of the oscillator, equal to hv. With 
the same right, we now demand the conservation of momentum and of 
the moment of momentum : if in a change of configuration of the atom, 
its uunnentmn or moment of 7iumientum alters, then these quantities are to 
be reproduced entirely and umceakened in the momentim and inoment of 
'momentum of the radiation. This postulate will furnish us with three 
further determining equations of the spherical wave. 

The conservation of momentum and of moment of momentum holds 
hereby, as in mechanics, only when the atom is subject to no external 
forces. If the atom happens to be in an external field of force, this in 
general changes the momenta and reacts with them. The momenta may 
then, instead of being transferred to the radiation, be partly passed on to 
the external field of force. We show this in the third section. 

To develop the equations in question — here for the case unem- 
cumbered by external forces — we must talk of momentum and moment 
of momentum of the atom, and then also of the momentum and moment 
of momentum of the “ ether.” 

The momentum of the atom does not mean the momentum of a single 
electron, which primarily brings about the emission of light through its 
change of motion, but the whole momentum of the atomic configuration. 

In the case of hydrogen, too, with its one electron, we are concerned 

17 
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not with the partial momentum of this electron, but with the wliole 
momentum of the tdectron and the nucleus. This is zero, if the centrf*. 
of gravity remains at rest while the electron rotates, no matter whether 
we regard the mass of the nucleus as finite and tak<' into account tlu» 
relative motion of the nucleus, or whether we consider the limiting case 
of an infinitely heavy nucleus at rest. The same is true, for an atom con- 
taining any number of electrons moving in any manncir : on account of 
the law of the 'persistence of the centre of gravity , the total momentum of the 
atom is zero in its initial configuration ; we assume that it is also zero in 
its final configuration, that is, that the atom does not, in emitting radia- 
tion, acquire a velocity as a whole due to a sort of rebound. As a matter 
of fact there is no sufficient reason why the atom, when it emits a 
spherical wave, should favour one direction of velocity more than any 
other.* Hence the change of momentum as the atom passes from the 
initial to the final configuration vanishes. No momentum is transferred 
f rom the atom to the ether. 

The position is, however, ditfei ent in the case of the moment of momen- 
tum. We designated this for the single electron, for example, the hydrogen 
atom, by p (or since it is allocated to the azimuth of the rotation). 
In the case of the nucleus at rest, it was equal to nJiflir) when we look 
into consideration the relative motion of the nucleus we had to sot the 
total moment oi momentum of the electron -f the nucleus ecpial to nhl^ir 
(cf. Chap. IV, 4, e(in. (fi), and also 5, p. 227). But also in the case 
of a more gtmoral atomic structure, which we lu'od not consider in 
further detail here, the resultant moment of the momenta of all masses 
(electrons + nucletis) is given by nhj^Tr^ in so far as no external field 
acts on the atom and thr 3 law of areas therefore holds. Jjet n denote 
also in this general case, the “azimuthal quantum number.” 

Thus everif change of the azimuthal (juanlwm number n denotes a 
change of tli,e moment of momentum. This wniount of •uioment of momentum 
cannot be lost but must be transferred from the atom to the ether, if both 
systems are coupled together during the 'process of emission. 

Before proceeding further, W(‘ shall interpose, as we have already 
done on page 21o, a few remarks to (excuse the use of the word “ ether.” 
From th(i point of view of the theory of relativity we must deny the; 
reality of a universal ether transmitting light. No optical system is 
favoured more than any other. None may claim the t]*ue ether as its 
own. If, in the interests of a convenient aiul short terminology, we 
desire not to give up the term ether, we must allow every system of 
reference its bwn ether, which enjoys no preference above that of any 
other system. We hereby merely express that in every system of 
reference the propagation of light follows the. sanies laws, namely, 

con ling to tlu5 point of view of tlic (ilcniontarv jmw'osscs with a definiU; 
diniction (cf. p. 254), the j)osition is ddTcn'iit; according to Kinsloin tlio emitting atom 
must then differ a rchonnd. 
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Maxwnirs equations. This is true in particular of the system of reference 
in which the emitting atom is at rest. We need not think of a material 
substratum when we use the word ether; in our inteipretation, the ether 
has no properties other than such as light itself possesses and such as 
arise out of the laws of the optical field. 

Itegarded from this angle, what interpretation are we to place on the 
momentum of the ether when we talk of radiation ? Every one is aware 
of the fact that light has energy which, taken from the source of light, is 
radiated out with the velocity of light. Thus the conception of energy 
becomes extended from material systems to the electromagnetic system 
of the ether. The necessity of ascribing to the electromagnetic field not 
only energy but also momentum was pointed out by Lorentz and later 
by Poincar^* and Abraham.t We shall give two grounds for this 
necessity, one that is experimental, and one that is theoretical. The 
pressure of light may be regarded as an experimentally established fact. 
A ray of light that falls on an absorbing body exerts on it a pressure in 
the direction of the ray ; a ray of light that is emitted by an emitting 
body exerts a reaction on the latter, like that of a cannon-ball on the 
cannon. The most striking theoretical evidence for the necessity of the 
conception of momentum in radiation is furnished by the relativistic law 
of the inertia of energy (cf. Chap. VIIl, 1). If energy has inertia and 
is equivalent to a certain mass, being equal to the energy divided by c-, 
the energy radiated out has momentum ; the mass that is equivalent to 
the energy here moves with the velocity c, hence the momentum, being 
mass times velocity, is equal to the energy divided by c. 

From this step we may conveniently arrive at the quantitative 
expression for the momentum of the radiation. The electromagnetic 
energy is, if measured in appropriate (so-called rational) units, per unit 
of volume. 

In the field of radiation E is numerically equal to H but perpendicular 
to it in direction, the direction of both being perpendicidar to the 
direction of the ray. In place of W^ we may, therefore, also write 

Wj = E^^ = = EH. 

Let lis denote the momentum, calculated for the unit of volume G. 
x\ccording to the Jaw of the inertia of energy, we have numerically 



c 
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EH 
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The direction of the momentum is the same as that of the propagation 
of energy, that is the direction of the ray. We express this by writing 

^ [EHl ^ S 

c (?- 


Arch. Nt^cr., 5, 252 (1900) (Loi^'trtz-Festsclirift). 
t Ann. (1. Phys., 10 , 105 (1903). 


( 2 ) 
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til accordance with Note 1 at the end of the booh |EH] the vcudor 
product of E and H, or S, is the so-called Poyntin^ vector of energy-flux. 
By including (as in Note 1) the factor iir in the denominator, we pass 
from our rational to the ordinary conventional units. Kqn. (2) is an 
expression of how closely connected momentum and ladiation is, and 
likewise the momentum vector G and Poynting’s vector S. 

Hitherto we have spoken of the momentum in the single direction of 
the ray, and now we must consider the momentum of the whole wave. 
It is certain that the process of emission in the spherical wave is a 
spherically symmetrical process : in spite of the above-mentioned differ- 
ences of intensity and polarisation within the spherical wave the radiation 
is in every radius equal and opposite to that in the corresponding dia- 
metral radius. From this it follows that the total impulse of the spherical 
wave is zero, not only for unpolarised radiation but also for any ai’bitrary 
state of polarisation. This result concurs with our above assumption 
that the atom, too, does not furnish the ether with momentum when 
they arc coupled. Thus tli.e conservation of ‘momentum imposes no other 
condition on the radiation produced than that it must he a spherwally 
symmetrical spherical ware. The corresjumdmf/ equation of condition is, 
so to speak, satisfied identically. 

The positkm is different, however, in the case of the moment of 
momentum of the spherical wave. The moment of momeiitum ])er unit 
volume of the ether is calculated as the ])roduct of the momentum G and 
the perpendicular from the ciuitre of the spherical wave. It is most 
simply expressed analytically, both in magnitude and direction, by the 
vector product (cf. Note 1) : 

M := [rG| (3) 

where r is the radius vector from the centre to the unit volume under 
consideration. Prom the moment of momentum of unit volume we pass 
on to the moment of momentum that is radiated out in all directions in 
the spherical wave by forming 

N-p/|r/,rM (Jj 

in which the first integral is taken over the whole time of the emission, 
and the second over the whole spherical surface of radius r. 

It certainly seems at first sight as if the moment M must vanish for 
each individual direction and hence also the total moment N. For if, as 
we said, G has the same direction as the ray and if this were the radial 
direction the perpendicular from the centre of the sphere to G would be 
zero and hence M would vanish. But we must notice that this deter- 
mination of the direction of the ray and the momentum is only asymp- 
totic and does not hold accurately for a finite r. Hence, in the integral 
(4), M differs from zero when r has finite values; when r increases to- 
wards infinite values, M does, indeed, decrease to zero but at the same 
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Lime Uie region of integration increases in proportion to the square of the 
radius of the sphere. This allows us to understand that both influences 
may compensate one another and that, in the limit for infinitely great 
distances, as well as for finite distances, N may have a finite value. Thus 
Ike total moment of momeiitiim of the spherical wave is in general not equal 
to zero but is finite in value. It is able to take up and keej? the amotmt of 
momeyit of moment um fiirnished by the atom. 

The considerations here sketched already show that the calculation of 
the moment of momentum of the radiation renders necessary the carry- 
ing out of a more elaborate passage to the limit ; we have done this in 
Note 9. The result is this : we calculate the moment of momentum N, 
which is radiated out, from the emitted energy W and the vibration 
number v, by means of the formula 


N = 


W sin y 

*^Trv Or + ir 


(' 5 ) 


To define a, h, and y, we first remark that a moment of momentum 
has an axis and hence defines a plane that is perpendicular to it. The 
axis of the moment* of momentum is identical with what we called above 
the unique axis of the spherical wave. If we represent the state of motion 
by a vector potential (designated by IT in Note 9), this vector potential 
may be resolved into two perpendicular components that are contained 
in the unique plane of the momentum. Then a and b denote the ampli- 
tudes of vibration of these two components of the vector potential, and y 
is the phase difference between them ; a, and y define what is called in the 
usual wave theory the vibration ellipse of the exciting electron. Follow- 
the usual terminology, we should call the unique plane of the moment of 
momentum the vibration plane. We must carefully note, however, that 
even if we adopt the convenient terms vibration ellipse (or vibration circle) 
and vibration plane, because we are familiar with them, we associate with 
them a different meaning from that in the wave theory. As already 
pointed out on page 2;j(), we do not speak of an electron that describes 
the vibration ellipse and that circulates in the vibration plane; in our 
account, the vibration ellipse occurs only as a characteristic of the 
phenomenon of emission and the vibration plane occurs only as the 
favoured plane of this process or of the corresponding vector potential. 
This potential itself is calculated, not from the motion of an electron, but 
from the conditions of coupling of the atom and the ether. 

How our view differs from the usual one based on the wave theory 
manifests itself, too, in the way in which we define the different special 
cases of polarisation. It is appropriate to our standpoint that we base 
this definition not on the particular forms of motion of a vibrating 
electron, but on the special values of the moment of momentum N, which, 
according to our view, determines the phenomenon of radiation. 

We thus state : the light is linearly polarised when the moment of 
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momentum N vanishes. By (5) this occurs when either a or b or sin y 
vanishes. The vibration ellipse then degenerates to a straight line, which 
has either the same direction as b (if a = 0) or of a (if i =* 0) or of the 
one or the other diagonal of the rectangle ab (if sin y =» 0). ''I he straight 
line is the axis of symmetry of the spherical wave. Its position allows 
us to determine for each radius of the spherical wave the direction of the 
electric force and the observable plane of polarisation according to the 
rules of the wave theory. 

The light is circularly polarised when the moment of njomentum N 
attains its maximum for a fixed intensity of the light {a^ + I’emains 
fixed), the values of a, b, and y being otherwise variable. This. maximum 
occurs when a b and sin y = +1 (phase angle y = + 7r/2) ; hereby, the 
factor depending on a, by y in (5) becomes equal to + 1. The vibration 
ellipse becomes a vibration .circle. Along tb * axis of the n oment of 
momentum, we have the circularly polarised light, being lej or ri(/kt 
polarisation according as y = + 7r/2, or y = - 7r/2. Tn all othei* direc- 
tions the light is polarised elliptically or, in particular, linearly (namely, 
perpendicularly to the axis of the moment of momentum). 

By setting the moment of momentum, calculated in (5), of the radia- 
tion equal to tlu* moment of momentum (by the principle of the coii- 
serv^atio!! of the moment of momentum) wliich is placed at the disposal 
of the etlun- by th(i atom when the latter changcis its configuration, and 
indeed, setting it equal both in direction and magnitude*, we get three 
determining e(|uations of the geometric chaiucter of the resultant 
emission. We thus get one equation by equating the magnitude, and 
two by equating the directions of the two moments of momentum. If 
one of the above-mentioned special cases occui’, we also get a statement 
concerning the chai’acter of the polarisation. The complete determination 
of the deiining factors enumerated in this section is, however, not yet 
hereby attained. Whereas we enumerated seven such elements above, 
we have here only five di^termining equations, namely, two in (1) and 
three in (5). (Concerning the “coherence length" in particular, which 
we counted as one of the det(jrmining elements of the spherical wave, it 
has been proved by interference effects of light for great differences of 
path, that such a coherence length must exist and must have a perceptible 
size. Important evidence on this (juestion is furnished by the quantita- 
tive measurements of the dying down Abkiiufjoi ’) of the luminescence 
of canal rays carried out by W. Wiess.* Whethm* we have from this to 
deduce the duration of luminescence of the individual elementary pheno- 
mena or rather the so-called “ length of stay " (“ Verweilzeit "), that is the 
time that the excited electron persists in its initial orbit, is still undecided. 

The problem of (leterniining fully the of emission 
has, indeed, been partially unravelled in the foregoing but it is not yet 


Alin. d. Pliys., 60, 597 (1919). 
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fully |olved ; we may say that ^/^ths of it are solved and the remaining 
^/^ths are still in darkness. But even if the whole seven, of the deter- 
mining elements were discovered, we should, still have to investigate the 
probability of the elementary processes, which alone defines the observ- 
able intensity of the spectral lines. This is a statistical question which 
we touched on in Chapter IV, § 7, page 247, and shall consider more 
thoroughly in Note 10; the steps here enumerated disclose nothing on 
this subject. 

In conclusion we shall point out those features in which our treatment 
and the classical wave theory agree and those in which they differ. 

They atjree in their views of the phenomena that occur in the ether. 
According to the wave theory, as well as ours, the ether vibrates, that is, 
it propagates alternating electromagnetic fields. We take over Maxwell's 
e(|uations, which define the ether and regulate its vibrations, directly 
from the wave theory. 

They differ in their views of the excitation of the states of vibration. 
According to the wave theory, the electron that excites the ether also 
vibrates, ft is forcibly coupled with the ether and impresses its time of 
vibration on the latter, wdiich, according to the wave theory, is prescribed 
by the nature of the bond between the electron and the atom. iVccording 
to the view of the (piantum theory, however, the coupling between the 
ether and the electron is less strong or more superficial. In its stationary 
oi’bits, the electron does not excite the ether at all, but is coupled to it 
only during the transition from one stationary orbit to another. The 
duration of vibi*ation of the radiation has nothing to do with the revolu- 
tion of the electron in its stationary paths. Even during the transition 
there is nothing in the atom that occurs in rhythm with the vibration 
number v. The ether demands its hv, the atom furnishes it by giving up 
an amount of energy W„ - W,,. The duration of vibration follows if these 
two (|uantities are equated ; at the same time, the polarisation follows if 
we equate the two corresponding moments of momentum. (It has, indeed,' 
boon suggested that the transition from the stationary initial orbit to the 
stationary final orbit takes place along a spiral, which is traversed with 
the frequency v^ This too specialised picture seems to us unfruitful. It 
is not ike atom that vibrates, hut the ciluir. The coupling between the 
atom and the ether is, as we said, more provisional in the quantum theory 
than in the wave theory. The atom gives the ether a certain amount of 
energy and moment of momentum. The ether does with this, what its 
nature compels it to do, namely, it transforms these amounts into vibra- 
tions of a definite state of polarisation. The coupling is of an integral 
kind, not of a differential kind that determines the infinitesimal elements 
of the process of vibration. 

Is this state of the theory only transitory, or does it denote an actual 
advantage of the quantum theory ? A theory should, indeed, determine 
the observable phenomena, but must not* over-determine them. There 



264 Chapter V. Wave Theory and Quantum Theory 

are in the spherical wave, as we saw, only a definite number of deter- 
mining elements or factors. Consequently a definite number of deter- 
mining equations also suffices. Our integral equations of coupling for 
the energy and the moment of momentum do not, indeed, furnish a 
sufficient number of such equations. But they determine several essential 
factors of the ether vibration and allow the atom on the one side, and 
the ether on the other, the necessary freedom to behave in their appro- 
priate manners, respectively, that is so that the atom suffers changes in 
stationary electronic orbits, and the ether undergoes vibrations. Of 
course, from the moment new empirical factors occur which do not fit 
into the scheme of the spherical wave \vith its finite numbers of para- 
meters, effects such as one-sidpd emission or similar phenomena, the 
theory must at once give up its general standpoint and must adopt iu*av 
and cautious hypotheses, also, for example, about the nature of the 
transition from the initial to the final orbit. 


§ 2. Principle of Selection and Rule of Polarisation 


In the preceding section we quoted tlie moment of momentum of the 
radiation of a spherical wave and we have derived it in Note 9. It was 


W 2a b sin y 
27rr a- -f /)- 


( 1 ) 


where W is the energy of the spherical wave ; 
quantity equal to hv, we get 

__ li 2ab sill y 
27r u- -f 6- 


as we have to set the latter 


( 2 ) 


where u, b, and y denote amplitudes of vibration and the phase difference 
of two mutually perp mdicular directions in the plains which is at right 
angles to the axis of N (“ viliration plane TLerein that which vibrates is 
not the atom nor an electron in the atom, hut the (dectromagnetic field 
in the ether, which we described by means of a vector iiotential in Note 9. 

The moment of momentum of the radiation must be equal to the 
change which the moment of momentum of the atom undei*goes during 
the transition from its initial to its final configuration. The atom is a 
closed mechanical system in which only internal forces act. Conse- 
quently the law of sectorial areas holds for each of its stationary forms 
of motion ; that is, the moment of momentum of the whole system re- 
mains constant during the motion ; there is a so-called invariable plane, 
whose normal is the axis of the moment of momentum. As in the case 
of the hydrogen atom this total moment of momentum p is fixed in terms 
of whole numbers by the quantum condition of the rotator Srrp = nh. 
Thus the change of the moment of momentum Ap is connected with the 
change A??, of the azimuthal quantum number by the equation 

\ K 


( 3 ) 
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By equating (2) and (3), it accordingly follows that 


An = 


2a6 sin y 
+ b'^ 


( 4 ) 


This equation holds with respect to both magnitude and direction. 

The numerical value of the right-hand side of eqn. (4) is less than or at 
most as great as 1, We have actually, since {a - >► 0 : 

a^ + ¥ >► 2ah .... (5) 

so much the more is 

a^ + 2ab sin y . . . . (5a) 

In place of this ineipiality we have the equality 

a- + //- == + 2ah sin y . . . . (5b) 

only in the case a = h, and sin y = +1, that is, y = + rrj2. In this 
particular case the right-liand' side of (4) hecon,es equal to ±“\. Hence the 
absolute value of the left-hand side of (4) is, at the most, equal to 1 : 

\An\<l (6) 

We first assume that the plane of the moment of momentum in the 
atom (the invariable plane) is the same before and after the transition. 
The vector qg of the moment of momentum which is perpendicular to this 
plane has therefore the same direction before and after the transition. 
Its change is equal to the algebraic difference of the two similarly 
directed vectors 2Ki 2K* Just like Aj), is calculated from the 
algebraic difference of the tw’o integral quantum numbers n„ and and 
is thus itself also necessarily integral. 

There are only three integers whose absolute value is not greater than 
I, namely, the numbers 

A7^ = + J, A?i = 0, \n = ~ 1. 

In the cases A?^ == ± 1, ecpi. (5b) holds ; the corresponding values of a, 
b, and y are fully determined and already given by eqn. (5b). In the 
case A7i = 0, the numerator of the right-hand side must, by eqn. (4), 
vanish. From this it follows that we must have either a = 0, or ^ = 0, 
or sin y = 0 (i.e. y = 0 or tt). 

For integral values of An u'e, thus have three ' 


/ + 1 a ~ b and y = -F 7r/2 

An — j 0 n = 0 or 5 = 0 or y = 0, i.e. tt = 0 . (7) 

[ ~ 1 a, ^ b and y = - 7r/2. 

According to the remarks on pages 261 and 262 of the previous para- 
graph the omitted light is left-circularly and right-circularly polarised 

respectively in the first and third cases, but linearly 2yolarised in the 

second case. 

In this way, by a remarkably rigorous process of deduction, reminis- 
cent of the incontrovertable logic of nufnerical calculation, we have 
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arrived from the principle of the conservation of raoni<‘nt of momentum 
at a prificiple of selection and a rule of polarisation. 

The principle of selection states: the azimuthal quantum mimber 
can at the most alter only by one unit at a time in changes of configuration 
of the atom. 

The rule of polarisation demands that if the azimuthal quantum 
number alters by +^1, the light is circularly polarised; if the quantum 
number remains constant, the light is linearly polarised. 

The principle of selection and the rule of polarisation, as well as the 
present method of deducing them are due to. A. Rubinowicz.* 

In the case of circular polarisation (An = + 1) there is a unique 
direction of the ray (normal to the vibration plane, axis of the moment 
of momentum in the ether) in which the polarisation appears circular, 
whereas in the gradually inclining directions of the i.iy it a])pears as 
more or less elliptic and liiially linear. This unique axis ot polarisation, 
too, is fixed by our argument. For eqn. (4) holds, as we said, not only as 
regards quantit} but also as regards dire.ction. On account of the 

equality of direction the axis of the moment of 
momentum N, that is the axis of the circular 
polarisation must coincide with the normal to 
the invariable plat\e of the atom h(‘fore and after 
the transition. 

On the other liand, in tlie case of linear 
polarisation (Am — 0) the dii’ection of polarisa- 
tion remains indeterminate ; our detci'rnining 
eqn. (4) assumes the form 0 = 0 and gives no 
clue about the direction. The conclusion which 
at once suggests itself, although it is not inevi- 
table, that where the direction of polarisation is 
thus indeterminate, nothing at all happens, that is that the case A/i = 0 
which could theoretically lead to lineai* polarisation can lead to no emission. 

Hitherto wt 3 have assumed that the moment of momentum p of the 
atom regains its axis during the change of configuration. We shall now 
make the more general assumption that this axis, and hence also the 
invariable ])lane of the atom (the orbital plane of the electron in the simple 
Kepler motions) changes. Then Ap is to be constructed vectorially from 
the moments of monumtum p,, and p^ before and after the transition, as 
shown in Fig. 75. Let 0 be the angle between the axes of the two 
moments of momentum before and after the transition. By Pythagoras' 
theorem, we get 



Ap Jpl: + j fir COS 0. 

* Bohrsclie Frequenzbediiigung tutd ErluiUang des Inipnlsmommtes, Pliysikak 
Zeitsohr., 19, 411 aud 405 (1918). 
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Moreover, on account of the relationship between p, Ap and w, Aii, ex- 
pressed in the figure, we also have 

All t= cos 0 ... (8) 

‘ At the same time, in the triangle formed from pa.Pe 9»iid Ap, the one 
side Ap is in general, according to Euclid, greater than the difference 
between the other two sides p^ and p«, thus 

Ap ^ 1 p,. - p. I 

for which, on account of the proportionality between p and n, we may 
also write 

\n > I n„ - n, (9) 

The sign of equality holds only when the triangle degenerates to a double 
straight line, that is = 0 ; this is the case which we have already 
considered, namely, in which p^ andp,. are in the same direction. 

The axis of the moment of momentum N of the spherical wave 
coincides with the direction of Ap, as is indicated in the figure. At the 
same time the vibration plane SS has been drawn in as a normal plane to 
this direction. 

According to eqn. (G) we now have 

A/^ < 1 (10) 

and, by (9), still more is 

i //, - n,. 1 < 1 (11) 

Thus our pruici'ple of Hclccfion still holds exactly as before under the 
])res(‘nt general assumption, that is: the azhiiuthal qnaniwii, number can 
cluuKjc by at nwst one unit during a c/udu/c of con Jig ur at km. 

In the fii’st and third cases, n„ - n,. = + 1, we also have Xn — 1 owing 
to the following double equation, aiising out of (9) and (10) : 

I : < A/;- 1 

hence we have, as remarked in the case of (9), 0 = 0. The relative 
position of the vectors p„ and p,. is, therefore, actually not shown correctly 
in Fig. 75; rather, this tigure degenerates into one in which pa p.» 
A2> and N all have the same direction. We then find ourselves again 
confronted with the conditions above considered and our rule of qyolarl- 
sation is also valid unchanged, that is : the light is circularly polarised and 
the vibration plane coincides with the invariable plane before and after the 
transitum. 

The position of things is not so simple in the second case w., - n^ — 0, 
which is represented in Fig. 7G. If we denote the common value of n„ 
and n„ by n^ then, as a result of (8), 

A// = n ~ CO8 0) = 2n sin 0/2 . 


( 12 ) 
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Hence from = 0, it does 7iot now follow that A?t == 0. in Fig. 

76, the vector N represents the axis of the moment of inoinentura of the 
spherical wave, which coincides with the direction of The corre- 
sponding plane of vibration SS is then the plane of symmetry between 
p„ and From (10) and (12), we see that half the angle between the 
directions of pa and jK is subject to the limitation 

siti @/2 < J .... (13) 


But we further wish to show that we now also return to the case 
initially considei*ed in which jKt arid p^ have the same direction, that is, 
in which the angle of inclination (t*) ^ 0. To do this we >’ofer to the 
spatial quantising of the orbits, which was treated in the hut section of 
the preceding chapter. As the spatial (juan* »sing could ther ‘ be carried 
out only for Kepler paths, we shall here also speak only of the o. oital plane 
of a single electron instead of the invariable plane of any ai bitrai y atomic 
system, but we shall finally allow ourselves to ext'^md this result lo the 
general case. 

We certainly have not now, in conformity with our assiimjition, an 



t^xternal field of force to which we 
may refer the orientation of the orbital 
plane. In the absence of sucli a liekl, 
w(^ shall adopt tht^ standpoint (cer- 
tainly rather risky) that the initial 
position of th(^ orbital jilane already 
defines a favoured direction in space. 
The normal of the initial orbit then 


takes the place of the direction of the lines of forci^, of which we spoke 
in Chapter IV, § 7, and the equation which forineriy determined the 
inclination of the orbital plane to the field of force, now applies to the 
inclination of the linal orbit to the initial oihit. By correspondingly 
replacing the former symbol a for th(‘. angl(‘ by W, and taking /q, it-,, to 
denote the quantum numbers of the final orbit in its orientation with 
respect to the initial orbit, we may write the equation referred to thus : 



( 16 ) 
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Now is a proper fraction, and n.^ is an integer. Hence the only value 

of n^ that is 'possible under these conditions is Wg == 0. But eqn. (14) then 
states that 

cos 0 = 1, 0 = 0. 

Thus the plajie of the final orbit coincides with that of the initial orbit. 
Accordingly, the more general case in which J),^ and are in different 
directions reduces to the previous case in which they had the same 
direction, and this happens not only for changing quantum numbers 
± 1» hut also for quantum numbers that remain equal, i.e. 

~ n,. = 0 . 

On the whole we have the remarkable result : the invariable j)lane of 

the atomic jdaiietary system {in the simplest Kepler case this is the orbital 
jdane) remains the same {is '' invariable'^ ) not only in the case of the 
stationary motions themselves^ hut also in the transitions from one such 
motion to another. If, in these transitions, the azimuthal quantum 
number changes by one unit, the light emitted is circularly jiolarised. If 
the azimuthal quantum number is to remain unaltered, only linear 2 )olari~ 
sat ion can occur ; but since the direction of the latter is indeterminate, we 
conclude that such transitions are not connected with emission. The general 
case of elliptic polarisation is suppressed by the quantum conditions {if the 
spatial quant inng is applied). 

In the whole of this section we have spoken solely of such transitions 
in the atom as may give rise to monochromatic emission. It is only for 
these that the preceding limitations and exclusions hold. Only when we 
assuni(3d the coupling lietweeii the atom and the ether, did we arrive at 
onr principle of selection and so forth, and only the combination of the 
two postulates that energy and moment of momentum are transferred to 
the ether, led to the eqn. (1) on page 264, from which we made our later 
infeiences. Phenomena that liave nothing to do with monochromatic 
wave radiation are not subject to the principle of seleciion. These 
include, for example, electronic impacts which throw an atom from its 
natural state into an excited state. In such a case we are dealing not 
with the combination, atom and ether, but with the combination, atom 
and impinging electron. Such occurrences have nothing to do with the 
principle of selection. 

How far have we got with the experimental proof of these results? 

It is evident that in an atom not subject to forces the rule of 2 )olarisa- 
lion eludes experimental proof. In this case every position in space is of 
e(|iial value with every other. Hence if the individual occurrence exhibits 
polarisation in conformity with the position of the atom, the observable 
total phenomena will still appear totally free from polarisation. This 
holds for hydrogen as well as foi- every othe^' atom. 

The position is more favourable as regards the rule of selection. In 
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the case of atoms other than hydrogen, it leads to important restrictions 
of the principle of combination, which we shall get to know in the next 
section, and thus finds clear expression in the general series scheme of 
these atoms. But in the case of the hydrogen spectrum, too, the rule of 
selection is accompanied by surprising consequences. The azimuthal 
quantum number n can change only into n + 1. Hence it follows that, 
for example, when H^or Hy are emitted, a circular orbit can never 
transform into a circular orbit , For 11^ (4->2) the initial orbit, if it 
takes the form of a circle, \vould have the azimuthal quantum number 

= 4, the final orbit the azimuthal number n-e — 2. This transition 
cannot lead to an emission; the “ether” \vould not be able to take up 
the moment of momentum \ii = 2. Thus the initial orbit of and 
likewise of Ily, 11,^, . . . must be an elliptic orbit; only in the case 
of Ila (3-5*2) can a circular orbit be transformed into a circular orbit. 
The final orbit in the cases Tl^, . , . may be a circle, bur need not 
be so. From this we see that the various possible o)‘igins, which we 
counted up on page 239, for Balmer’s lines, are considerably reduced by 
the principle of selection, and that Fig. 67 on page 218, which makes a 
circular orbit pass into a circular orbit for all Balmer lines, is incorrect. 

The possibility of proving the principle of selection experimentally is 
certainly as yet not offered as long as we maintain the standpoint adopted 
in the preceding chapter. From that standpoint all possible transitions 
coincide in one line and the ditferentiation betwecm circular and elliptic 
orbits seems at first sight impossible. This is diffenmt, however, if we 
adopt the relativistic standpoint, as wo. shall do in the final chapter; 
in this case each transition corresponds to a diffei ent component of a 
fine structure, and then it also becomes possible to test the princii)bi of 
selection quantitatively by spectroscopic experiments. 

But the rule of polarisation and the princi})l(i of selection enter fully 
into action only when an external lield of force is present, as in the Stark 
effect and the /(icinan effect. The next section is to serve as an intro- 
duction to these ))henoinena. 

^ 3. Emission in a Field of Force. Principle of Correspondence 

We assume the field of force to be an elcctidc field. On account of the 
very small order of magnitude of atomic dimensions we may certainly 
regard it as homogeneous. Thus the force has everywhere the same 
magnitude and the same direction. We determine the moment of the 
force for a fixed point O qf the atom, for example, for the nucleus situated 
at an arbitraiy initial point P, and re])re.sent it by a vector (at light 
angles to the ])lane througb O, P, and the diiciction of the lines of foi’ce). 
The component of this vectoi’ in the direction of the lines of force is then 
zero. According to nu^chanics, the moment of the force determines the 
change in the moment of momentum ; the moment of momentum is here 
to be calculated as the sum of the moments of momentum of all the 
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particles of mass of the atom with respect to the same point 0 and is 
likewise to be represented by a vector. Its component in the direction 
of the lines of force now remains constant on account of the vanishing 
of the corresponding component of the moment of the force, whereas the 
perpendicular component in the plane continually changes. Thus the 
law of areas holds, in its special form as the law of the conservation of 
the sectorial velocity, only for the direction of the lines of force. It is 
only for this direction that we have an areal (sectorial) constant. 

Consequently, we may demand the conservation of the moment of 
momentum during the coiqding of the atom with the ether only for this 
special direction. This already allows us to see that we can assign to 
the components of the moment of momentum that are perpendicular to 
the lines of force no delinite constant amounts that would be transferred 
from the atom to the ether during the process of emission. For these 
components change in the atom with the phase of the motion, and hfuice 
their difference in the initial and the final configuration would depend on 
that phase of the motion, in which we imagine the initial configuration 
to have ceased and the final configuration to have started. But in reality 
the process of emission must be delinite and free from such arbitrariness. 
Hence we conclude that only the constant component of the moment of 
momentum in the direction of the force can determine the emission. 

This component of the moment of momentum, and not the whole 
moment of momentum will now be eriual to according to the 

quantum theory. Let n be called the equatorial quantum number, ^^'e 
take the direction of the lines of force as our ;r-axis, and the perpendicular 
;r//-plane will be called the equatorial plane. Our present quantum 
nnm))er n refers to the circulatory motion in the equatorial plane and 
not as before to that in the invariable plane. Accordingly, let N, be the 
component, in the direction of the lines of force, of the moment of 
momentum of the emitted spherical wave. Wo take its mode of repre- 
sentation in terms of the amplitude and phase constants of the spherical 
wave from eqn. (23) of Note 9. Since we have now defined our co- 
ordinate system with reference to the field of foi’C(*-, and not, as before, 
with respect to the plane of vibration, three amplitude constants u, h, c, 
now occur, of which the third, c, refers to the .^-axis, whereas in our 
former orientation with respect to the plane of vibration this third 
amplitude constant dropped out. Moreover, there occurs in the quoted 
eqn. (23) a phase constant y, which denotes the phase difference between 
the a-vibration and the /^vibration (the .r- and the /y-component). Our 
representation of N, now be^comes 

N. = A y . . . (1) 

27r + 1 )“ “h 

This .' -component of the moment of momentum of the ether must be 
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equal to the change in the corresponding component of the atomic 
moment of momentum. We thus demand that 



where An is the change in our present equatorial quantum number, that 
is, simply the algebraic difference between its initial value and its final 
value 

From (1) and (2) it follows that 

. %ib sin y 

.1 

a- + + c- 

Just as ill the previous section we may now conclude : the numerical 
value of the right-hand side of (3) is necessarily < 1, for, as in eqn. (5) 
on page 2(15, 

a- + b ' > 2ab 

hence so much the more is 

ur + //- + c- > 2(ib sin y. 

Thus the right-hand side of (3) can be equal to ± 1 only if simul- 
taneously 

a == b, c — 0, sin y — ± 1. 

x\ccordingly the left-hand side of (3) must necessarily lie between the 
limits ± 1. As it is itself an integer, being the difference of two integers, 
it can have only the values 

An — +1, 0, -- 1. 

When All = ± 1, we get 

a = c = 0, sin y = ± 1. 

We have? a circularly polarised spherical wave (left or right). Its 

vibration plane is the equatorial -plane (perp(?ndicular to the direction of 
the lines of force), and its unuiae axis coincides with the direction of the 
force. The component of the vibration in the direction of the force, 
measured by the amjilitudc c, vanishes. The vibration ellipse becomes 
a vibration circle that is perpendicular to the direction of the force. 

When An = 0, we get, by (3), either a — 0, or b ~ 0, or sin y — 0. 
This suggests the conclusion that only the z-compionent of the vector 
potential can be present, that is, that both a — 0 and b — 0, whereas only 
c ^ 0. To determine this, we set up the following line of argument that 
is not, however, inevitable. The polarisation must be fully determined 
in this case as in every other. On account of the field of force the ; 2 ?-axis 
and the equatorial plane xy are uniquely determined, but within this 
plane every direction is of no less and no more value than any other. If 
rt = 0 and b ~ 0, then the ;<i/-axis would be favoured as a direction of 
vibration as compared with the ic-axis. It 6 = 0 and a ^ 0, the J 7 -axis 
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would be favoured. If sin y — 0, we should have a linear vibration in 
the direction of the resultant of the two amplitude vectors a and h, and 
ihis direction would then be favoured above all other directions of the 
equatorial plane. There is no physical reason that this should be so. 
But the necessary equality of value (equivalence) of all equatorial 
directions is, however, brought about if we set a = b = Oy whereby the 
eqn. (3) is likewise satisfied for the case = 0. Thus we are left with 
only the amplitude of vibration c, which is actually favoured by being in 
the direction of the lines of force. Tlie spluirical ware prorhiced in then 
llnearhj polar had and ike direction of the force in the axin of sijinmetry of 
the linear 'polarisation. 

Tile, difterence in this i*esult and in the mode of inference compared 
with the case in which there is no field of force (p. 2G7) is to be noted. 
In the latter case, the vibration vector (a, b) lay in the orbital plane (in- 
variable plane) of the atom ; in accordance with the dehnition there was 
no c component perpendicular to this plane. The equivalence of all 
directions within this plane therefore led to the conclusion: a = h 
— c ^ 0, that is to no emission. In the present case, on the other hand, 
the (/'-component is favoured by being in the direction of the lines of 
force. Our corresponding conclusion is here, therefore, a = /> = 0, 
c ^ 0, that is, linear 'polar isa-t ion alony the z-axis, 

Moreover, whereas in the case in which no forces were present, we 
could prove that the orbital pkim (or the invariable plane, respectively) 
was preserved during the transition from the initial to the final state, 
tliere is no (Question of this in the present case. Under the influence ot 
an electric field the orbit of the hydrogen electron is not plane, and a 
more general type of atom has no invariable plane. But even under the 
influence of a magnetic field, in which we can, in a certain sense (cf. S 6; 
speak of a plane orbit of the hydrogen electron, this plane is not pre- 
served in the transition. 

Summing up, then, we may say that also in the presence of an ex- 
ternal fi(dd of force the rule of polarisation and the principle of selection 
is confirmed ])rovided the appropriate changes are introduced which are 
given by the existence of a unique direction of the force. The rule of 
‘polarisation states that the axis of symmetry of the linear or the unique 
axis of the circular polarisation, respectively, now coincide with the 
direction of the force, whereas, earlier, the same axes were only relatively 
orientated to the state of motion of atom, but could have any arbitrary 
position in space. The principle of selection now refers simply to the 
equatorial quantum number, which is associated with the component of 
the moment of momenium of the atom in the direction of the lines of 
force, just as earlier the azimuthal quantum number was allocated to the 
whole moment of momentum. 

Through the 'resiriclion to one direction of the comjJonents the effect of 
the 'principle of selection is clearly toeakened. This is seen vei'y simply if 

18 
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the assumptions are as in § 7 of Chaper IV (limiting case of a field of force 
of intensity zero). There the azimuthal quantum number n allowed 
itself to be resolved into two parts, the equatorial /q and the “ latitudinal 
quantum number” ^ 2 * By merely taking over this resolution and the 
consequent change in terminology (yq in place of the previous n for the 
equatorial quantum number, and n for the quantum sum 7i, + yq), we 
may say : our principle of selection restricts only ?q lt*aving /q free. 
But through this the limitation of n is partly removed. Instead of 
I A/i I ^ ifi the case without forces, we have now | A;^J | < 1, whereas 

A?i = A?q Ayq ^ ^ + A?q. 

On account of the freedom of A;q, A;q too, is now capable of assuming 
also values above 1 (or below - 1, respectively). 

We apply this to an actual case by passing from the field wnth a 
definite direction of the lines of force, as hitherto considered, t(» a field in 
which the direction of the lines of force are unknown and change from 
atom to atom. 

Electrically such a field is realised by a discharge tube of high current 
density. Eree charges occur in it which produce spherical fields of foi’ce 
distributed arbitrarily. Dilferent atoms are then under the influence of 
forces which differ in direction, and one and the same atom is subject 
to forces that vary with the time. 

In this case the component of the moment of momentum in the 
direction of the lines of force and the corres])onding equatorial quantum 
number are not observable since the direction of the lines of force is not 
defined. Only this equatorial quantum number, however, is restricted by 
the principle of selection. In the case of the azimuthal quantum num- 
ber, which is alone observable, the principle of selection does not come 
into effect. So we arrive at the following conclusion wliich has been ex- 
cellently confirmed by experiment (cf., for example, 2 of the next 
chapter) : when the electric current densU/j in the diachanje tube w high 
the •principle of selection is rescinded. 

What we have said here about electric force (in a definite direction) 
will also be applied to maijnetic force, but with certain alterations of the 
argument, for which we refer to G of this chapter. 

Einally we have yet to speak of ideas of quite a different type, by 
which Bohr has arrived at the same results as ours in his latest i-e- 
searches,* and has, indeed, partly gone considerably beyond them. Bohr 
has set up a general “ Principle of (Correspondence between the Wave 
Theory and the Quantum Theory” which is added to the quantum 
theory as something foreign to its nature. We sketch it here for only 
the simplest case of purely periodic orbits ; we give its general formula- 
tion in Note 10. 


Kojjonhageuor Akademie, 1918 (so far, Parts 1 and 2 have appeared). 
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§ 3. Emission in a Field of Force 

In a mechanical system that periodically executes a cycle there 
belong to the stationary orbits of infinitely great quantum numbers a 
rotation number (“ Umlaufzahl ”) that agrees with the vibration number 
(frequency) calculated according to the quantum theory for the transition 
of the electron from one such stationary path to a neighbouring path (cf. 
Note 10, in which the proof is straightway given for the general case of 
a conditionally periodic system). Since, according to classical electro- 
dynamics, the rotation number of an electron coincides with the vibration 
number of the light- wave which it emits, we may say that in the region 
of infinitely great (juantum numbers, the vibration frequencies coincide 
in the classical and the quantum theory. Moreover, since in atomic 
systems of the Bohr type the rotation number decreases to zero as the 
quantum number increases, this is in harmony with the theory of heat 
radiation for which, likewise, in the region of infinitely slow vibrations 
the results of the classical theory are confirmed by the quantum theory 
as well as by experiment. But the classical theory makes definite state- 
ments not only about the frequency but also about the j^olarisation and 
the intensity of the emitted vibrations. We can raise no objection, in 
the light of what we have just said, to regarding these statements as 
trustworthy, too, in the region of infinitely slow vibrations. Now, Bohr 
extends these statements, by extrapolation, to the region of rapid vibra- 
tions, too, that is he passes from infinitely great to finite quantum num- 
bers. The justification for this can be found only by agreement with 
experiment. And experiment does, indeed, give convincing evidence in 
favour of Bohr’s extrapolation. For Bohr derives by this means not 
only the rule of polarisation and the principle of selection as well as their 
non-validity for cases in which external forces are superimposed, but he 
and his pupil Kramers,* respectively, also find that when the intensity 
of the spectral lines is determined in the above way the results agree 
remarkably well with experiment. 

Our object in the above discussion was the reverse of Bohr’s. In 
leaving incomplete our process of finding the determining elements, in 
the wave theory, of the process of emission, we wished to fit wave theory 
and quantum theory together according to the immediately evident 
maxim of the conservation of energy and momentum and to prove that 
the conception of two views are compatible with each other. On the 
other hand, Bohr has discovered in his princijjle of correspondence a 
magic wand (which he himself calls a ‘‘ formal ” principle), which allows 
us immediately to make use of the results of the classical wave theory in 
the quantum theory. For the rest, in his discussion of the results, he 
also refers to the conservation of the moment of momentum, as a 
possible means of explanation, quite independently of, although simul- 
taneously with, Rubinowicz. It is a source of satisfaction that Bohr’s 

* U. A. Kramers, “ Intensities of Spectral Li^es,” Kopenhagener Akadcmie, 1919, 
p. 287. 
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method and our own, in spite of tluur op[)osite stii i tin/^-points, ;i; 4 r(‘(‘. in 
their essential results. 

II(‘rehy Bohr’s method is not only of great(u* i onsetjiKuuK'. in the. 
question of inteuisity, hut also leads to sliarper and nior(^ (U*jinite results 
as regards the (jiiestion of polarisation. Whereas we, in th(^ case A/i ~ 0 
(cf. })p. 2()6 and 272), attained our object only as a result of plausible I’e- 
liections, the principle of correspondence comes to its decisions by un- 
ambiguous analytical criteria, namely, that in the case in which forces are 
absent the radiation is absent, and that when there is a field of force 
there is linear polarisation in the direction of the lines of force (details 
in Note 10). 

In the matter of method the principle of cori’espondence has the great 
advantage that it postulates that MaxwelFs theory be generally valid for 
long waves (Hertzian vibrations of wireless telegraphy), and that it does 
not throw overboard the many useful results, which the classical theoiy 
gives foi* optical waves and Eontgen rays, but makes fundamental use 
of them. From this point of view the quantum theory seems, as Bohr 
has several times emphasised, not to deny the classical wave theory but 
systematically to extend it. 

We have to recognise the complete superiority of the principle of 
correspondence in the matter of atomic models. For here Bohr seems 
to have succeeded (cf. pp. 59 and 109), by using classical mechanics and 
electrodynamics, in arriving at definite statements about the periodic 
system and the atomic shells, wliich would have been inaccessible by any 
other route. 

4. The Orbits of the Hydrogen Electron in the Stark Effect 

The influence of the electric field on the emission of the Balmer lines 
was discovered by J. Stark* in B)13 and was examined by him in the 
succeeding years experimentally in an exemplary fashion as far as all the 
details of the fine-structure t and polarisation, not only for liydrogen, but 
for a series of other elements. He, Li, etc. It was a happy coincidence 
that in the same yeai , 1913, Bohr’s spectral th ory was proposed and 
was elaborated far enough to be able to grapple with the problem of the 
electrical resolution of hydrogen lines. The solution of the problem 
was obtained simultaneously and along essentially similar lines by K. 
Schwarzschild I and P. Epstein in 1910. Whereas the classical theory 
failed completely, the (quantum theory yielded all the many details of 
Stark’s observations of the fine-structure in such complete coincidence 

* Berliner Sit/uiit<sb<jr., Nov., ; Ann. cl. Pli>s., 43, HbS and 1)88 (11)11). A 
sninnmry lia.s been given by J. Stark, Elekh'isrhe S]n>kt7 (ilanaUjse. Leipzig (llirzcl), 
11 ) 11 . 

t (lottingcr Nacdir., Nov., Kill. 

it iv. Schwarzschild, Zilv Qnnntenthctww, Berliner Sitzungsber., April, 11)10, pub- 
lished on 11th May, the day of Schwarzschild’s death. 

P. S. Ejistein, Znr Thcorie des Starkcjff'Mes, Ann. d. Pliys., 50, 498, (1910). 
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witli experiment that it was no lonf^er possil)le to doubt the eorrectness 
jtnd unainhi^uity of the solution found. 

We shall just shortly remark on the ex])eriinental diflieulties of the 
])iol)lem. The o))ject was to subject hydrogen atoms during theii* emis- 
sion to a j)owerfuI (deetric held of, say, 100,000 volts per cm. This was 
not possible witli the ordinary arrangement of the Geissler tube, in which 
the hydrogen linr*s are usually produced. Geissler tubes are cornpara- 
tiv(;ly good conductors ; an electric field in it simply collapses. Stark, 
th(Tefore, used in place of the Geissler tube the luminescence of a canal- 
ray tube in a layer directly behind the perforated cathode. By using an 
oppositely charged electrode placed parallel and close to the cathode, he 
was able to generate a uniform and measurable electric field in a space 
of a few millimeters. The shortness of the space between the electrodes 
of this additional field not only favours the production of the resulting 
great potential drop bub also prevents (in accordance with the peculiar 
laws of the production of the dark space in discharge tubes) the occur- 
rence of a spontaneous discharge between the electrodes. Ihe potential 
difference is great enough to influence effectively the canal-ray ions that 
fly through the perforated cathode in the usual way and to distort per- 
ceptibly the elec ronic orbits which are being traversed in them. 

In contradistinction to Stark, Lo Surdo* uses as a means of influenc- 
ing the plienonienon of limiiiuiscence no additional field but the field of 
the discharge tube itself, and, indeed, the })art within the dark space of 
the cathode. Thus his method sacrifices quantitative definiteness and 
homogeneity of field but offers special advantages for the purpose of 
qualitative observations. 

The general experimental results of Stark and liO Surdo, respectively, 
were : — 

1. Every Balnier line becomes split up into a number of components. 

2. The number of components increases with the scrit^s number of the 
line. 

d. The components are linearly polarised when viewed transversaUu 
(transverse effect), being polarised partly parallel to the field (p-compon- 
eiits) and partly perpendicularly to it (s-cornponents). 

We must then first define clearly what these terms usually signify. 
In the case of the j;-components the directwn of the electric vibration in 
the light ray at the point of observation is p)arallel to the lines of force 
of the extei-nal field ; in tliat of the .s*-compononts, the direction of the 
electric vibration is perpendicular to these lines of force. Thus it is not 
the position of the 0 })tical plane of polarisation, as shown by a Nicol’s 
prism, that is lo serve to distinguish “p” and “ .s.” Since, as we know, 
the plane of polarisation in the light I’ay is perpendicular to the direction 
of eU^ctrical vibration (or, what is the same, it passes througli the plane of 
magnetic vibration), w(i should have to tratjspose the terms p and s if we 

* Accad. dei Liiicei, 23, 117, 143, 252, 32V) (1914). 
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judged them according to the plane of polarisation. The use of the 
words '' parallel *’ and “ perpendicular,*' as here applied, arose historically 
out of the ideas of the classical wave theoiy\ If we imagine a vibrating 
electron to be added to the place at which the emitting atom is situated, 
then the wave emitted by this t^lectron would have, according to the 
classical view, a direction of electric vibration that would have the same 
direction as the component of acceleration of the electron (v,, in Fig. 7) 
that is effective in the direction of emission in question. The j?- and the 
s-components thus arise, in classical language, from vibrations of an ex- 
citing electron, which take place parallel or perpendicularly to the line 
of foi’ce of the exteinal fudd, 

4. When viewed loiigitudinaUif (longitudinal effect) the /^-componerus 
are invisible and the .s^-components are impolarised. 

5. The intense ^^-cornponents in general lie on the outside, and the 
intense 6‘-components on the inside, 

G. In the case of hydrogen the resolution and the polarisation are 
distributed sijmntctriadli} on both sides of the original line, but in the 
case of other atoms, the distribution is largely unsjfmmetrlcal. 

7. The distances of tlie components from the centre ai’e, in the case 
of hydrogen, whole multiplies of a certain smallest distance hetv'cen the 
lines, and indeed, measured in the scale of vibration numbers, thei-e is 
the same line-interval for the various hydrogen lines. 

8 The resolution (in particular, this smallest lino-interval) increases 
proportionalhj with the field. 

We have already formed in Chapter IV, page 237, a general theoretical 
idea of the cause of the Stark effect. ' We spoke there of the various 
possible ways in which one and the same Balmer line may be produced 
by circular or elliptic orbits with the same quantum sum. These various 
modes of origin certainly coincide in one line if no external field of force 
is present (and if, see Chap. VI fl, S 3, we leave out of consideration the 
relativistic fine-structure). But they become separated if a powerful 
6ilectric field is imposed. 

Thus the Stark ejject denotes the artificial separation of the various 
possible modes of production, whieJu origiiuUliJ coincided in a Balmer line, 
of the initial and the fiaial orbit, this separation being effected by the a2)pii- 
cation of an external electric field. And, owing to the spatial position of 
the orbits, the composition of the same quantum sum out of three (juantum 
numbers n^, 9i.,, and n.^ is involved. This is easily understood from the 
fact that the effect of the electric field on the orbits of the hydrogen 
ehictron will be found to depend not only on the shape and size (two 
quantum numbers) but also on the spatial position of the orbit with 
respect to the electric lines of force (third quantum number). These 
orbits are in the electric field, no longer, of course, circular and elliptic 
but are moni complicated curves. Our object is to select from the totality 
of mechanically possible orbits those that are distinguished in the light 
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of the quantum theory by choosing three appropriate quantum numbers 
^i» by representing the orbital energy as a function of these 

quantum numbers. To each Such quantum triplet Wj, in the initial 

and the final orbit there corresponds in general a different component in 
the Stark fine-structure. The increasing number of components in the 
series of lines Ha, Hy, . . . becomes immediately intelligible from 

this. As the quantum sum of the initial orbit gradually increases, the 
number of the quantum triplets into which this sum may be resolved 
also increases, and, in harmony with this number, the number of compon- 
ents of the corresponding picture of resolution in the Stark effect increases. 

We now consider the mechanical problem : how does an electron 
move when under the influence of a fixed nuclear charge E (in the case 
of the hydrogen atom this E == e) and under the simultaneous action of 
an external homogeneous electric field of force of the intensity E ? This 
problem is contained in the more general one : how does a point-mass 
move when under the influence of two arbitrary and arbitrarily placed 
fixed (Newton-(Joulomb) centres of attrac- 
tion ? The appropriate co-ordinates for the 
treatment of this general problem are (accoi d- 
ing to Jacobi) the parameters of the families of 
confocal ellipses and hyperbolic that are de- 
sci’ibed about the two centres as foci, together 
with the angle counted from the line connect- 
ing the centres. If one of the centres is taken 
off to infinity whilst its attractive power corre- 
spondingly increases, the general problem re- 
duces to our special one ; at the same time the 
systems of confocal ellipses and hyperlx)la3 re- 
solve into two families of confocal parabolas of which the second fixed 
centre, the nucleus, is the focus, and the field direction through it is the 
common axis. We call the parameters of these two parabolic systems 
^ and rj. They, togethei’ with the angle ij/ counted from the direction 
of the axis, are the co-ordinates which we shall have to use in our special 
problem. 

In Fig. 77, O represents the nucleus, x the direction of the lines of 
force. The parabolas ^ = const., yj = const., respectively have the 
equations : 

g + 2.r=.,« = . . (1) 

4 :- ir 

For each point P (.r, y) of the plane we calculate by means of these 
equations the para i eters f, rj of the two parabolas which intersect at P. 
These two parameters may serve in place of .r, y to define the point P, 
and hence also to determine the position of the electron within the plane 
of the diagram (“ meridian plane ”). To Jix the position in space we use 
as the third co-ordinate the angle if/ that the meridian plane which passes 
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through the position of the electron at the moment in question makes 
with an arbitrary fixed meridian plane. 

In the figure the lengths OP = r and PP' = ds are also drawn. The 
potential and kinetic energies of the electron are calciilatinl from them. 
We show how these expressions are derived, and also how the pai abolie 
co-ordinates arc naturally introduced that lead to the eqns. (1) in Note 1 I 
at the end of the book : hero we write down at once th(' expression W 
for the total energy. In forming this expression as a function .of the 
co-ordinates of position r/, if/ and of the corresponding momentum 
co-ordinates Hamilton's function 11 (cf. Chap. IV, 

1, p. 194) : 

W = II = (i'l + vl + ( I. + 

-f (^) 

The relationship between the momentum co-ordinates and the velocity 
co-ordinates 7/, ij/ is given by the first triplet ol Hamilton’s eijuations, 
of eqn. (4) on page 194 : 

dij _ MI _ dif^ ^ P3N 

(it ~~ ~ niU‘" + T)’ dt ~ + ff}* <(( m$hp 

The second triphit of Hamilton’s e(]uations then states how the //s alter 
, dynamically : 

dpi: _ ^ ;MI (Ijp, _ __ tHJL dp^ ^ MI __ 
dl M-’ dt M/’ dt ^ ^ 

The last of these equations shows that 'p^|, is a constant. This is nothing 
new to us for we saw on page 271 that in a homogeneous electric field 
the moment of momentum about the direction of tluj lin(‘S of force (even 
when the atom has a complex configuration) must be constant ; accord- 
m is the “equatorial ” areal constant. 

The first two e(|ns. (4) an‘, if w(' re])lace H by tlui constant value W 
which it has after the ditlerentiation has been jierformed : 


tips ^ y j 

fJt miC- + r) ( 

(h'r, ^ I J 

dt m(f'- -f 7p) ( 


27/if W + 


-f 


Vl 

vl 




2/;^rt 


4- 2//<-id^V/'^| 


(5) 


If we divide these two equations by th(i first two eqns. of (3) I’espectively, 
the differentiation with respect to / drops out in accoi'dance with the 
scheme : 

V/y>^ . di ^ dpi: dp,, , (Ipi ^ dp,, 

dt dt df ’ (it ■ dt (Li 
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and we get 

- 2me¥e 

P’f^^ 2mW// + 2TOePV 


( 6 ) 


It is worthy of note that the right-hand members of (6) are pure 
functions of ^ and We may therefore integrate and thus get p| as a 
function of and 7/® as a function of : 


= \//\($), where /,(f) = ~ meF^^ + Cj j 

Prj = \//o(^/)’ where /^('//) = 2mWy/- ~ + vieFrj-^ + C^_.j 


0^ and are constants of integration. They become reduced to only 
one constant since must satisfy the equation of energy (2;. Tor 

if we inseit^^l +7/^ = ./’i +/o from (7) into (2), it follows that (Ij + C.^ = 
imeY^. Thus w(i may set 

(], -= 2m{eYx - /i), C., = 2m{eYj + /:-’). . (7a) 


where is now the arbitrary solely remaining constant of intf^gration. 
Kqns. (7) are derived a little more shortly and less artificially by the 
method of nepar at ion of variables in Note IJ. 

The essential result of our treatment so far is : Ike parabolic co- 
ordinates of momentum are square roots of sim])le rational functions of 
the parabolic co-ordinates of position. 

From this theorem a general inference may be drawn, without further 
calculation, concerning the form of the orbital curves. Firstly, we see 
fi’om (7) that during the motion ^ is limited to values for which > 0, 
since must be real. Hence the extreme values that f may assume are 
the roots of /i(^) 0. We denote them by and In the case 

F = 0, for which /\ — 0 becomes a quadratic equation in f-, there are 
only two positive roots. In the case F 0 a thiid root comes from 
infinity but it does not come into consideration for us ; thus we take 
and ^,„ax to denote those two roots tliat proceed by continuous 
development from those of the case F = 0. 

We next show that in the coui-se of the motion f increases continually 
from to ^ were to altei- the sense of its progressive 

increase, we should have to hav^ f = 0. But then, by (8), pt ~ 0. By 
(7), however, p^ cannot vanish if /', = 0, that is if ^ or Thus 

f changes the sense of its progressive increase when it starts from 
V == for the first tim<^ at the point ^ Whereas hitherto 

from now on, the negative sign of the square root holds; when 
<0, we have, by (3), ^<0. 

The decrease of t now continues until and then passes over 

into a phase of increase, and so forth. We see that, in the motion ^ is 
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confined to the region between i,nin (i^^d ^„iax conti nnallji traverscH lids 
hi alternate senses. The same holds for g. Here, too, th(' roots and 
Vmax of/ofv) = ^ form the reversion pointsor “lihration limits” (Lihrations- 
i]ren:'en) for the progress of the r/-co-ordinato. At tho sanui tiiiKi we have 
in this behaviour of ^ and a tyjncal example of tiie ^eiu'ral course of 
motion in the case of all “conditionally periodic systems” (cf. Note 7, 
No. 2). The continuous lihration of the co-ordinates is proved in the 
general case just as in our special case. 

The main features of the form of the orbits in the Stark effect are 
now exposed. In Fig. 78 we exhibit the curved quadrangle which is 
formed by the parabolas ^ ^ = imax^ V = Vmin. and rj = rjy^ax- 

The orbital curve is enclosed within these limits ; it alternately touches a 
and an 7]4imit, and in the course of time closely coiners the whole of the 
carved quadrangle. Our figure exhibits the conditions only in the 
meridian plane, that is, in a plane ^ 
ij/ = const. Besides the motion in 
this plane a rotation of the plane in = o am 

space about the direction of the lines / 

of force takes ])lace in which the 
moment of momentum is constant. 

By eqn. (8), there corresponds to it a / 

quantity, the rotational velocity, \j/, - \ 

which is variable within certain limits. 

Hereby the plane oi bital curve shown ^ 

in the figure becomes a syatial orbital 

curve ivhich C( nit inn ally circles round 

the direct ion of the lines (f force. \ 

Only in the special case = 0, 
in which ij/ also — 0, the meridian 78 . 

plane remains at rest ; the electron 

then describes a plane orbital curve in it. From the expression (7) for /\, 
it follows that when ])^ = 0 one of the roots of f^ = 0 vanishes. For if 
we multiply throughout by the denominator we get 

f-(2wW^“ - + 0^) = 

thus 

== 0 when 2^ = 0 

and likewise it follows that 


Vnih, = 0 when — 0. 

But by Fig. 77, f = 0 and 7 ; = 0 respectively denote double the negative 
or the positive .7-axis, Instead of the point of contact of the bounding 
parabolas and in Fig. 78, there then occurs an intersection of 
the j;-axis on both sides of the nucleus. The orbital curve then assumes 
th(^ form of Fig. 79, 

Just as the orbital curve in Fig, 78 everywhere closely filled the 
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whole ( urved quadrangle hoUv^jm the hounding i^arabolas 

r/nn,x> or tht^ whole ring region, in a spatial sense, between the corre- 
s])on(ling paraboloids, so also the whole curved two-sided space between 
th(} bounding parabolas is everywhere ciosely occupied in the course of 
the motion by our plane curve in Fig. 79. From this it follows that our 
electrcni must linally, some time 
or other, collide with the nucleiin. 

The special case = 0 in the 
Stark effect is thus analogous to 
the special case of an ellipse 
that degenerates into a double 
straight line in the case of the 
Kepler motion (cf. the dotted 
lines in Figs. 71a, n, c, n). We 
shall draw here the same infer- 
ence as in the Kepler case, 
namely, that this orbit which 
lies in the meridian plane and which collides with the nucleus cannot 
exist as a stationary state of motion and is to be excluded from the series 
of quantum states. 

Now that we have discussed the essential features of the mechanical 
aspect of the problem, we turn to the quantum aspect. It is clear that 
we shall have to apply the quantum conditions to our co-ordinates f, rj, if/. 
Taking n.^ to denote integers, we then postulate 

•in' 

- Iiyh, ifp/hi = nji, • • (■<) 

we call W.J the equatorial (luantum number. The integration with respect 
to ij/ is to he taken over all positions if/ of the meridian plane from 0 to 
27r. Since 7)^ is constant, we get 

2Trp^ = n.Ji, p^ - ... (9) 

My may assume all integral positive values except zero. We exclude zero 
on the ground of the collision between the electron and the nucleus con- 
sidered above. 

Let and n., be called parabolic quantum numbers. The integration 
with respect to ^ and r/ refers to the whole of the region of values of these 
variables, that is, in the case of fi om tuin to and back to and 
correspondingly for rj. In eqns. (8); this closed integration path is denoted 
by the sign O- It may also be replaced by twice the one way from 
to or from rfniia to y,aax respectively. But it is better to take full 
advantage of these simplifications that result fiom the circumstance that 
the path of integration is closed. This occiu s in Note 6 in sub-section /. 
n^ and may assume all positive integral values includiwj zero. The 
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case 7 ?j = 0 denotes that the int('^^ration path in the lii’st intc'j^n-al (8) 
shrinks to the length zero, that is^ that ~ In this erase* the 

eqn,/j == 0 has two equal roots. The two hounding' [)ar.il)olas t - t,„ni 
and J in Eig. 78 merge into one and Uu*, oihital eui’ve rims to and 

fro on this bounding parabola hetwc'en the limits and tfnxtv- (Con- 
sidered spatially, it then lies on a paraboloid of re'volution, of which it 
everywhere completely covers a poi'tion enclosiHl bi'tweeii two ])arall(‘l 
circles. The same is true for ~ 0, in which htuiomiis e(]ual to 
Since these paraboloidal orbital curves alwnys remain at a Unite 
distance from the nucleus during the whole course of the motion, there 
is no reason for excluding them from the family of stationary curves. 

The case = ;r> = 0 also belongs to the possii)le stationary orbits. 
It is characterised by two pairs of coincident roots : -- $„nt.r 

simultaneously, = y],aax‘ The curved quadiiingUi of Fig 78 contracts 
into a point and the orbit consists, regarded s])atially, of a circle that is 
described about the direction of the lines of force. Its centre does not, 
however, coincide, as in the case in which no forces are present, with 
the nucleus, but is displaced towards the side of the negative lines of 
force (negative a:-axis), as we see at once, if we inquire into the equi- 
librium between the action of the nucleus and the external field of force. 
In particular, there belongs to this simplest circular type of orbit the 
unexcited nainral orbit of the hydrogen atom (for which the quantum 
sum = 1) in the electric field. For if we are to have = 1, 

then, on account of it follows of necessity th it = 0. 

The totality of quantised orbits thus forms a triply infinite discon- 
tinuous group and is represented by the scheme of quantum numbers 

= 0, 1, 2 . . ., 7^2 - 0, 1, 2 . . 11.^ = I, 2, 3 . . . 

Ill the limiting case F — 0 of a vanishing field each member of the 
group becomes a Kepler ellipse with the nucleus as a focus. We might 
be led to suppose that in this limiting case our present group merges 
into the triply infinite group which resulted from sjiatial (piantising in 
(/hapter IV, S 7, and wdiich was repiresented by thf* scb(‘me 

- 0, 1, 2 . . = 0, 1, 2 . . M - I, 2, . . . 

But this is not so. Our present quantum numbers hav^e a dii'fert'nt 
meaning than the former ones, since they are based on a difiereiit co- 
ordinate system. Accoi’dingly, also the position and the shape of the 
Kepler ellipses will now lie ditlerent. We discuss this further in the 
final si'ctioii of this chapter. In mathematical language, the ambiguity 
of this result is due to th(i fact that in the*. Kepler motion we are dealing 
with a d('(je)ierate jrrohlevi (cf. p. 241). As in such a case thiue are 
several possible choices of co-ordinates, so there will be seviu’al different 
results of cjuantising. But from the jihysical ])oint of view no ambig- 
uity is admissible. Only one of our two methods of (juantising can be 
physically tru(\ 
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The I'ollowinf,^ cireiunsfcatice decides which of these two it is. The 
K(‘|)l(‘r motion without ext(unjil forces is a degeneratci probleni only so 
long as we consider it from the pliysically insufficient view-point of 
classical mechanics. From the relativistic view there is, at ](*ast for the 
plane ])fohl(;m, no nmbiguity. (^n the other hand our treatment of the 
Stark ( rfect in })ai'abolic co-ordinates is ])ossible only wbtm start from 
classical mechanics. Tliat is, our quantising of the Stark effect holds 
only so long as classical mechanics is a)iplicablo. This is the case with 
strong electric fields hut not with arbitrarily weak fields. Whether a 
(icdd is to be regarde.d as strong or weak in this sense may he most 
simply determined as follows, l^et Ai^ he the resolution that an electric 
(itdd K effects in a Ralmer line. I jet Ar,i, on the othea* hand, be the 
natural doublet interval of the Balmer lines (cf. p. 209) which is ac- 
countt‘d for by relativistic mechanics. If Av,, <Ari,, the field is called 
weak ; if Ar^^ Avu, as is always the case when observations of the Stark 
effect are made, the field is to be called strong, fn the latter case the 
quantising performed in this section is correct, in the former case it 
fails. The passage to the limit for the field zero is thus not allowable. 
In physical . language, therefore, the present method of quantising the 
Kepler motion for the case when no external forces are acting is wrong, 
but the method of the preceding chapter remains true. 

The question, interesting as regards method but diflicult, as to how 
we are to quantise in the case of very weak electric fields has been 
answered quite definitely by H. A. Kramers.* As it is of no account for 
the interpretation of the Stark effect, after what we have just said, we 
shall not discuss it. But in speaking of the Paschen-Back effect in 
(Chapter VIII, 7, we shall again have to refer to it. 

Jn saying above that when we quantise Kepler’s problem in parabolic 
co-ordinates different ellqises result than when we quantise in polar co- 
ordinates, this dilference affects the shape, but not the energy of the orbits. 
As we shall see at the beginning of the next section, the energy comes 
out exactly the same by each method so long as the quantum sum that 
enters into it is assumed the same in each. This holds not only for the 
pres(‘nt cas(» of Kepler ellipses, hut generally for degenerate problems : 
as far as the calculation of the energy and the spectral consequences that 
result therefrom are concerned, the ambiguity that otherwise attaches to 
degenerate systems disappears. 

5^ 5. The Resolution of the Balmer Lines in the Stark Effect 

If in the first two e(|ns. (8) of the preceeding section we imagine 
and v(^j(r/) written for and p,,, only two unknowns occur in the 
left sides of (8), namely, the energy constant W and the integration con- 
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stant (S. These two constants are, by eqn. (8), brought into relation with 
the two quantum numbers and and may each be calculated separately 
from these. Since also occurs in the expressions for /j and /o, and 
since, by ( 9 ), is proportional to 9ig, the expressions that we are seeking 
for W and p will , depend on all three quantum numbers tijj, Wg. 
What interests us above all is the expremon for W. We get for it, as 
shown in Note 11 , if we develop our expression in increasing powers of 
the intensity of field F and stop at the first power : 


W - 


27rWi<?‘^E- 

/i“ 


y>+ + ’*3) 0) 

+ U., + 9lg)“ STrhtiv] 


The first tei’in on the right denotes the energy of tlie eltMjtro!) when 
the field is free. We designate it by - Wy and may write 


- W 


0 


+ Uo + 9 ^j)“ 


( 2 ) 


Since we thus get the same value as when we quantise the Kepler motion 
free of forces in polar co-ordinates, cf. eqn. (20), p. 2.‘1(), we have proved 
the statement made at the close of the preceding section : in spite of the 
difference in the paths the energy is the same in both cases so long as 
the quantum sum is the same (?q + n-o + + n). 

The second tei’in on the right of eqn. ( 1 ) demotes the change of energy 
in the electrical field. We designate it by - AW and then have 


From the change in energy we may calculate the change in the vibration 
number, or the resolution, according to the formula 

liAv — AW,, A\\,.. 

Let the quantum numbers n.,, 11.^ refer to the final state c, the quantum 
numbers k,,, k.^ to the initial state a. Then we find 

1("3 - «i)(«i + “3 + ”;)) - (/'-■j - + h + ki)\ (-1) 


We no'w asaert that thin eqn, ( 1 ) contains the whole of the expermental 
facts which the reseorches of Stark have exposed in the case of hydrogen. 
Our result is a little more general in that it includes, besides hydrogen, 
atoms of the hydrogen tyjie. In the case of hydrogen itself we must set 
F = (?. Eqn. ( 4 ) is of course to be supplemented by the 2>rlnciple of 
selection the rule of j^olarisation, as was developed in the case of an 
electric field in J5 3 . 

Firstly, we read out of ( 4 ) the experimental facts described in 7 and 
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8, on i^ago 278 : all resolutions of lines Av in the Balmer series are ichole 
multijdes of a smallest line-interval : 


C= 

87r%E 


. (5) 


As the intensity of field increases, this smallest line-interval and 
hence also the whole picture of the resolution of each Balmer line 
becomes magnified to F. 

We read the experimental fact 6 on page 265 out of eqn. (4) just as 
directly : in the case of each Balmer line the resolution is symmetrical 
about the original line. For if the transition 


kihjc.^ ^ . . ... ( 6 ) 

is possible according to the principle of selection, then so also is the 
transition 

n./n^n.^ . . . . . • (6a) 

If the former gives rise to a component at a distance Av from the original 
line, then, by 4, the latter gives rise to a component at a distance — Av. 
The 2 ^^kirisat'i(m, too, is the same for each component. For this is 
decided only by the equatorial (|uantum numbers, which are the same 
for each pair of transitions such as (6) and (6a). 

Concerning the type of the polarisation our rule of polarisation states : 

jf ^3 = «3 + i (7) 

then (cf. p. 27 1) a wave is emitted which is circularly polarised around 
the direction of the lines of force. In the transverse effect such a wave 
appears under all circumstances to be polarised to the 

lines of force (in the sense defined more closely on p. 277). In the 
longitudinal effect, it would be observed as a circular wave if only one 
process of emission were to be seen. In reality each observation re- 
presents a section through many elementary phenomena. These split 
up into two groups, as far as the hydrogen atoms are concerned, which 
originally circulate around the lines of force in one or the other direction 
respectively. Both directions of circulation are equally frequent and 
cannot be distinguished energetically. The same quantum transition 
that leads to the right-circular polarisation of the one group leads from 
the, so to speak, antipodal standpoint of the other group, to left-circular 
polarisation. The superposition* of these two groups thus brings it about 
that, in the direction of the lines of force, no polarisation is observed. 

If, on the other hand, 

*3 = «3 


the direction of vibration that is unique in the state of polarisation (cf. 
p. 273) coincides with the direction of the liaes of force. Consequently, 
in the transverse effect linear polarisation is observed parallel to the lines 
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of force. In th(' longitndiniil ot'foct those sanui coinpononts of llu' resolu- 
tion are invisible according to the geiu^ral rules of wave kin<‘matic;s, wliich 
does not allow emission at all in the direction of \ ibiation. TIk'So (h^- 
diictions agree literally wjth the ex])erimental results whi(ih we stat(Kl 
under d and 4 on pages 277 and 278. 

We next consider in turn the resolutions of II,,, 11/j, Ily, and use 
tlie abbreviation 

K ---- (k\, k\)(k\ + /v, 4* /vd, N -- (;/. -- 4- n,, 4- n.,y (2) 

A = = N - K . . . . (10) 

According to (4) and (d) A denotes the displacement, measured in 
terms of tlie unit measure C, of the component in (piestion compaied 
with the original line. We set up the totality of possible transitions in a 
table and count them up according to the value of the azimuthal quantum 
number by letting decrease from its respective greatest value to its 
smallest value 1. The value k^ = 0, just like the value = 0, is to be 
excluded, according to page 283. Furthermore, we classify the transi- 
tions according to the type of polarisation. In the case of !!«, we have 

/‘'i 4' k,, 4" kn = 3, 4* 4" = 2 

that is, 

K = 3(t.^ -- /tj), N = 2{n.^ - ?ij). 

For tluj components {k.^ = n.f), the value k.^ = 3 drops out, 

because n.^ can have no value greater than 2. We thus begin our 
enumeration with k.^ = 2. Whereas the corresponding final oi'bit is 
fully deteiiiiined, namely 002, there are two initial orbits belonging to 
k.^ — 2, namely (102) and (012). The two transitions thus }) 0 ssible, 
namely, 

102 002 and 012 002 

differ, however, like the transitions (G) and (Ga) only in that the first 
two quantum numbers ai’e interchanged simultaneously and thus give rise 
to components that lie syrnmetj’ically. In our table we show only the 
first of the two transitions which lead to a ]JositivG A, and throughout 
we imagine the symmetrical components, with a negative A added, that 
arise tlnough the simultaneous interchange of the first two quantum 
numbers, and we also give the riumhers K, N, and A in accordance with 
(9) and (10). Then we consider k.^ ~ 1 and the corresponding final 
orbits with J. Here there are. thrtio transitions that lead to a 

])Ositive A and just as many that belong to an equally gi’eat negative A, 
which will not be stated in the table. The electrically resolved line !!« 
thus consists, on both sides, of four components of which the line-in- 
tervals are to be read out of Table 27. 
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Table 27 

litt, jhcomponentsy k.^ — n.^ 



K 

N 

A 

102 002 

- 

0 1 

1 

8 

111 101 

0 

- 2 i 

2 

201 101 

- 0 1 

- 2 1 

4 

201 01 1 

- (i 

1 

+ ‘2 ! 

tt 

1 


Table 28 

Ha, s-com2)onentSf k.^ — lu ± 1 



K 

N 

A 

003 002 

0 

0 

0 

102 101 

- 3 

1 - 2 

1 1 

102 oil 

- 3 

+ 2 

5 

201 002 

- 6 

0 

6 

111 002 

0 

0 

0 


Passing on to the perpendicular components, we begin with k,^ = 3, 
n.^ = 2, corresponding to the first transition given in Table 28, namely, 
003 002 ; circular orbit circular orbit (cf. p. 284). Starting from 

^3 = 2 and fcy = 1, wo get in each case two transitions, as may be read 
from the table. The component A ~ 0 arises in two ways ; besides this, 
there are three transitions with a positive A, and, of course, just as many 
with a negative A. 

We compare with this the result of the observations of Stark. Fig. 80 
is a slightly altered copy of Stark's original diagram (re-drawn from the 
scale of AA.'s to that of the Av’s), The length of the strokes indicates the 
intensity of the resolved components as estimated by Stark. A sign of 
interrogation denotes that the existence of the component in question is 
uncertain. The accompanying numbers give the resolution (in wave 
numbers) as multiples of the fundamental unit C, that is, our A. 

Here we see that as far as A =* 4 the theoretical j^^^dictioiis agree 
jyerfectly with the observations made of For example the places 0 
and 1 are free of ^j-components and occupied by s-components, whereas 
the reverse is the case with the places 2, 3, and 4, both in theory as in 
experiment. It is, however, true that the theory gives several components 
of greater resolution, 8 as a jy-component, and 5 and 6 as an s-component, 
which were not shown up in the experiment. 

Is this a reason for distrusting the theory ? By no means. As we 
have left the question of intensities quite out of consideration here, it 
signifies little that we do not observe a theoretical component ; for theory 
might disclose that the intensity of such a line is very feeble. This is 

19 
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compl^ifcely confirmed by the dissertation of Kramers (cf. p. 273) in which 
the question of intensity is treated with complete rigour according to 
Bohr’s piinciple of correspondence. On the other hand, Stark ernpha' 
tically leaves open the possibility, in particular in the case of Ha, that 
in addition to the observed components, still other weaker ones may yet 
be present. 

If, however, a doubt should still remain about Ha, it would be re- 
moved by a look at the complete picture of the resolutions of H^, Hy, and 
Hfi. It convinces us absolutely of the truth of the theory. 

The following tables require no further explanation. In the case of 
the /^-components of we have to begin our tabulation again with fc.. 
“ 2, on account of == and < 2. There are two transitions from 
fc.. ■= 2, and four from k.^ 1, w^hich, according to the principle of selec- 
tion, lead toj/;-components on the positive side (A > 0). The symmetrical 
components on the negative side here again arise by interchanging the 
first two quantum numbers in the scheme of transition of the initial and 
the final orbit, and are to he imagined added. The ntimber of transitions 
that lead to positive (or negative, respectively) s-components is just as 
great, namel}" equal to G. 


TABLfc] 21) 

Hfi, j)-comp(>}ients^ - it>.^ 



K 

1 

1 N 

i 

i A 

202 002 

- S 

' 0 

8 

112 002 

i 0 

i 0 

0 

801 Oil 

: - 12 

; + 

14 

801 — > 101 

- 12 

i - 2 

i 10 

211 _> 101 

~ 4 

! + 2 

i t’> 

211 Oil 

- 4 

' _ 0 

! 

i 

i 2 

i 

Table 80 



HjS, s-ccinpo7U*nts^ 7r., = ii 

3 ± 1 



K 

: 

1 I 

1 _ 

108 002 

- 4 

0 

4 

202 on 

- 8 

+ 2 

10 

202 101 

- 8 

- 2 

6 

112 Oil 

0 

+ 2 

0 

211 ^ 002 

„ 4 

0 

•1 i 

aoi 002 

- 12 

0 j 

12 j 


The agreement with the experimental picturti of the resolution in Eig. 80 
is again striking. All the theoretical components have been observed ; 
besides these, however, there are shown, iu'^Fig 80 among the ^j-compon- 
ents, A = I as a very weak line and A = 12 as questionable, and among 
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the s-components A == 0 as weak and A = 8 as questionable. It may 
very well be that a revision or repetition of these observations will dis- 
close these components as unreal or produced by a secondary effect. 
The 5-component, A = 4, which is observed as the most intense line 
arises, according to our table, in two ways, and this partly explains its 
predominating intensity. For a more detailed discussion of questions of 
intensity we must refer to Kramers. 

In the case of the agreement between theory and observation is 
absolutely perfect. The theory gives the following picture : — 

Table SI 


Hy, li- components f — 7i., 



K i 

1 

N 1 

A 

[m 

002 

- 15 i 

0 ! 

15 

‘jiii 

002 

- 5 1 

0 1 

5 

jOl 

Oil 

- 20 1 

+ i 

22 

•101 -> 

101 

- 20 

— 2 

IH 

811 -> 

Oil 

- 10 1 

+ 2 : 

12 

811 -> 

101 

- 10 

- 2 

M 

221 -> 

Oil 

0 

+ 2 ' 

o 


Table Sii 

Hy, s-coinpo Rents f ± 1 




K 

N 

A 

208 -> 

002 

- 10 

0 

10 

118 -> 

002 

0 

0 

0 

802 — > 

on 

- 15 

-1 2 

17 

802 — > 

101 

- 15 

“ 2 

18 

212 — > 

on 

- 5 

4- 2 

7 1 

212 — > 

101 

- 5 

„ o 

8 

401 

002 

- 20 

0 

20 ! 

811 

002 

- 10 

0 

10 

221 -> 

002 

0 

0 

^ I 


Table 83 

Hs, 'p-compommtsy Jc.^ — 71 .^ 


kJUc.j 

K 

N 

A 

402 —> 002 

- 24 

0 

24 

812 —> 002 

- 12 

0 

12 

222 — > 002 

0 

0 

0 

501 on 

- 80 

+ 2 

82 

501 -> 101 

- 80 

_ 2 

28 

411 -> on 

- 18 

+ 2 

20 

411 -> 101 

- 18 

- 2 

16 

321 on 

- 6 

+ 2 

8 

. 321 101 

- 6 

- 2 

4 
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Table 34 


Hs, s-comiionents^ ^3 = Wg ± 1 




K 

N 

A 

303 


002 

- 18 

0 

18 

213 


002 

- 6 

0 

6 

402 


Oil 

- 24 

+ 2 

26 

402 


101 

- 24 

- 2 

22 

312 


Oil 

- 12 

+ 2 

14 

312 


101 

- 12 

- 2 

i 10 

222 


Oil 

0 

+ 2 

1 2 

601 


002 

- 30 

0 

1 30 

411 


002 

- 18 

0 

i 18 

321 

— > 

002 

- c 


i 0 


The observations, pictured in Fig. 80, are identical in every detail. 

The same is true of H^. 

The wonderful numerical regularity of the pictures exhibiting the 
resolutions is brought to light in the following remarks. 

In the cane of and H5, o^ih/ even multiples of the interval A occur, 
and, indeed, this is so both in theory and in experiment. (The theoretical 
reason is that, in the case of and Hg, the common divisor 2 of the 
quantum sum in the lirst and second term of their series-expression re- 
mains preserved in the quantity A = N - K.) 

In the case of lip the components are partialhp in that of and Hg 
fully polarised, again both in theory and in experiment. (This is shown 
in the theory in that the A-values of thep- and s-series in the scheme of 

partly ov('rlap.) 

The succession of coni'ponents in the sequence of lines !!„, II/3, Hy, Hg 
becomes less and less dense. The interval between neighbouring compo- 
nents is 1 unit for !!«, 2 units for 3, or 4 units alternately for Hy, 
4 units without exception in the case of Hy. 

It now seems almost self-evident that, besides the ratios of the inter- 
vals of the components, also the absolute values of the distances will bo 
given correctly by the theory. The absolute \ alue of the resolution is 
given by our constant C in eqn. (5) and depends on the held F. The 
latter cannot be determined very accurately experimentally (hardly to 
within 1 per cent.). We may therefore correct the measured field inten- 
sity, as I^pstein has done, by using the values calculated from the actual 
resolution, and, trusting, justitiably, in the truth of the theory, use the 
resolution in the Stark effect as a means of measuring accurately an 
electric field, just as the resolution in the Zeeman effect lias occasionally 
been used to measure a magnetic field. The corrected held intensity 
thus found differs from that measured by Stark by only very little (107,000 
compared with 104,000 volt/cm.). ^ 

All in all, we may regard the theory of the Stark effect as one of the 
most striking achievements of the quantum theory in atomic physics. 
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§6. The Zeeman Effect 

In 1896 Zeeman discovered that the lines of the series spectra may 
be influenced by magnetic means. In the simplest case 'here appear 
instead of one line, when viewed longitudinally, that is when the ray is in 
the direction of the magnetic lines of force, two lines (Zeeman doublet ; 
r ^ . longitudinal effect), but when viewed trans’ 

versely, that is when the ray is perpendicu- 
lar to the magnetic lines ol force, instead 
of one line, three lines are observed (Zeeman 
triplet; transverse effect). Of the latter 
three lines one occupies the position of the 
original unresolved line, and the other two 
are displaced ’ y equal amoun s to greater 
or smaller wave-lengths, and occupy tlu^ 
same position iti tlie spectrum as the two lines of the double^ in the 
longitudinal eitect (ct. Figs. 81, a and h). The displacement amounts to 

--- =-. 4-70.10 ■Ml , . . (1) 

m 47r6* ^ ^ 

where H = the intensity ol' the magnetic titdd in absolute units (Gauss). 
If we wish to nieasure v in sec.^'h we have to take e on the right side of 
the equation as the eleclroaiatic charge of the electron ; hut if we iiHaisure 
V in cm.~^ as a “wave numbtn*,” then e is the charge on the electron 
measured in electromagnetic units, and e/m ^ 1-77. 1(F is the s])ecilic 
charge on the electron nieasuied in the same way. The numei‘ical value 
4*70 . 10"^ in e([n. (1) refers to the latter method of measin’ing r, and thus 
gives the displacement Ai/ in tlie scale of wave numbers. 

In the first observations of Zeeman the lines were not completely 
separated, because the resolution was too feebhi and the lines were too 
wide. But he succeeded in establishing beyond doubt the presence of 
polarised light at the extreme edges oi the line configuration. The type 
of the polarisation is indicated in our (igure. The symbols and .s* 
(parallel and perpendicular, German HcnJcnudii , to the lines of foi’co) 
mean the same as on page 277. They refer not to the position of the 
optical plane of polarisation but to the direction of the electrical vibra- 
tions in the ray at the place of observation. In t}u 3 longitudinal scheme 
the circular arroirs denote that circiilar 2 )olar'i so t ioji was observed, and, as 
is shown,' the sense in the two lines of thti doublet is opposite. In 
general, in the short-wave corrqjonent the sense of the circular polarisa- 
tion is the same as that of the positive current in the coils of the electro- 
magnet, which produces the magnetic field, and, of course, in the long 
wave component the sense is reversed. 

We first wish to emphasise that our two figures a and b express the 
same facts under different circumstances of observation. The p-com- 


a) long 

b) transv. 
Current 




« JL 

' m 4 ;/ c 
Frci. 81. 
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ponent of the transverse effect must be ineffective in the longitudinal 
effect and that is why in Fig. 81a no line occurs at the position of the 
transverse p-component. Actually, this ^-component arises from a 
vibration phenomenon for which the direction of the lines of force is a 
line of symmetry of the intensity (or, expressed in the language of the 
older theory, it is due to the vibration of an electron, which moves in the 
direction of the lines of force). But such a vibration, as we know and 
have already used in the Stark effect on page 288, emits no light. On 
the other hand, the circular components that occur in the longitudinal 
effect are due to a vibration phenomenon, in which the plane of vibration 
is perpendicular to the lines of force (in words of the old theory, due to 
the vibration of an electron, which describes a circle in this plane). Such 
a vibration phenomenon, however, sends out in a direction perpendicular 
to its Unique axis, that is, in the transverse direction, linearly polarised 
light, whose electric force vibrates in the plane of vibration, that is per- 
pendicular to the magnetic lines of force, likewise analogous to the cir- 
cumstances in the Stark effect, cf. page 287. Hence the s-components 
of the transversal scheme correspond to the circular components of the 
longitudinal scheme. Accordingly, it is sufficient to study the Zeeman 
effect ill only one direction, for example, in the transverse direction which 
is more convenient for purposes of observation ; then the picture that 
must be obtained when observations are made in the longitudinal 
direction may be derived from the latter quite easily. 

The facts so far described are fully explained by Lorentzs Theory of 
the Zeeman Effect, This is based on the assumption of quasi-elastically 
bound electrons, which excite vibrations in the ether that are synchronous 
and in constiuined connexion with the vibrations of the electrons (cf. the 
end of 1). Moie precisely: the electron is considered bound to a 
position of I’est in the atom in such a way that when it is displaced a 
restoring force acts on it proportional to this displacement from the 
position of rest, and, indeed, the force is the same for all directions of the 
displacement. We know nowadays that this picture is too simple and 
restricts the true scope of atomic phenomena. Nevertheless it has 
proved of gi’eat service for explaining the typical Zeeman effect. 

For let us imagine the motion of such an electron in a magnetic held. 
Whatever it may be in itself, w’e may resolve it into a linear component 
which takes place in the direction of the magnetic lines of force and 
into two circular components that take place perpendicularly to the latter 
with reversed senses of revolution. The first component is not influenced 
by the magnetic field, so that its frequency of vibration is the same as 
when the magnetic field is not present. That is why ice get the 
poneut in the position of the origliml line (when no field is present) ivhen 
the observations are made transversely. The two circular components are 
for the one part accelerated and for the o^er retarded by the .magnetic 
field. Hence ive have the two circular comjmnents in the case of longitudinal 
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observation, or respectively the two s-cotwponents m that of Ininsversc. 
observation, dis'placed by an amount Ar with respect to the. line v'hen no 
field is present; and the displacement is the same ni each direction and 
jjroportional to the magnetic field H. Equation (1), which ex]>rossf‘S 
mathematically these facts, is a direct consequence of Lorentz’s tlu^ory of 
the phenomenon. The value (1) will therefore still he calhid the Lorentz 
difference of vibration or the Lorentz displacement. Its method of deri- 
vation assumes besides the idea of a quasi-elastically bound electron only 
the recognised laws about the influence of magnetic forces on moving 
charges (law of Biot and Savart). The sense of the circular polarisation 
in the one or the other component of the Zeeman doublet also follows 
froni Lorentz’s theory if the negative sign of the electronic charge is taken 
into account. 

Lorentz’s theory, however, far from includes the whole complex of 
facts of magneto-optic phenomena; rather, it is limited to lines of the 
simplest structure. 

In the case of multiple lines (doublets, triplets) there occur in place 
of the “normal Zeeman effect” of Fig. 81 the so-called anomalous or 
complex Zeeman types. We shall treat these in detail in the next 
chapter. 

Here we deal only with the normal Zeeman effect and shall show how 
this may be understood on the quantum theory. For this purpose we 
consider the simplest atomic model, that of hydrogen, consisting of a 
singly charged nucleus and an electron in the magnetic field. In the 
last section of the previous chapter we have already spatially quantised 
the oi’bits of the electron (the nuclear mass being oo) for a jield of force of 
which the intensity is zero. We can reduce the action of an arbitrary 
homogeneous magnetic field If to this case. For, following Larinor, we 
state that the superimposed field 11 leaves the form of the orbits and their 
inclination to the magnetic lines of force, as also the motion in the orbit, un- 
altered, and merely leads to the addition of a uniform precession'' of the 
orbit about the direction of the lines of force, the ‘preccssional Telocity 
being 


1 e 11 

2 m c 


( 2 ) 


This law holds provided that the velocity imparted to the electron by the 
processional motion alone is small compared with the velocity that the 
electi’on w^ould have in its path without the processional motion ; under 
the circumstances of our atomic model this is the case even for the 
strongest magnetic field that can be produced. The proof of Ijarmor’s 
theorem is based on the conception of Coriolis forces, which is known 
from the mechanics of relative motions (for example, from the circum- 
stances of the rotating earth). 

Generalising somewhat from the special conditions of the hydrogen 
atom, we consider the motion of a point-mass m under the influence of 
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forces that arc distributed symmetrically about a certain axis A, which, 
for exiianplo, arise from c(iritres of force on this axis. We call the co- 
ord iruibe system of reference there used the static system of reference. 
We next imagine the point-mass to traverse the same orbit at the same 
rate but relatively to a system of reference which turns about the axis A 
with the uniform velocity o relative to the static system of reference. 
In this case the motion of the point-mass is no longer natural or free, 
liatluir, to maintain this motion, forces in addition to those acting in the 
static system are necessary which just neutralise the inertial resistances 
of the rotation. These inertial resistances are, in the first place, the 
ordinary centrifugal force 

Z = moV (3) 

where p signifies the respective distance of the point- mass from the axis 
A ; and, secondly, the composite centrifugal force or Coriolis force 

C == 2m[vo] (4) 

where v is the velocity of the i point-mass in the orbit that is being turned, 
and [vo] is the vector product of v and the vector of rotation o drawn 
in the direction of the axis A (cf. Note 1). Eqn. (4) determines not only 
the magnitude but also the direction of G, the latter as the common 
normal to the directions of v and A. On the other hand, the force, which 
a magnetic field H exerts on the electronic charge ( - e) moving with the 
velocity v is, according to the laws of electromagnetism, 

K=-J[vH] (5) 

This force exactly neutralises the Coriolis force if the direction of the 
lines of force coincides with the direction of the axis A and if, also, the 
condition for the magnetic field holds (we equate C and K) : 

2/«o = ^-II, o = J . . . (6) 

If we disregard the centrifugal force Z for the moment, then a magnetic 
field of suitably chosen intensity is just able to bring into equilibrium the 
inertial action of the electron in its rotating orbit. Thus, in the mag- 
netic field H, the rotating orbit is a natural orbit or, in other words, the 
electron describes in the incKjnetic field the same path as when no magnetic 
field is acting but doing so with respect to a sysicni of reference ichich is 
rotated with the velocity o determined by the. eqn. (2) or (6). Regarded 
from the standpoint of this system of reference the orbits arc traversed as if 
no field were present. Precession of the system of reference and action of 
the magnetic field are interchangeable and equivalent to one another. 

Concerning the ordinary centrifugal fdi'ce Z we may easily convince 
ourselves, on the basis of the restriction made in Larmor’s theorem, that 
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it may be neglected in comparison with C. This restriction is, in our 
present symbols : 

po<v (5a) 

As we see from the expressions (3) and (4), it is identical with 


We now revert to the hydrogen atom. We know the totality of its 
orbits in the absence of a magnetic field (merely oi*diiiary Kepler orbits). 
By what has just been proved we also know the totality of its orbits 
when a magnetic field is present (Kepler orbits with a motion of pre- 
cession about the direction of the lines of force). Thus we have a com- 
plete survey of the mechanicaHy jumihle orbital curves. We have now 
only to select those that are possible on the quantum hypothesis. For 
the “ tieldless ” case this has also been done in the preceding chapt(u- : 
we obtained Kepler orbits of a definite shape and with a lefinite in- 
clination to the direction of the lines of force. But now we have seen 
that the orbits when a magnetic field u ])resent are, from the standpoint 
of the processional system of reference, lieldless orbits. Hence if we 
carry over the cjuantising of the lieldless orbits from the static system to 
the processional system of reference, we get for the (juantised orbit,^ with 
a field the same orbits in the preressiondl sysicm of nf ere nee as we yet wiih- 
oiit a field in the slatie sffstem. In the next section we shall trace this 
application of quanta, which was here introduced merely as an obvious 
special step, back to a general principle. 

Thus we set up the quantum conditions for the magnetic field just as 
previously for the case when the “ field was zero.” By introducing polar 
co-ordinates r, 0, i// in the ijreeessional system of reference^ we have 


jp//r ^ n'h, — njo, 'jf^dij/ == nfi . 


(7) 


From this we conclude as in ()ha])ter IV, § 7, (upis. (2), (3), (4), (9), 
and (8) : 

27ry)(-y- — n'h, ~ ('/q + n.)h 

cos a == , 27r/>x ^ nJi 

7q + iL, 


(H) 


Here the quantities c and 0 are by^ definition independent of whether we 
refer them to the static or the rotated system ; on the other hand, the 
quantities /> and are, in conformity with their nature, to be measured 
in the system of reference which is turned with tlie velocity o. Hence we 
take ij/ explicitly as denoting the geogra})hical longitude of the relative 
position of th(^ electron in the rotating system of reference and distinguish 
it from the geographical longitude x fbe static system of reference. 
The connexion between these quantities is clearly 

X==«/^ + o, 


(9) 
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We now form the expression for the kinetic energy of the electron, first 
when there is a magnetic field, E*, •„(£[), and again when there is none, 
The latter expression is : 


= 2^- + sin‘^ 0\j/^) . . (10) 


At the same time this denotes the kinetic energy of the electron, when 
there is a magnetic field, related to our rotating system of reference. 
The kinetic energy, when there is a magnetic field, related to our static 
system of reference, is therefore (we merely interchange if/ and ^ 

7il> • • 

== 2 (r- + r-0‘^ + r- sin- 6»x") • • • (10a) 

By substituting from (9), we get 

— 2 + 2?'’^ ain- Oij/O + . . .) (lOb) 

The last membei' (not written here) is quadratic in o and hence, owing to 
the restriction contained in Larmor's theorem, is to be neglected. If 
we also take into account the significance of jj^tj : 


P'p = — • = m?- sm- d if/ 

Olf/ 


as well as the expression for Eyt/,t(()) in eqn. (10), we may wilte in jjlace 
of (JOb) : 


lW(ll)-E,/n(0)+iV.o . . . (lOe) 

Finally, w(i introduce the expression 

AFh./u = KA;/,t(H) - Fjjtm(O) 

as the change in kinetic energy of the electron arising through the 
magnetic field H, and express by eqn. (8), in terms of the quantum 
number /q. We thus get from (10c) 


AEjt,» = ”’o7t (11) 


On the other hand we have, as regards tlie potential energy. 

AlVt = 0 . . . . . (ila) 

For the potential energy of the Coulomb attraction -- undergoes no 

change through the introduction of the magnetic field, since the distance 
r in the precessional and the original orbit remains the same within the 
limits of accuracy of our calculation. 

Hence from (11) and (11a) we get for the magnetic change of the 
total energy W of the electron 

AW = :^^oh (12) 


Likeiwise we get for the ditlerence of the total energy in the initial and 
final orbit of the electron 


AW„ - AW„ = ’iliLZJhfo/t 


(13 
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Now, just as the frequency v of the emitted spectral line is determined 
from Bohr’s condition 

= W,, - W, 

so the elYect of the magnetic field is given by the condition 

k\v — AWrt 

Hence oqn. (13) states that 

hSv - '^hl.ZJbj:oh 

^TT 

or, if we insert the meaning of o from (6) : 

= («1„ - A .... (14) 

in 47r6* 

We firstly note that in the transition from (13) to (14). the quantum 
of action, /i, has characteristically cancelled cut. In our final formula 
(14) the quantum theory has in a certain sense become latent m that Us 
characteristic feature, the quantity h, has disappeared . In this we see a 
reason that it was possible to develop magneto-optics in Lorentz’s theory 
to a certain degree on the classical, pre-quantum, basis. In electro- 
optics (Stark effect) and in the general optics of spectral lines this was 
hopeless from the outset, because here the quantum of action h played, 
not a latent, but an explicit part. 

We next observe that our final formula (14) agrees not only in its 
general structure but also in almost all its details with the result of 
Lorcntz’s theory, that is with eqn. (1) and Fig. 81 at the beginning of 
this section. To see this we have only to enlist the aid of our principle 
of s(ilection. In the magnetic field this concerns, as in the (dectric field, 
only the equatorial quantum number (call(;d in the Stark (d’fect) and 
states that : 

n-f(f, + 1 or 0 . . . , ( ffi) 

Fi’om (14) we therefore get 

A.' - ± or Ai' = 0 . . . . (10) 

m 4i7rc ^ ' 

In this form our quantum result agrees fully with the result of 
Lorentz’s theory : we hare before us twt only the tiro lines of the Zeeman 
triplet u'hich are both displaced by the amount Ar to yreater and smaller 
f requencies but also the undisjilaced line Av — 0. In contradistinction to 
(16), our original formula (14) would lead us to expect superfluous 
components of the resolution that would he displaced two, three, . . . 
tim(js as much as the normal resolution. The fact that such components 
are, under normal* circumstances, not observed is a strong confirmation 
of our principle of selection in its application to the magnetic case. 

* In tho reproduction of a photograph of tho Zoonian effect in liydrogon taken by 
Pasidicn and Pack, Ann. d. Phys., 39, Plato VEIT, Pig, 4, Bolir discerned a faint 
iinpress of tho lines of twice tho normal resolutiou and ascribed it to tho unintended 
simultaneous action of an electric field. On the original photograph linos of three times 
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But not only the displacement of the Zeeman comjjonents but also their 
polarisation comes out correctly in our theory. This becomes immediately 
evident if we can convince ourselves that our rule of polarisation origin- 
ally derived for an electric field may be applied to the magnetic field. 
For then we have circular polarisation in the case /\ 7 i => ± 1, and linear 
polarisation parallel to the lines of force in the case = 0, correspond- 
ing to the two ])Ossihilities distinguished in eqn. (15). Applied to eqn. 
(16) this means the following : — 

Vhiwed loiigitiidinally the two external components of the Zeeman 
effect are circnlarl/j polarised, and, indeed, in opposite directions; the 
plane of vibration is perpendicular to the magnetic lines of force. Viewed 
transversely, these lines must consequently be Imearly polarised at right 
angles to the lines of force. The middle comjmient of the Zeeman effect 
is polarised linearly and popendiGularly to the lines of force. 

Concerning the extension of the rule of polarisation and the principle 
of selection from the electric to the magnetic case, we seek to justify it 
by the following not quite inevitable reasoning : — 

I jet us again picture to ourselves the orbit of the electron, both in 
the precessional system in which its plane is firmly fixed, as in the 
“ static system of reference,” in which it is rotated through the action of 
the magnetic field with the constant angular velocity o. In the pre- 
cessional system of reference wo erect the vector of the moment or 
momentum as a normal to the orbital plane; here it has a constant 
magnitude and direction, and hence calso constant projections along the 
direction of the lines of force and in the equatorial plane. Regarded 
from the static system of reference, it describes a circular cone about the 
direction of the lines of force with the constant angular velocity o. From 
the standpoint of the static system of reference, however, there becomes 
added to the “ moment of momentum without rotation ” “ the moment of 
momentum of the rotation itself,” which alters in magnitude and direc- 
tion, with the distance of the electron from the nucleus. Hence, strictly 
speaking, the cone that is described in the static system of reference by 
the vector of the total moment of momentum is not a circular cone. Its 
projection in the equatorial plane of the static system is slowly rotated 
in the course of the precession (corresponding to the circumstance that 
there are no areal constants for the equatorial axes of the static system) 
and also its projection on the direction of the lines of force is not exactly 
constant (strictly speaking, the law of sectorial areas is also rescinded by 
the action of the magnetic field for the direction of the lines of force.) 

Nevertheless there is a great difference between the manner in which 
this comx^onent is not constant along the direction of the lines of force 

the normal resolution can bo seen. Just as the lines of normal resolution confirm 
the principle of selection, so the lines of double and triple resolution give a striking 
example of liow the princijile of selection is rescinded by electric fields, as was explained 
on page 274. 



302 


Chapter V. Wave Theory and Quantum Theory 

and that in which it is not constant in the equatorial plane. The com- 
ponent along the lines of force exhibits only brief fluctuations (of the 
same period as the period of revolution of the electron) ; the component 
at right angles to it performs, besides, a slow rotation in the equatorial 
plane (of the same period as that of the precession). In view of the 
condition (Ga), on which, alone, Larmor’s theorem and our treatment of 
the Zeeman problem is justified, even the variable part of the component 
along the lines of force vanishes in comparison with the constant part. 
On, the other hand, in consequence of the same condition the rotation of 
the equatorial component of the moment of momentum is, indeed, 
infinitely retarded, hut for a sufficient lapse of time it entails a complete 
reversal of the corresponding moment of momentum of the component in 
question. 

From this we conclude, as on page 271, foi- the case of an electric 
field, that we can postulate the conservation of the moment of momentum 
in the coupling of the atom with the ether only for the direction of the 
lines of force. Hence only the equatorial quantum number that refers 
to the rotation about the direction of the lines of force is hound by the 
condition imposed by the principle of selection. From this there results 
the eqn. (15) already used, and the corresponding rule of polarisation. 

It is instructive to trace in detail the scheme of quantum transitions 
and the position of the orbital planes in the Zeeman effect, for example, 
for the line H^. We find it expedient to start from the scheme of quii.ntum 
transitions for the Stark effect, with which our present scheme agrees in 
design but from which it differs in that the (juantum numbers have other 
meanings in the inferences. Our present quantum numbers n\ 7i.,, 
coiTesjiorid to r, Oy ij/. In turn they replace the quantum numbers 7/,^, 7i.>, u-.j 
in the Stark effect. Our present equatorial quantum number 7?^ is subject 
to the same selective condition for the parallel and perpendicular com- 
ponents as the equatorial quantum number formerly. Our present 
quantum sum n -h n.y + is, just like the former sum + ih, + 
equal to 2 for the final orbit of Ha- Our present quantum sum Ic + q- 
for the initial orbit is, like the eailier sum Aq + h,y -f A:.j, equal to d. Thus 
if we enquire as to what quantum numbers lead in the Zeeman effect to 
parallel polarised light, we arrive at the same transitions ~ as wtn’o 
enumerated in the first column of Table 25. But th(‘re is the following 
difference between the Btark effect and the Zeeman effect. Whereas in 
the Stark effect the first two quantum numbers and ihy have essentially 
the same meaning, in the sense that a simultaneous interchange of them 
in* the initial and the final state leads to two essentially equal resolutions 
(differing only in sign), the meaning of the first two quantum numbers 
71 and 7q in the Zeeman effect is entirely different. Thus two transitions 
that differ through the simultaneous interchange of these two numbers 
are therefore not of equal value (equivalent) in the Zeeman effect. In 
this way there becomes added, in the case of the ^7-components of Ha, to 
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the first column of the following table, which has been borrowed from 
Table 25 dealing with the Stark effect, the second column in which 
and (fc'fcg) have been interchanged. 

But there is still a second dilhirence. In the Kepler motion under 
no external foi’ces, all those transitions are excluded by our principle of 
selection (p. 2()9), in* which the sum does not alter by one unit. 

Reasons of continuity make us inclined to regard this rule of exclusion 
as valid in the magnetic field (this may be proved rigorously with the 
help of Bohr’s principle of correspondence). The transitions separated 
out in this way are bracketed in the following table. Thus, of the eight 
transitions only four remain. From our present non-relativistic stand- 
point, they of course all lead to the same parallel jjolarised component 
Av = 0. We shall see later in Chapter VIII that upon closer calculation 
and observation they are slightly separate. Corresponding tables may 
be set up for the s-coraponents of Ha, as for II^, Hy, . . . 


Tablk 85 
Ha, p-co7nponent$ 



In Table 35 the following circumstance is worthy of note. In the 
non-bracketed orbits the number-pair is throughout different from 
n. 2 n^. As this number-pair determines the position of the orbital plane 
(cf. Chap. IV, § 7, eqn. (9)) in the initial and the final orbit, respectively, 
it follows that the orbital plane changes position in the transitions that 
here come into question (and partly also in those belonging to the .s*- 
components). In the first non-bracketed transition, for example, the 
initial orbit is inclined at an angle of 60'" with the equatorial (cf. Fig. 64b), 
and the final orbit coincides with the equatorial plane, and so forth. 

So we see, whereas in the Kepler motions, free of forces (cf. p. 269), 
the orbital plane remains preserved, it alters in general in the Zeeman 
effect ; through spatial quantising a discontinuity is introduced into the 
position of the orbital plane as compared with its position for Kepler 
orbits. Here “orbital plane” refers to that in the rotating system of 
reference. 

Concerning the observation of the polarisation in the longitudinal 
effect, the following difference in the Zeeman and the Stark effects is yet 
to be noted. Jn the Stark effect the transitions that would lead to right 
and left polarised light are equivalent energetically. They therefoi'e 
pccur in one and the same line and produce unpolarised light. In the 
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Zeeman effect they are distinguished from one anotlicr magnetically, and 
therefore produce different line components circularly polarised in oj)])osite 
directions. 

When in 191G the author* investigated the Ze<‘man elfect on the 
basis of the quantum theory, he felt himself impelled to emphasise in a 
concluding remark that “ Bohr s energy equation hv == W„ - (also 
called frequency condition), being a scalar equation, can never account 
for the polarisations.’* We now see that this gap has in the meanwhile 
been successfully bridged over, as it was only necessary to add to the 
energy equation the equation of the moment of momentum. As already 
remarked at the beginning of this chapter, the observation of the polari- 
sation historically preceded the quantitative observation of the resolution 
and was exhibited with greater certainty. Accordingly, the quantum 
theory of the Zeeman effect can bo regarded as quite complete and valid 
only since the polarisation phenomena have been fitted into it. 

In its present state the quantum treatment of the Zeeman effect 
achieves just as much as Lorentz’s theory, but no more. It can account 
for the normal triplet, including the conditions of polarisation, but hitherto 
it has not been able to explain the complicated Zeeman types (p. 296). 
The perfect agreement between final results obtained in two such different 
ways is highly remarkable from the j)oint of view of method, and again 
betrays an intimite and certainly not accidental correspondence between 
the qmintum and the classical view of radiation phenomena. 

§ 7. The Adiabatic Hypothesis 

At the first Solvay Congress,! in the year 1911, H. A. Lorentz pro- 
posed the question as to how a simple pendulum behaves when its length 
is shortened by holding the thread between two fingers and drawing it up 
between them. If it has initially exactly the correct energy that corre- 
sponds as an energy element to its frequency, then at the end of the 
process when the frequency has become increased this energy would no 
longer suffice to make up a full energy element. 

Einstein at once furnished the correct reply in saying that the sus- 
pending thread must be shortened infinitely slowly and then the energy 
would increase proportionally to the frequency and would continue to 
be equal to an energy element. 

This answer is covered by Ehrenfest’s Adiabatic Hypothesis. | We 

*Pliysikal. Zeit.sclir., 17, 491 (1910). Cf. also tlio soinevvliat earlier work of 
Debye, ibid., p. 507, or (lottinger Nachr., June, 1910. 

t llapports du Congres, Paris, 1912, p. 450. 

ij: Phil’s! set up by P. PUirenfest in connection with the problems of “ cavity radia- 
tion” in Ann. d. Phys., 36, 91 (1911), §§2 and 5, and then applied by him to other 
problems; see Verb. d. Deutsch. Physikal. Ues., 15, 451 (1913); Amsterd. Academy, 
22, 080 (1913) ; Phys. Zeitschr., 15, 057 (1914). A detailed survey for systems of 
several degrees of freedom is contained in Ann. d. Phys., 51, 327 (1916). Cf. also J. M. 
Burgers, ibid.^ 52, 195 (1917). J3ohr, who early recognised the imjprtance and the 
fruitfulness of this method, calls it the “Principle of Mechanical Transformability.” 
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formulate it according to its general significance as follows : Let us con- 
sider any arbitrary mechanical system and an arbitrary initial state of 
motion which is correctly quantised. We now alter the state infinitely 
slowly by gradually imposing an arbitrary external field of force or by 
gradually altering the inner constitution of the system (length, mass, 
charge, connections). This causes the original state of motion to be 
transformed by mechanical means to a new state of motion. For the 
new conditions of the system this new state of motion is a quantum- 
favoured state if the original state was so under the original conditions ; 
it corresponds to the same quantum numbers . . . as the latter. 

The expression Adiabatic Hypothesis ” is taken from thermodyna- 
mics. Just as in an adiabatic change of state in thermodynamics the 
co-ordinates that determine the heat motion are not directly affected, but 
only indirectly while no heat is added from without and the conditions 
of the system are altered (for example, the volume, the position in the 
gravitational field, and so forth), so in the applications of the adiabatic 
hypothesis to the quantum theory the motion of the system is not con- 
trolled directly by external agency ; for such agency acts, not on the co- 
ordinates of the motion, but on a parameter of the system. Just as in 
thermodynamics an adiabatic change of state is to be regarded as a chain 
of states of thermal equilibrium, so in the quantum theory the adiabatic 
transformation from the original to the final quantum state has to occur 
infinitely slowly, that is by passing through intermediate states of equi- 
librium of motion. Quantities that remain unaltered during this trans- 
formation are called adiabatic invariants. The quantum numbers that 
fix the original state are by the adiabatic hypothesis themselves such 
invariants. All other adiabatic invariants must be expressible in terms 
of these simplest invariants. 

There are three characteristics that are both necessary and at the 
same time sullicient for adiabatic processes. 1. The infi7iitely slow or 
reversible element of the process. In thermodynamics phenomena are 
also known that occur without the addition of heat but are irreversible 
(for example, the diffusion of a gas when no cotton- wool aperture is used). 
Such processes are not adiabatic in the present sense. 2. The effect not 
on the co-ordinates of the motvon but on one or more parameters of the 
system, that remains constant in the original motion. 3. The unsyste- 
matic or irregular nature of the injlue'nce (effecting the alteration) in rela- 
tion to the phases of motion. Even in the case of the simple pendulum 
we could intentionally carry out the shortening of the thread in such a 
way that the energy of motion there remains constant, if we draw up 
the thread only at the points at which the motion is periodically reversed. 
In that case, as Warburg remarked at this Solvay Congress, a contradic- 
tion to Einstein’s assertion and to the quantum theory would arise. Such 
intentional or methodical alterations are then in no case to be included 
in the category of adiabatic processes. 

20 
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We next consider the mechanical aspect of the question. The fact 
that in ordinary mechanics we set aside the adiabatic processes is not 
because they are less interesting, but because they are more difficult in 
comparison with the ordinary problems of mechanics. In the case of 
the simple pendulum, we easily attain our object by direct calculation 
without having to seek support from the general laws of adiabatic invari- 
ance, which we shall develop from this example. 

Let I be the length of the pendulum, m its mass (concentrated at a 
point), the angle of the instantaneous deflection, c the amplitude, and v 
the frequency, so that 

2i-7r = (1) 

The tension S acting on the thread is, as we know, 

S = mg cos 


in which the first part is due to gravity, the second to the centrifugal 
force. If we shorten the thread infinitely slowly by | dl we have to per- 
form work against the tension ; its amount is 

dA = S I rfZ I = - 77ig cos (fidl - mlg^'^dl . . (2) 


The horizontal bar denotes that the time average is to be taken and indi- 
cates that during the shortening by the amount dl many swings of the 
pendulum are to occur. Tlie negative sign occurs because | d/ 1 is to denote 
a shortening, so that dl itself is negative. From 

</) = C sin {^TTvt + y) 

it follows that 

cos = 1 - = 1 - ^ = (27r|/)-|' = . (3) 

thus 

1 - ^)dl-mg^^dl= -{- ^jdL 

The one part, ■ mgdl, of this work dA is used to raise the mean 
position of the weight 7ng. The remainder, 

dA' = - 'fng^dl .... (4) 

increases the energy E of the motion of the pendulum. This total energy 
E is twice as great as the mean kinetic energy : 

= 2 ^ • • • • W) 


Hence the change in the mean total energy is 


dE 



dl + mglcdc . 


By equating (4) and (6) we get 

- Icdl = Idc. 


( 6 ) 
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807 


Integrating, 

I log Z = - log c + const. 

Uc = const (7) 

From this it follows that when the pendulum is shortened adiahatically 
the angular amplitude c increases, as may easily be seen by performing 
the experiment, whilst at the same time the linear amplitude Ic decreases. 
Concerning the energy we conclude by comparing (5) and (7) that it in- 
creases when the pendulum is shortened adiahatically,* as is evident from 
the work dA' performed ; it is inversely proportional to Jl, 

By squaring (7), and inserting the values of Ic- from (5) and s/l from 
(1), we may write (7) in the form 

= const (8) 

V ' 

and on account of the equality of a^^d in our special case this 

B 

entails that - - is an adiabatic invariant, in accordance with the quan- 

V 

turn law of the harmonic oscillator B = nhv, Eqn. (8) is an illustration 
of the general law, the quantum of action (cf. Note 7, ecpi. (5)) : 

f - 2- 

.... (9) 

0 

taken over a period is an adiabatic constant. 

The adiabatic invariance of the quantity (9) already played a part in 
the general investigation made by Boltzmann to base the second law of 
thei’inodynamics on statistical considerations. Its relation to the quantum 
theory is clear from the equation : 

2Efc,-„ = 2jVjiii„dl = 'Xfpkdqk ■ ■ (10) 

(cf. Note 4, eqn. (o)) which is valid for any arbitrary mechanical system. 
If we take this integral for a purelf/ periodic sysfom over the time T of a 
period, then we have on the right the sum of the phase integrals (cf. 
p. 198). From here we have a bridge to the more general class of con- 
dUionailii periodic systems (Note 7, No. 2) : here each indiridnal ])hase 
mtcijral or each of the correspond imj qnaninm numbers is an adiabatic 
invariant. By proving this theorem in Note 12, we show that from the 
point of view of the adiabatic hypothesis our general quantum hypothesis 
of page 200 is justified ; if, on the other hand, we adopt the opposite view 
of regarding this quantum hypothesis as an established fact, we prove the 
adiabatic hypothesis for the whole class of conditionally periodic systems. 
(In adiabatic transformations transitions through degenerate systems are 
excluded, as Bohr has shown and as will be proved in Note 12.) 
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We next use the adiabatic hypotliesis to fill in vai ioiis gaps that \ver(‘- 
left in the preceding section, lirstly in the Zeeman ellect. 

To deal at the outset with the siinphist ease we c.onsidiu' a hylrogi'ii 
atom in which the electronic orbits are circular in a plaiui which is per- 
pendicular to the magnetic lines of force. Let a and <i) Ik* the radius and 
angular velocity in the circular oi’bit when the field is /.(‘ro, and let 
a + An, u) + A(i> bo the same quantitit's when the field il has lieen 
imposed adiabatically. The flux of lines of force tiirough the orbit is 
H7ra-. Since we regard it as a small quantity (of tht* ordtu* of the incre- 
ments Aa, Ao), whose squares and products may be iu*glected) it suilices 
to use ill it the original a instead of a + Aa. By Faraday’s law of 
induction, the flux of the lines of force gives the whole electromotive 
force that is excited by the increasing field in the “ circular current ” of 
radius a, that is the work performed on the current “ unity.” Our 
rotating electron, the charge of which is e in E.S.U., represents a current 
which, measured in E.M.U., is of intensity evjc = e(Dl27rc (cf. p. 248). 
Thus, by setting the work performed equal to the change of energy AW 
of the electron, we get 

= AW or ^-eTELa^io = AEjt/,t + AEj>r;r 
2nro JdC 

Now 

E^.t,i = AEjt/,i = p aw^Ad) 

2 

g‘2 ^2 

Eho/ = - - , AE,,o^ ~ -.,A^^ = maw-Aa 
^ a a- 

Jn the last transformation the ecjuation for the centrifugal force 

By substituting (12) in (11) and dividing by ?/taV, we get 

Ao> ^ ^Aa ^ II 
o) ^ a 2m u)C 

A second equation is obtained from the circumstance that during the 
adiabatic change of state the dynamical laws, here the equation of centri- 
fugal force, are to remain valid throughout. 

Jn eqn. (13) we wrote down this equation only to a first approxi- 
mation for the field zero. In general it is 

m(a p A(i)(w P Aw)'*^ ^ P Hum 

^ ' {a + Aay c 

or, when multiplied by (a p Aa)-, 

m((h P Aa)*^(o) P Aoj)- = p - Ha^o> . 

c 


(11) 

( 12 ) 

(II) 


( 15 ) 
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From ihis, by using (13) and dividing by we get 

Aoi ^ 3 Aa _ e H 
0 ) 2 a 2m o)G 

i>y comparing (16) and (14) we see at once that 

A A A e Jl 

Art = 0, Ao) = — ^ =0 
2m c 
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(16) 

(17) 


J Lence, loken the mafjjiatic field in introduced adiahat/ically the radius a 
remains unchanged, the rate of rotation is changed by the amount o of the 
Larnwr imxession (cf. eqn. (2) of p. 296), being increased or diminished ac- 
cording to the direction of the field. 

The same calculation may be carried out for a circular or elliptic 
path inclined to the lines of force, and the result is : as the magnetic 
field increases gradually, the size and the shape of the orbit remains 
preserved (corresponding to Aa = 0) ; but the rate of rotation becomes 
changed in that the angular velocity o about the axis of the lines of force 
becomes added. But this means : the orbit as a ivhole 2 oerforms a pre- 
cessional motion. 

The limitation to a gradually, that is infinitely sloioly, increasing field 
is absolutely necessary. The processional orbit arises from the original 
one with the fixed orbital plane only if we pay due attention to the 
necessary initial velocity of the electron in the direction of precession 
(perpendicular to the lines of force). If the field is introduced suddenly, 
the momentary velocity of the electron is not affected ; for a change of 
velocity to come about it is necessary that the electron traverse its orbit 
one or more times during the time that an appreciable change of the 
magnetic intensity of field takes place. 

So far we have been dealing with adiabatic mechanics. The quantum 
aspect of the adiabatic change comes into question only if we wish to 
allocate quantum numbers to the changed motion. In the case of 
the circular orbit that is simply placed perpendicular to the lines of 
force, this has to occur, by the adiabatic hypothesis, thus : let the initial 
circular orbit [a, co) be (piantised, that is, let it be such that 




nh 

27r 


(18) 


Then the altered motion {a, u) + o) is also quantised, and corresponds 
also to the quantum number n. But this correspondence does not mean 
that now the formula 

ma?{w + o) = .... (19) 

Jtt 

holds, which would contradict the preceding eqn. (18) ; but rather, (18) 
still remains valid. Whereas, however, the left side of (19) denotes the 
moment of momentum in the static system of reference, the left side of 
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(18) represents the moment of momentum in the system of vehM cmcu^ of 
which the precession is + o. Thus the hitter, not tlie forint^r, is (|iiiin- 
tised. This is extended still further then to th(i g(M\('ral ca,se of elli[»tic 
motion. The precesaional orbits in tJui mi (pietic field iVrrcsjHHid to (Jie sovte 
(jnantmn niimhers as the Kepler ellipses in the rase n'hen no nuujnetic field 
is present ; hut the phase Intefjrals are not to he ralcii luted 'irilh reference to 
the. static, hut with reference to the precessional co-ordinate sij stent. 

This was, as a matter of fact, the method that we follow(‘d in tlie 
previous section (p. 298), and which is accordin^^dy justilu'd by th('. 
adiabatic hypothesis. The particular simplicity of tlie Zeeman effect 
now consists in the circumstance that in it the adiabatically alter(‘d oi bits 
arc identical in shape with the original or])its, and difftn* from tb(*m ordy 
in their precessional motion. 

We now give a second application of the adiabatic, hypothr'sis. In 
the case of an electric lield (Htark ellect), we showi'd that the orbits of 
which the ecpiatorial quantum number is zero are to 1)0 rejectcal, because, 
finally, they would approach infinitely near the nucKuis. We, follow 
Bohr in concluding from this that, in the case of tlui magnetic lield 
(Zeeman effect), the orliits of which the (equatorial (|uantum numbc'r is 
zero are inadmissible, although in this case th(‘.r(‘ is no (juestion of a 
collision witli tlui nucleus. The orbits that were not allow abb*, in the 
electric field were such as were shown in Big. 79 ; tlu^y w’enj situated in 
a fixed meridian plaiui through the electiic lim^s of forc(‘. The oiBits 
that are to be nqected in the magnetic held are Ke])lei’ (‘lli})ses, which 
lie in a meridian plane through the magnetic lines of force, and an^ 
rotated around these. 

To prove tliis, we imagine superimposed on the initial electi ic lield 
a magnetic field of force increasing adiabatically from zero, and with its 
lines of force having the same direction. All that then happens is that 
the orbits due to the Stark effect are made to execute a precession in 
which their shape and rate of rotation are preserved. As a matter of 
fact, we proved Larmor’s theorem on page 297 not only for a single 
nucleus, but for arbitrary centres of force, situated on the axis of revolu- 
tion. The homogeneous electric field parallel to the axis of revolution, 
therefore, also falls within the scope of Larrnor's theorem. Wo may 
now let the magnetic field increase to a desired amount, and afterwards 
allow the electric field to decrease adiabatically to zero. We thus trans- 
form in a perfectly continuous way the orbits of the Stark effect into 
the precessional orbits of the Zeeman effect. Here, quantised orbits 
remain quantised, allowable orbits remain allowable, and inadmissible 
ones remain inadmissible. Thus the eqmiorial (ptanlum number zero is 
inadmissible in Ihs Zeeman effect because it is inadmissible in the Stark 
effect. 

A final application of the adiabatic hypoth(\sis concerns the shape and 
position of the orbits in the Stark effect for the limit when the electric 



311 


§ 7. "I'hci Adiabatic Hypothesis 

field l)(3Comes vanishingly small, Lim F->0. We know (p. 284) that 
those orbits are Kepler ellipses, but that they differ from the Kepler 
ellipse s in the case of no forces, or, better expressed, from those in the 
magn(‘tic field of vanishing field intensity Lim Our object is to 

prove the relationship between the two groups of Kepler ellipses ; we 
abbreviate them thus Ky = 0, Kjj = 0. 

Tl 10 field F is to be in the direction of the ;/‘-axis (cf. Fig. 79). The 
poteniial energy of the electron in the field is e¥x. The total energy is 
W, and is composed paitly of kinetic energy, partly of potential energy 
in th(' field of the nucleus and in the external field F ; it remains constant 
during the motion so long as the external field is kept constant. If 
it is altered by an amount 8F, the total energy alters by the amount 
S\V cx^¥. Since the change 8F of the field is to take place infinitely 
slowly, we may replace x by the time-mean x for one or more revolutions 
and write : 

8W = 


We calculate .7; from the time of revolution t by means of the 
formula : 

T 

X = ~^xdt ( 20 ) 

0 

If the field increases from 0 to F, the change of energy is : 

F 

AW = jsw = JexSV = rXF . . . (21) 

0 

In the last term of this equation we have taken x to be independent 
of F. In other words, we have neglected the change of x due to the 
increasing field, as it entails in the expression of AW only a term in F^, 
with which we are not concerned. In particular, then, we may also 
calculate x for the case F = 0 and accordingly take the integration in 
(20) over the orbit curve Kp =. o- 

On the other hand, we take AW from eqn. (1) of g 5. Here - W 
was developed in powers of F and the higher powers were neglected ; 
thus AW is equal to the term in F. We accordingly get, if we equate 
the two expressions for AW : 

(% - «i)(«i + + «a) • ■ (21) 

On the right-hand side we introduce the major axis of the ellipse out 
of eqn. (18) on page 236, namely: 


( 22 ) 
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In this, we have set E = <? (hydrogen) and ^ + ^' = ^1 + ^2 + cor- 
responding with our present nomenclature of the quantum sum. The 
circumstance that a has the same value for our present ellipses Ky 0 as 
for our earlier ones Kji ^ 0 , follows from the fact that we are comparing 
orbits having the same energy, and that, according to (19) on page 236, 
for orbits of equal energy a is the same. By substituting (22) in (21), 
we get 


3 n. - 71., 

2 71 ^ -f 11 ^ -f 7?.j 


( 23 ) 


So far we have calculated J from energy considerations. We now 
express it geometrically in terms of elements of the orbit. Eor this 
purpose we introduce into the orbital plane of the ellipse lectangular 
co-ordinates y whose origin is at the nucleus and whose .r'-axis lies 
along the major axis. We form x and ij along the lines o: eqn. (20). 
By symmetry y' ~ 0. If 0 and rj are the inclinations of the x- and the 
7/'* axis to the .r-axis we get 

X = cos 0 .X + cos r} S/ — cos 0 . x' . . . (24) 

By the law of sectorial areas, -p ^ (where and <j> are ])olar co- 
ordinates in the x'- 7/'-plane, so that x' =* r cos <^), we have 

(It = (25) 

T 'In 

• . y =: Jr'^ cos ^ d(f} . . (26) 

0 0 


and hence 


r 'Jjr 



0 I) 


If we write the e(juation to the ellips(i in the form (cf. p. 235, eqn. (11)) 
= Afl + ecos<^). A = . . , (27) 

then, by (26), 

Sttwi , 2irni ,, 

^ = j,A:^ 3 . " = jnv 3 • • ■ • ( 28 ) 

The integrals here denoted by J and J' have the significance : 


T _ ^ f T' _ ^ f 

27r J (i + € COS 27r J (I + € 


(fi defy 
COS^)*^ 


J is worked out in Note 6 under (ft) ; J' follows from it by differentiation 



1 


IdJ 
2 de 


3 € 

2 (T- 


( 29 ) 
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Hence by (28) and (27) 

^ 

* “ A J “ 2A 1 - ~ 2 ^^ ' 

and by (24) and (23) 

€ COS 6 = - - — 

4- no + ^3 


(30) 

(31) 


Whereas in the case of the Keqyler ellijjse Kn = o (cf. eqn. (14) on p. 235), 
the eccentricity e was fixed by the quantum numbers alone (there they were 
n and n'), there enters into the exjyressioji e for the Kepler ellipse Kf.. o the 
no7i- quantised amjle 0. The limiting cases and Kf = o actually 

differ from one another. 

Our eqn. (23), deduced from adiabatic considerations, allows us to 
form a conclusion not only about the shape but also about the position 
of the orbits. For we read out of (23) that : if n^ > ji.y, then x must > 0, 
that is, the electron in traversing its orbit remains longer on the front side 
of the imcleus than on the rear side ; if < ??..>, then x <C 0, and the orbit 
C07iversely is longer on the rear side Hum on the front side of the 7incleus. 
Here the front side denotes that which faces in the direction of the lines 
of force (.r > 0). 

As is clear from formula (4) on page 28G for the displacmnent of the 
lines in the Stark effect, the sign of Ar is the same as that of (fc^ -- ko). The 
line-displacement due to the initial oi-bit always exceeds considerably 
that due to the final orbit. Thus k^ > ko produces a positive Ar, that is, 
a component on the short- W’ave side of the original line, whereas ki <,ko 
produces a negative Ar, a long-wave component. Combining this with 
the preceding result, we may say : tiu shorUivare (long-ivave) co77iponents 
in the Stark effect axe due to transitions in which the initial orbits lie more 
on the front side {rear side, respectively) of the nncleifs. 

This remark is useful for interpreting ^ certain differences of intensity 
between the long- and short-wave components, + which have been ob- 
served in rapid canal rays of hydrogen. 

The author owes the latter arguments aliout the Stark effect to Mr. 
W. Pauli. They show how extraordinarily easily the adiabatic hypothesis 
allows us to solve problems which otherwise could be treated only by 
complicated calculations. 


* Cf. N. Bohr, Phil. Mag., 30, 405 (1915) ; A. Sommerfeld, Jahrbucli f. Rad. iind 
Eloktr., 17, 417 (1921); A. Rubinowicz, Zeitschr. f. Phys., 5, (1921). 

' t J. Stark, Elektr. Spektralanalysc, § 14 and § 33 ; U. Lunelund, Ann. d. Phys., 
5, 517 (1914). 
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SERIES SPECTRA IN GENERAL 

§ 1. Empirical Data of the Sjheme of Series 

A S a result of extensive researches, spectroscopists h.vVe arrived 
at a niiin])er of physical points of view which en.Mhle them to 
ari’aiige the lines into distinct series. These points of view 
are based on the structure and multiplicity of the lines, the ease with 
which they are produced, their hlurredness oi* sharpness, theii' hehavioui* 
ill the Zeeman edect, and so fortli. Thei'e thus arose as the final criteria 
as to whethc'r lines belonged to a certain series the possibility of express- 
ing in a formula their regular sequence. For the sake of brevity, we 
shall begin here, by describing the series in formula ; the individual 
phenomena may then be conveniently derived from this description. 

We must preface our remarks by saying that the existence of series 
cannot be proved for all elements (for further details, see g 6). The series 
character predominates only in the first thi’ee columns of the periodic 
system. In the fourth, fifth, and six columns, series relationships have 
been discovered only exceptionally (tor example, in the case of 0, S, Be, 
Mn). Towards the end of the periodic system, in the sixth, seventh, 
and eighth columns, the numhtn- of lines increases enormously (cf. the 
Fe-lines, and, indeed, those of all triad elements), to such an extent that 
hitherto it has been impossible to order the linos and combine them into 
series. Throughout, corresponding elements, that is, those that are in 
one vertical column in the periodic system, ^^xhibit an analogous be- 
haviour s])ectroscopically, in that they all have the series character, or 
are all devoid of it. This agrees with the view already expressed in 
Chapter II, § 7, that the visible spectra arise at the periphery of the atom, 
and hence behave similarly as regards structure if the perqjheral structure 
is the same. 

Each series is calculated, like Balmer’s, as the difference of two 
“terms,” a constant first term and a variable second term. We call the 
latter the current term. Just as in Balmer’s case, the term is a function 
of aji integer m, and of certain parameters that characterise the atom. 
VVe next give the usual nomenclature of the current term of the Princi- 
pal Series, and of the First and Second Subsidiary Series. 
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The Principal Series (Hauptserie) is characterised by the letter p ; its 
current term is written thus : 

H.S. . . . mp. 

The integer m is called the current number ; it distinguishes the indi- 
vidual successive members of the series from each other. The symbol 
p hints at the special atomic constants that are of account for this term. 

The First Subsidiary Series (I Nebenserie) is also called the Diffuse 
Subsidiary Series owing to the blurred appearance of its lines; it is 
characterised by the letter d. The current term of the First Subsidiary 
Series is written thus : 

I N.S. . . . nid. 

The Second Subsidiary Series (II Ncbcnscrie) consists, as a rule, of 
shaip lines, and is also called the Shai'p Subsidiary Series. Hence the 
letter s is used to denote its current term : 

II N.S. . . . ms. 

To these three series types that have been known for some consider- 
able time thtu'e became added later, when the infra-red part of the spec- 
ti'um lii’st became accessible to analysis, the so-called Bergmann Series 
(called bi’iefly, B.S.). We shall denote it by the letter* b, and shall 
write its current term : 

B.S. . . . mb. 

A survey of the totality of these series terms is given by the scheme 

16* 2s 3s Is 5s ()s . . . 

2^) 3p 4:p 5]) 6p . . . 

3d U 5d 6d . . . 

46 56 i)6 . . . 

5.r 6.r . . . 

6// . . . 

It exp)’esses that the current number m in tluj .v-term may take all 
integral values from 1 to oo, in the y>-term all values fi’om 2 to cc, and 
so forth. Further, it indicates in the bottom terms that still higher 
terms follow the 6-term, in which m has values beginning from 5, 6, etc. ; 
for the first of such terms we have proposed the symbol mx and my, etc. 

Next, concerning the constant term of our various series, this coincides 

* Tlio iiso of tlio symbol A/> instead of h is duo to Ritz : it was chosen on the as- 
sumption, wliieh has since not been confirmed, that there is a mimorical rolationsijip 
Ixibweon tlic series constants of the IhS. and the H.S. 1'he name “ Fundamental 
Series ” (in place of Rergmann Scries), whicli is usual in English and American litera- 
ture wlu're it is characterised by wf instead of /»/», is founded on the “hydrogen-like” 
character of the Rergmann Scries. We shall sec on p. 817 that this is not a decisive 
c])aractcristic of the H.S. If wo wish to call a series term “ fundamental,” it should 
bo the term I.S., wliich is, indeed, least “ hydrogen-like,” but is associated with the 
“ fimdamontal orbit ” of the atom (cf. the euii of thia section). 
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in the Principal Series Avith the term of the Second Subsidiary S(‘ri(is for 
m = 1 ; the constant term in the two subsidiary si i ios is the', tfii in of tlie 
Principal Series for which m = 2; the constant k rm of the Pxir^rnann 
Series is the term of the Pirst Subsidiary Series h^r m = 3. We. thus 
have, so far as the constant term is concerned : 



H.S. 

l.s* 


I N.S. 

. . 2p 


II N.S. 

22) 


B.S. 

3d 

The final mode of representing the 
cases : 

series thus becomes 

II.S. 

y = Is ~ Vl]> 

m = 2, 3, 

I N.S. . . 

II 

i 

c- 

m - 3, 4, 

IT N.S. 

V = 2j) ~ ms 

= 2, 3, 

B.S. 

V = 3d — vib 

li 


We next define how a single series term is represented quanti- 
tatively. As an abbveviative symbol we write (7/^, k) and (m, /»*, k) 
respectively, and follow Eydberg or Ritz, according to tlu' (iegi’(*e of 
accuracy required, by writing : 


(m, k) 

(m, k) ==■■ 


R 

{m -f k)^ 


R 


[;ni ^ k + K (m, A-, k)]- 


. Itydherg 
hitz 


( 2 ) 


R is the universal Rydberg-Ritz constant, which derives its name- 
from this mode of representation in terms; k as well as k denotes the 
empirical parameters above indicated by .s*, d, whicli are characteristic 
of the element in question and of the sei-ies of that element under con- 
sideration. Por k = 0, or A = #c == 0, rcjspectively, l)oth e-xpressions for 
the terms pass over into the form that we know well from hydrogen : 

(m, 0) = (Balme] ) ..... (2a) 

971 “ 

In Ritz’s form the term is represented not exjdicitly, but implicitly, in 
that the term also occurs in the denominator of the expression, though 
only as a small correction involving also k. 

For k we must substitute in formula) (2) the lettei* s in the terms of 
the II N.S., and the letters _p, d, b for those of the 11. S., the I N.S., and 
the B.S., respectively. Corresj)ondingly, we write for the Ritz coefficient 
K in these four term types the letters o', tt, 8, /?. It is noteworthy that the 
series constants .s, jp, d, b decrease in the case of every element in the 
order wrHten (cf. in this connexion Table 43), likewise the Ritz 
constant 4 o-, tt, 8, /?. We may also express this in the following way. In 
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th(i schfMiie of series terms ma, 7H2),md, mb, ... on -page 316, the resem- 
])lancc5 w ith hydrogen increases steadily as we proceed downwards. The 
d-ternis are more hydrogen-like than the _7;-ternis. The Bergmann 
terms {ire already to a marked extent hydrogen-like (cf. the note on 
p. 315) ; to a still higher degree are the x- and the jy-terms hydrogen- 
like, as also the succeeding terms that have not been written down. 
Accoi'ding to eqn. (2a), the hydrogen character is fully attained when 

/C = K = 0. 

In the foregoing remarks, we have departed from spectroscopic usage 
in that we have also written down the current number of the s-term as 
whole numbers. Usually they are set, not equal to ms, but to 

(w -f- s) = l‘5s, 2*56*, 3*55, etc. 

The reason for this is that in the case of the alkalies (and only in their 
case) the excess of the denominator of the term above the whole number 
m seems to approach the value 1 so much the more, the smaller the 
atomic weight. For example, in the case of Na this excess is 0*65, for 
Li it is 0*59. Whether the subtraction of the amount -I is justified by 
theory is as yet undecided. We shall return to this point in the sequel 
(cf. § 2, Note to p. 329, and § 6 in the remarks connected with Table 63). 
In our description we shall also use the integral nomenclature ms for the 
s-term, that is, we shall suppose the amount ! taken up in the series 
parameter s. In using the halves the eqn. (1) for the H.S. and the 
II N.S. would have to be altered as follows : 

H.S. . . v = 1*5 s - . . . 77i = 2, 3, 4 . . .) 

II N.S. . . = 2i> - (w + I, s) . . wz - 2, 3, 4 . . . (■ 

It is just this method of transcription that earlier seemed to justify 
the name “H.S. and II N.S. of hydrogen” for the He^-series (of Fowler 
and Pickering, cf. p. 207). If, namely, for the purpose of representing 
them w^e insert the special value 5 = == 0 in the general definition (2) 

of the series term, then there arise from eqns. (3) exactly the eqns. (6) 
and (7) on page 207. But, on the other hand, as the series became 
i-educed to the integral Balmer form, the eqns. (6a) and (7a) on page 208, 
the us(i of the halves has in general lost ground. 

It must not be imagined that the combination of the lines into series 
and their resolution into two terms is a mere trifle. Rather it demands 
special experience and ingenuity. First of all, the lines of the various 
series are all mixed together and must be separated out in accordance 
with the criteria indicated at the beginning of this section. There are 
usually only a moderate number of lines of a single series present, as the 
higher members of the series, on account of their feeble intensity, are 
less accurate than the more intense lower members. To derive the 
series limit and hence the constant first term of the series by extrapolation, 
the analytical expression for the current term, for example in the Ritz 



318 


Chapter VI. Series Spectra in General 

form, must be used as a basis. The series limit is then obtained, as well 
as the indeterminate parameters that occur in the series law (in general 
denoted in (2) by fc, k-), by a graphical or arithmetical jaocess of approxi- 
mation.* It almost always appears that the first member (or members) 
of the series is not given with sufficient accui^acy. From this we must 
conclude that not only Eydberg’s but also ftitz's form represent only an 
approximation to the strict series law and are true only for the greater 
values of m. We shall see in the next section how thf^ law is to be 
supplemented from the theoretical point of view, so as to be of service 
for smaller values of m. The task of calculating the series becomes 
much easier if other series or series limits of the same element are 
already known. On account of the relationsbi])s of “combination” 
(explained in the sequel) between the different series, we have always 
to strike a halance between the calculations of several series. It is 
unnecessary to emphasise that the wave-lengths measured are first 
reduced to measurements “ in vacno ” and referi-ed to normals, and that 
finally the wave-numbers must be expressed in international units. 

In the representation (i) the following laws are contained, which his- 
torically preceded the description by terms and gave rise to it 

1. The scries limits of the first and second suhsidiarjj series coincide. 
For, by (1), both occur at the wave-number v — The limit of the 
Bergmann series occurs at the wave-number v — 3(L As stated, these 
limits in most cases cannot be observed, but can only be calculated by 
extrapolation. 

2. The series limit of the principal series has the wave-nunib(U' r = I.*?. 
The difference bekveen the wave-nnmbei's of these series limits and of the 
common limit of the first and second snbsidiarfj series is equal to the wave- 
number of the first member of the imincipal series (Rydberg-Schuster rule) ; 
the second subsidiary series, too, if we extrapolate its expression in series 
for m = 1, leads to the same wave-number with the sign reversed. 

So far we have tacitly spoken of series of simple lines. But fre- 
quently the series lines consist of several components ; they are doublets 
or triplets, and in this respect, too, the elements that occur in the same 
column of the periodic system behave alike. This multi})! icity of lines is 
due in the first jjlace to the term of the princi]jal series. On the other 
hand the term of the second subsidiary series is always simple. Also 
the term of the diffuse series has the same complexity as the term of the 
}3riricipal series, namely double or treble according as the term of the 
principal series consists of doublets or triplets (cf. S 5). But the separation 
of the components in the d-term is much smaller than in the 6-term. 
For the (jeneral orientation of the series scheme with which we are for 
the present concerned, the multiplicity of the r/-term and still more that 
of the 6-term need not be taken into account. We indicate the multi- 

*This })rocoss that has mainly been worked out by Paso hen and his co-workors is 
described by E. Pues in his Munchener Dissertation : Ann. d. Phys., 63f 1 (1^20). 
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plicity of the term of the principal sericR by considering ni/i) in (1) 
replaced by : 

Ji — 1, 2 doublet series 
= 1, 2, 3 triplet series. 

If we fix our attention on the lines with the same index i, we speak of a 
Partial Series. For the partial series contained in a doublet or a triplet 
series the following laws, which have been particularly useful in distin- 
guishing principal and subsidiary series, hold : — 

3. J^or the firiit and the second subsidiary series the lair of constant 
differcMces of frequency (difference of ivave-numher) hold. That is : the 
doublet or trijdet dilforences in the I and TI N.S. have a difference A»/ 
(measured in wave-nuinliers), which is independent of the member 
number m of the lines and is identical in the I and 11 subsidiary series. 
Moreover, it coincides with the wave-number diiference in the first 
member of the principal series This follows immediately from the 
fact that the multiplicity of the subsidiary series is due to the constant 
term 2p<. In § 5 we shall illustrate in the case of Li that this law is, on 
account of the additional multiplicity of the d-term, only a law of approxi- 
mation in T N.S. 

4. The wave-number differences of the principal series decrease to zero as 
the member number increases. The reason for this is that in this case the 
multiplicity is conditioned by the variable term, whereas the constant 
term is, strictly speaking, simple. For example, in a doublet series the 
difference in frequency of corresponding members of the two partial 
series Av = mp.i, - mp^ and this difference, according to (2), becomes 
smaller and smaller as m increases : 
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where, in the denominator of the last expression, p is a mean value 
between p, and po. 

From iff) and (4) it follows, in particular, for series limits that : 

5. The partial seines of a. principal series approach, as the number of 
the member increases, one and the same series limit. The partial series of 
one and the same subsidiary series have series limits that differ from each 
other by the constant wave-number difference of the partial series in 
question ; hut corresponding partial series of the first and second subsidiary 
series a 2 )proach the same series Iwiit as m increases. 

A further difference between principal series and subsidiary series 
follows from the intensity of the lines in the doublet and the triplet series. 

We next consider the example of the D-lines, the first men4)cr of the 
principal series of the Na-spectrum already considered in Fig. 64 ; as is 
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well known, they form a doublet. The wave-length dilTenaice of the 
lines Dj and 1).^ amounts fairly accurately to GA. Do is of shorter wave- 
length and more intense (twice as intense) as D^. This is to he interpreted 
in the sense that the number of Na-atoms that emit .1 >o is greater than 
(twice as great as) the number of Na-atoms that emit ; cf. also S 5, 
eqn. (5). In Fig. 82 we show schematically, besides the lines D^D^, also 
the next member of the principal series, in which the doublet interval is 
already markedly smaller, as also one of the succeeding members, in 
which the doublet no longer appears resolved. On the other hand, the 
type of the two subsidiary series is indicated in Pig. *82. By Law 3 their 
constant wave-number difference is equal to that in the first member of 
the principal series. The distances of the series members from one 
another, with which we are not at present concerned, have here (just as in 
the case of the principal series) been chosen arbitrarily in the scale of 
the vs. What are of essential interest to us at present are the conditions 
of intensity. In the subsidiary series the more intense component of the 
doublet is on the opposite side to that in the principal series. The reason 


D, D, 



H.S 1 ind II.N S 


Fig. 82. 

for this we see without difficulty by looking at the formula} (1) is that 
mjjf occurs in the expression for the principal series with the reverse sign 
to that of 2p/ in the expressions for the subsidiary series. We generalise 
this for arbitrary doublet and triplet series and enunciate our last propo- 
sition as follows : — 

6. The order of Heqneiice of the intensitieH in the donblels and trijjlets of 
a princiiJal series is the reverse of that in the correspondimj doublets and 
trijdets of a subsidiary series. 

For the rest, we have already in Chapter I II, 5, (istablished the same 
fact with reference to the Kbntgen spectra for the intensities of Ka, Ka' 
and La, L/J, as well as foi' those of La, La' and Ma, M/S. What was 
here called, in connexion with series representation, reversal of sign, 
apx^eared there, more vividly, as interchange of initial and final path in 
the one or the other pai]' of lines. Of course this interpretation may he 
taken over from Kontgen spectra and applied to the visible spectra. 

As a comprehensive example of the preceding theorems w^e shall 
compare in Fig. 83 the line-sj)ectra of potassium with one another ; in 
the first row is the principal series, in the middle is the second subsidiary 
series, and in the bottom is the first subsidiary series. The lines have 
been drawn on the correct scale of their frequencies quantitatively ; but 
we have magnified the doublet intervals ten times to make them per- 
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ceptibl(‘, ; the weaker doublet lines have throughout been drawn as dotted 

We. see from the ligure that the limits of the first and the subsidiary 
series coincide (Theorem 1), both the continuous and the dotted limits 
(Theorem 5). The limit of the principal series, diminished by the 
common limit of the first and second subsidiary series, gives the frequency 
of the first member, of the principal series (Theorem 2, the Kydberg- 
Schuster Law ; it is indicated for the continuous and dotted partial series 
by the continuous and dotted arrow). The doublet intervals are equal 
and constant in the two subsidiary series (Theorem 3) ; in the principal 
series they decrease rapidly towards the violet (Theorem 4.) That is 
why the limit of the principal series is simple, and that of the subsidiary 
series is double (Theorem 5). The order of sequence of the intensities 
of the doublet lines in the principal series is the reverse of that in the 
subsidiary series (Theorem 6). 
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The spectra of the alkalies being easy to grasp first led to the arrange- 
ment of spectral lines into series and to the discovery of the relationships 
embodied in them. Tn the elements of the second and third column 
the character is much more manifold ; liere there are series tx'pes of 
simple lines, series types of doublets and triplets which in their turn 
again resolve into principal series, subsidiary series and Bergmann scries. 
For a time it was therefore conjectured that the complete series scheme 
must consist of doublet, triplet, and simple lines. But this conjecture 
only helped to obscure the true state of affairs. For, as we shall see in 
G, the doublet series correspond to a state of ionisation of the atom other 
than that to which the simj^le series and the triplet series correspond, 
which belong together. Doublet series never occur in the same atom (in 
the same atomic state) in conjunction with triplet and simple series. In 
the last columns of the periodic system the number of lines and their 
character defies analysis, as we said above. 

Besides the four series hitherto mentioned there are in the case of all 
elements numerous other combination lines and combination series. For 
example, we may combine the term Is irfetead of 25 with the j!7-terms, or 
21 
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8^ instead of %p with the d-terms. In this way we arrive at a second 
representative of the H.S. or of the I N.S. type, which may be represented 
by formulflB analogous to (1) : 

H.S, . . . r = 2s - mp . . m = 3, 4, 5 ... I /ra 

I N.S. . , . V = - md , . m = 4, 5, 6 . . ./ ' 

The following combination series are also often represented : 

V — 3d - mp . . m = 4, 5, 6 ... 1 

v = 4:b - md . . m = 5, 6, 7 . . . I • * 

Kitz’s Principle oi Combination (p. 205) would even lead us to expect 
that we may combine every term mn, mp, mb, md with every other. But 
we shall see in the next paragraph that undei* normal conditions this 
principle is subject to selective limitations. We are already familiar from 
earlier remarks (p. 187) with the fact that it i- th(* fmns and iOt the Imes 
combined from them that comtitute the true aim of .•ipectrof^cnpip 

Helium (neutral helium, not lie*), the element which immediately 
succeeds hydrogen, already shows a very complicated series scheme that 
is in many ways very remarkable. It possesses two different series t(‘rms 
that do not combine with one another. We follow Bohr in calling the 
one orthohelium ; to it belongs, for example, the intense yellow He-line, 
the Fraunhofer line for which k = 5876, v == 2p - 3d, We call the 
other series system parhelium ; it was originally ascribed to an element 
possibly different from helium. The series of oithohtdium consist of 
very narrow double lines, the lines of parhelium are strictly simple. 

We make use of the following “ scheme of levels” Niveanschema'). 
Starting from the “energy-level zero” denoted by co (an electron at an 
infinite distance from the atom) we plot the numerical value of each 
series term downwards and draw a step that is to visualise the term. 
Since the terms are proportional to the energy of the atom in the corre- 
sponding states of motion, each step denotes a possible energy-level of the 
atom — quite analogously to the earlier figures for the Kontgen region. 
We distinguish the steps as s-, p-, d-levels, drawn on the left for parhelium 
and on the left for orthohelium. It is found convenient to denote the 
levels of parhelium by capitals (S, B, D), those of orthohelium by small 
letters {s, 'p^ d). This method of distinction agrees with the custom, 
introduced hy Baschen, of characterising simple series with capitals, 
multiple series with small letters, wherever this is practicable. The two 
dense lines of separation in the middle of the figure indicate that direct 
transitions from the orthohelium levels to the parhelium levels are not 
admissible. We have omitted the series of terms and higher terms, as 
also the “doubleness” of the steps of orthohelium as, in any case, on 
account of their closeness, they cannot be made clear in the scale of the 
figure. The S-steps are numbered I to go, the P-steps from 2 to od, the 
D-steps from 3 to oo. The step i,s* is present only once, namely, in the case 
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of parhelium ; all other steps are present both in the case of parhelium as 
in that of orthohelium. The step Is in the case of parhelium, and 2s in 
that of orthohelium are drawn more densely to indicate their stability, or 
meta-stability respectively (cf. § 3). The meaning of the upward drawn 
arrows in the scheme of levels will not be explained till we get to 3. 

The arrows drawn downwards, being the difference of two terms, 
lepresent the emission lines of ortho- and parhelium. Let us consider 
first the I and II N.S. Their arrows end at the level 2^ or 2P, re- 
spectively, and begin at the level md, ms or wD, wS, respectively. To 
be able to draw these arrows, the level 2/> (2P) has been extended 
by a dotted line in both directions. But the extension does not extend 
beyond the central partition lines between ortho- and parhelium, since, 
as we said, the levels of the two heliums never combine with one another. 

Parhelium Orthohelium 
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The length of the arrows increases as the member number increases in 
the series and finally approaches the limit, which is common to the I 
and II N.S., but different for ortho- and parhelium, and which is repre- 
sented in the right and left half of the figure by the arrow oc 2]) and 
00 2P respectively. 

Passing on to the II. S. (Principal Series) we distinguish between the 
H.S. with the symbol IS - mP (cf. e(in. (1)) and those with the symbol 
2S - mP and 2s - vip (cf. eqn. (5)). The H.S. with the symbol IS - 7nF 
lies in the extreme ultra-violet and is denoted in the left side of the figure 
by dotted arrows. The lines 

A - 509, IS - 2P 

A ^ 523, r = IS - 3P 

are among these arrows. 
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On the left of these there is drawn also the line 
X = 585, r = IS - 2S 

we shall see in S 3 how these lines that lie far beyond the visible region 
may be measured. 

There is a wide chasm between the levels 2S and IS which is 
indicated in the figure by an interruption in the arrows. The distance 
(IS, 2S) is almost five times as great as the distance (2S, co), so that it 
could not be represented accurately to scale in the figure. Since the 
level l.s is missing in orthohelium, there is in its case no H.S. with the 
symbol l.s‘ - mj). The main series with the symbol 2s - ?7ip, 2S ~ mV 
are represented in both ortho- and parhelium. The majority of their 
lines lie in the visible region ; only the first line of both series is in the 
infra-red, as is indicated by the shortness of the corresponding arrow. 
Their wave-lengths are : 

X = 10830A^ 1/x, 1 / = 2.S - 2}) (orthohelium), 

X == 20582A>{; 2//,, i/ == 2S - 2P (parhelium). 

The first, being the “resonance line” of helium (cf. S 3), is particularly 
interesting. 

The levels with the same numerical coefficients, for example 2.s’, 2/>, 
or 3.s% 3p, 3rf, have been joined together in the two halves of the figure to a 
continuous step-like line. As there is no level 2rZ or 2D, the first of these 
step-lines breaks off at 2p (2P), the second at Sd (3D); to the step-line 
4^, 4p, 4rf there would become added, if we had included the Bergman n 
series, the level 45. The levels that have in this way been grouped 
together by means of the common current number m are actually uniform 
and correspond to one and the same Balmer term R/m^. It was partly 
to preserve these classifications or co-ordination that we departed some- 
what in the foregoing from the usual nomenclature. The parhelium. 
terms that are usually called 1 5S, 2'5S, 3*5S (cf. eqn. (3)) we have called 
2S, 3S, 4S. Our ground-level IS, which is inaccessible to ordinary 
spectroscopy, would be called 0*58 in the terminology which uses halves. 
Oui’ figure may be I'egarded as a particular piece of evidence showing 
that the nomenclature of halves in the system of series is less well 
adapted than our nomenclature of whole numbers for the S- and s-terms. 

Hitherto we have spoken only of emission lines. They result after 
previous excitation, that is, after the atom has been raised out of its 
naturally most stable state to one that is less stable (cf. p. 215), fi'om 
which it in turn strives to escape into one that is again more stable. 
We call the most stable state of motion of the atom its natural orbit 
(ground orbit, German (trundhahn). The ground orbit thus coiresponds 
to the least energy (algebraically), or what is the same, the highest term. 
In the case of neutral helium it is represented by the level 18 (or 0*58 
in the ordinary nomenclature). 
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The absorption lines, on the other hand, so far as they arise in cold 
vapours, correspond to the unexcited natural state of the atom. The 
initial level of the absorption lines is therefore the “ natural orbit ” of the 
atom. In our diagram the absorption lines would have to be represented 
by arrows that start out from the natural or ground level and are directed 
'upwards. Hence the lines of the H.S. type Is - mP, dotte^d in the 
figure, if inverted, therefore rejjresent the absorption lines of cold He-gas 
and presumably (cf. § 3) the only absorption lines. The fact that they 
all lie in the extreme ultra-violet explains why He-gas is quite transparent 
in the visible region. 

Clearly the position of the absorption spectrum is of fundamental 
importance for the knowledge of the series scheme. It makes us 
acquainted with the natural or ground orbit of the atom ; it tells us that 
in the case of He the lowest level accessible to spectroscopy (here 2s) 
cannot be the true natural or ground orbit. 


S 2. Quantum Theory of the Series Scheme. The Principle of Selection 
for the Azimuthal Quantum 

The distinctive property of the hydrogen atom is, spectroscopically, 
that it exhibits only one series spectrum, namely Balmer’s. The division 
into principal series and subsidiary series was here shown to be to no 
purpose. We saw the reason of this in the preceding chapter : the most 
general orhit of the hydrogen electron, the Kepler ellipse, when properly 
(juantised leads to the same energy and the same spectral lines as the 
special circular orbits : the individual series term depends only on the 
sum of the azimythal and radial quantum numbers n -f n , and not on 
these numbers separately. The same holds for the atoms He ^ and Tii ' ■ 
which are of the hydrogen type. 

The case is different for atoms that are not of the hydrogen type ; that 
is even for neutral He and Li. Here the pure Coloumb field v;ith the 
nuclear charge Tie no longer reigns. We distinguish between an ex- 
ternal ‘'initial electron*’ {Aufelektron) which is throwm by some agency 
of thermal or electric origin out of its stable position into an orbit further 
removed from the nucleus, and the Z ~ 1 inner electrons wdiich essen- 
tially describe their normal orbits (" essentially ” means except for per- 
turbations that arise from the respective position of the initial electron). 
This external initial electron moves in the field of the nucleus, which is 
screened off by the inner electrons. This field is still, indeed, asymp- 
totically a Coulomb field : foi* sufficiently great distances the nuclear 
charge -f Zc and the Z - I electrons near the nucleus act conjointly like 
a simple point charge + e ; but for moderate distances the individual dis- 
tribution of the electrons near the nucleus enters as a factor. It produces 
a supplementary field that differs from the Coulomb field. The orbits of 
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the external electron are therefore no longer Kepler ellipses. Neverthe- 
less they are more or less related to the latter, being the more related the 
further the orbit is removed from the nucleus. 

We imagine the supplementary field idealised into a pure central field, 
that is, we write its potential energy as a pure function of the distance r 
between the nucleus and the external electron. The orbit of the latter 
then becomes plam. In the plane of this orbital curve we measure an 
azimuth ij/. To the co-ordinates r and \{/ there then correspond two quan- 
tum numbers n and n\ which have a meaning similar to that in the case 
of hydrogen,"^ and which are likewise to be called the azimatltal and the 
radial quantum number. 

The energy W of the orbit depends on n and n\ not onh however, 
on the combination n -P but also on a more general function of n and 
11 . There is one important property of this function that we may pre- 
dict from the outset. For great values of the azimutlial quantum n Limber 
n — great values of 11 denote great areal constants and hence also great 
average distances from the nucleus — it will resolve into the correspond- 

W 

ing Balmer function. The same holds for the term - wliicl) is pro- 
portional to the energy; herein the energy of the initial orbit W„ corre- 
sponds to the curretit term of the sei'ies (p. 314), the energy of the final 
orbit W,. of the constant term. If, for the present, we writ(^ tlu^ series 
term of any arbitrary term in the form 

11 ) (1) 

we thus know that we shall have 

■ ■ ■ ■ ( 2 ) 

As an abbreviated representation of the line-spectra which are not of the 
hydrogen type we get in this nomenclature : 

V = 11 ) — ^(A’j Ic) .... (3) 

The parameters that occur in the function are to he determined from 
th^ constitution of the atomic field, that is, from the number and dis- 
position of the inner electrons of the atoms. 

Our generalised series formula (3) immediately, in the case of ele- 
ments not of the H type, leads to the dissociation of the Balmer series 
into a system of series. For if in (3) we keep fixed, besides the quantum 
numbers n and n' of the final orbit, also one quantum number of the 
initial orbit, namely A;, but vary the other one, h\ then there results for 
each definite value of k a definite s(iries ; in this way, for various A;’s, a 
system of seri(is arises. 

Ju the a])iK.*ndix to 4 ? 7 of tliis chapter we shall give further details of the a/iimuthal 
rjuantuin number n in tlio model, and its relation to the total moment of momentum 
of the atom. 
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A more detailed investigation which is given in Note 13 has led the 
author to the following varyingly approximate expressions for the 
function </)(n, n ') ; — 

(a) As a first approximation the atomic field may be regarded as a 
Coulomb field (see above). Its potential energy with respect to the outer 
electron is : 


= — 




Corresponding to this, we have as for hydrogen, 
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(4a) 


{li) For a second degree of approximation, let the potential energy of 
the atomic field be represented by : 





The corresponding value of </> is : 

</)(?^, n) = 


_ _E 

{n + n' 4- ’ 


(4b) 


The (quantity /r,, here introduced depends, on the one hand, on the con- 
stant of the atomic held, and, on the other hand, on the azimuthal 
quantum number n, but it is independent of the radial quantum number 
n\ As n increases, vanishes in accoi’dance with equation (2) (and, 
indeed, on the particular assumptions of the calculation to be given 
later, it tends to zero with n“^). 

(r) As a third approximation the potential energy of the atomic field 
is expressed with the help of two constants and Co as : 



The calculated value of then comes out as 
. / ,v _ E 

[n + n + n)\- 


(4c) 


The same as was just said of k„ is true of : k„ depends, besides on the 
constants of the atomic field, only on n and not on n\ and it vanishes 
for n =! oo. 

We then get for our series term, if we denote the whole number 
n + n' by m, omitting the index n in k„ and K,^ to a first, second, and 
third degree of approximation : 


K0)-« .... 

. . (5a) 

<“■ ‘>-(™ ^ ■ ■ 

. . (5b) 

(vL, h, k) = 

[m + k + K{in, k, k)J- 

. . (5c) 
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But these tare the same forms of the series terms, as those we enumerated 
in our note on the empirical laws of series in the preceding paragraph as 
the first, second, and third degree of development, namely, as the Balmer, 
Rydberg, and Eitz forms of the series term. It is hiijhly mnarkahle and 
safis/acionj that those three types of spectral formnhe, which have been 
evolved slowly and Liborlouslyy at widely distant times, from the data of 
observation, arise )iaturally and simultaneously out of owr calculation. 

The theory also indicates in what direction we may expect a rational 
extension of the spectral formula. It arises when we retain in the ex- 
pression for the potential energy highiir (indeed, also eveh) powT.rs of ^ ’ 

that is when we start from the most general form of central forces. The 
coi responding extended expression for the term then hecomiis : 

- 

4: . . .)+K'{mJi . . .)- + k'{ulJc . . + . 

The new series constants k, k", that have here been introduced, are again 
independent of the radial quantum number n and hence also of the 
current number m = n + n, and they depend, besides on the constants 
of the atomic field, only on the azimuthal quantum number n. This is 
stated on the assumption that, on the whole, the atom is neutral, and that 
the main body of the atom, in the field of which th(‘. outer electron 
describes its orbits, has a surplus of a sinyle eJuvnje. How the spectral 
formula is to be alten'd when the atom is ionised as a whohi will be dis- 
cussed in (). 

And now there can no longer be a doubt as to how W(i must lit the 
hitherto separate principal seiies, subsidiary series, and so forth into our 
general scheme. In the principal series m assumes, by eqn. (1) on page 
316, the values 2, 3, 4 . . . We shall assume that for all lines of the 
prlnci'jKil series the asimulh,al quantum number n has the fi,ved value 'n — 2, 
ivhere(is the radial quantum numher may have ail values n'=^0, 1,2 . . . 
This is equivalent to m assuming all the values 2, 3, 4 . . . To get into 
accord with the usual nomenclature we shall here write 

k = J), K = TT. 

These quantities, being inde])endent of n, are characteristic constants of 
the principal series. 

On the other hand, in the first subsidiary series, m assumes succes- 
sively, by eqn. (1) on page 316, the values 3, 4, 5 . . . We shall assume 
that in the current term of the first subsidiary series the azimuthal quantum 
number n has Hie fixed value n = 3, whereas the radial quantum number 
may assume all n'lnnbers 7^' = 0, 1, 2 . . . ; at the same time we -shall 
writ(i k = r/, /c = 

In the next section we shall S(je that the ideas which have been de- 
veloped about the individual terms along these lines also lit in naturally 
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with the excitation conditions under which these series are found by ex- 
periment to come about. It is true that we are not yet in a position to 
calculate the series constants .s*, o-; j), tt, . . . a 2 ^riori from the atomic 
models. The problem is, rather, the reverse, namely, to draw inferences 
from the observed series constants about the coelTicients c in the develop- 
ment of the potential of the supplementary atomic field. But even this 
cannot be satisfactorily accomplished at present, because the coefficients 
c to be obtained in this way are incompatible with the assumptions 
(purely central supplementary field ; electronic orbits lie only in the 
outer* regions of the atom), which are assumed as the basis of our 
problem in Note 1^1. 

In .spit(5 of this the inteipretation here obtained for the s])ectra which 
ai‘e unlike that of hydi'ogen is of value. It explains not only the se])a- 
ration of the one hydrogen series into the 
series systems that are observed in the case 
of all other elements, as well as the Byd- 
berg and the Kitz form of representation 
of these series s^^stems, but it also 2 )rocures 
for us definite pictures of the phenomena 
when the principal series is emitted, or the 
lirst subsidiary seu’ies, etc. (cf. Big. 85, that 
relates to the principal series). It is only in the tirst member of this 
series that the initial orbit is circular {n = 2, )i = 0) ; in the subsequent 
members the orbits assume an elliptic form of increasing eccentricity 
{n — 2, 1 L ~ 1, 2, 3, . . .). In the figure the orbits are drawn as exact 

* The coiiditioii tliat tlio orbit of the migratory electron Aufelektron'") lies 
entirely in tlic outer regions of tlie atom was tacitly assumed in our calculation of the 
terms in that we started with a uniform expre.ssion for the supplementary field ; if the 
electron penetrates into the interior of the atom, tlie expression for the siipplementarv 
Held would alter more or less discontinuoiisly. Schrodinger has shown (Zeitschr. fiir 
Pliys., 4, 1-147 (11)21)) that in the case of tlio .s-term of the alkalies the migratory electron 
would liave to pass through tlioS-shell, and be has taken this into account in the initial 
conditions for the supplementary field and tlie quantum eonditions. He gets for the 
denominator of the .s-tenn by his very schematic calculation the values ; 

m - 0-74 = 1-26; 2*2G; 3*2G; . . . 

It immediately suggests itself that we may bring these fmctional values into relation- 
ship with the multiples of halves occurring in the ,s-tiirm (cf. p. 317), although the 
numerical values are widely different at present. Thus the fact that the s-tenu of the 
alkalies is an integral nwinher of halves would acairditigltf be explained by the entrance 
of the migratin' y electron into tlu- inner S-shclL 

It is also noteworthy tliat in Schrodinger’s result the lowest term-clenoniinator, 
1*26, corresponds, not to the value m — 1, but to m - 2. Schrodinger therefore as- 
sumes that the ground orbit of the alkalies is not a “ circular orbit*’ (n — 1, but 

an “elliptic orbit*’ (n— i, 7 j.' — 1), and accordingly designates it not by I** hut by 2.'>. 
Thus the circular type of orbit which is the simplest of the scries of .*{-orhits would thus 
he imp(>ssiblo d;>iiamically and tlie series would begin with the simplest form of the 
elliptic typo. Rojdestvensky, too, starting from a more formal point of view (com- 
parison with the hydrogen spectrum), comes to the eonclusiou that the ground orbit of 
the alkalies is to be written as 2.s* and not as l.s ; nf. Verhandl. des oytischi^n Inst Huts 
in Petersburg^ Bd. II, Nr. 7, Berlin, lh2l. Nevertheless, wo consider it right for the 
present to keep to denomination Is for tlie ground orbit, in particular in Fig. 8G. 
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ellipses, whereas they are, in reality, deformed by the atomic field 
and their perihelions move. Furthermore, they have been drawn con- 
centrically whereas they are in reality confocal (cf. the points indicated 
by small stars which denote the positions of the foci, which should in 
reality coincide). The orbits that form the basis of the term of the first 
subsidiary series are more extended (they have a great areal constant, 
n = 3) than those that condition the term of the principal series {n = 2), 
but they are otherwise similar to the latter. In the case of the term of 
the lirst subsidiary series the departure from the hydrogen type is less 
than in that ot the mrra of the principal series ; in that of the Bergmann 
term (ji = 4) this departui’e is already so small that this teiaii may from 
the outset be written down directly in Balmer’s form. In the following 
terms * /M.r, mij that correspond to the quantum numbers n = 5, n = 6, 
respectively, this is nowadays still adopted iri the tables of Dunz, that is, 
these tables are written : 

m = o, () . . . 
m- 


V7o recognise in this a confirmation of the point of view set out at the 
beginning of this section, according to which every atomic field acts, at a 
sufiicient distance from the nucleus, asymptotically as a Coulomb field 
and hence must produce a spectrum that is mort) and more closely related 
to Balmer’s spt'ctrum. Finally, the above reflt^ctioiis tell us that the 
Rydberg number R is a universal constatit in tlui spectiu of all elements 
and explain why it is so. 

But we only see with certainty that we are right in ascril)ing the .s*-, 
y;-, d-, Z?-terms to the azimuthal quantum numbers ii — 1, 2, 3, 4 when we 
enlist the aid of our principle of selection (Chap. Y, 2). According to 
this, we have to expect only those combinations of the .s-, p-, d-, ^;-terms in 
whiclb ike azimuthal quantum number dijfera onijj by unity. 

If we write down the array of series terms in the oi’dei’ of increasing 
azimuthal quantum num])ers : 


II N.S. = I 
^n = 2 
^n = 3 
= 4 


.v-term 

V- - 
d- „ 


rj H.s. ^ 
!D IN.H.^ 
tD B.S. 


The arrows at the immediate right of the terms denote those transi- 
tions from an initial to a final state, in which the azimuthal quantum 
number decreases by 1 (/z-,, - n,. = + 1) ; those on the left denote transi- 
tions in which the azimuthal quantum number increases by I - n,. 
= - !)• ■ 

For example, the principal series arises through the transition at the 
right-hand top coi ner, corres]jonding to its symbolic expression 
1 / ^ l.s - mpj m — 2, 3, 4 . . . 


“ A special study of those terms has been carried out by Rojdestvensky, 

cf. Verhandl. des optischen Institute in Petersburg ^ Nr. 8, Berlin, 1921. 
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Its characteristic feature is the combination of the p-term « 2) with 
the s4erm = 1) ; the amount of the number m, which is, according to 
our view, determined by the radial quantum number (m = n + n\ and in 
the present case, m = 2 4* n), remains arbitrary. It is clear that our 
principle of selection also allows the series 

V == 2s - m]), v = 3s - mp . . . 

which likewise correspond to the transition from n,, = 2 to = 1. Its 
occurrence was discussed in eqn. (5) of the preceding section and again 
specially in Fig. 84 for the case of helium. The fact that it is in general 
weaker than the true princix)al series v — Is - mp is easily explained on 
the ground that here the number m must in general be greater than 2 to 
give rise to a positive v, that is, to make possible a process of emission 
accompanied by loss of energy. 

The first subsidiary series is characterised by the transition, at the 
centre of the second column to the right, which corresponds to the 
series formula 

V = 2p - md, = 3, 4, 5 . . . 

In it the essential feature is the combination of the p-term with the 
rf-term {n,. == 2 and = 3) ; instead of 2p there might also be, according 
to our principle of selection, 3p or 4p ; in either of these cases, however, 
the minimum value of m would have to be raised beyond 3, and this 
would entail a weakening of the corresponding lines. Such transitions 
have actually been observed, even if less often than the lines of the first 
subsidiary series in the narrower sense (cf. eqn. (5) on p. 322). 

The lowest arrow on the right leads to the following symbol for the 
Bergmann series 

,/ = 3d - vih, m = 4, 5, 6 . . . 


or, in addition, to the Berginann series of higher order 
V — 4^/ - vib, m = 5, 6, 7 . . . 


The combinations of the terms my also fit in well with the prin- 
ciple of selection. According to Dunz, the following combinations occur 
in the case of the alkalies, of He, and other elements : 

46 ~ 5.r, - 6// 


which ai'e written by him, on account of their similarity with the hydro- 
gen series (cf. p. 330), thus ; 


4Ap - 


N 


N _ N 
5 ^ 0 ^ 


(where Ap and N take the place of h and E respectively). 

These combinations exactly realise the quantum transitions here to 
be expected, n„ = 5, ~ 4 and n„ *= Gf = 5 respectively, which 

would link up on the right with our scheme. 
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Whereas the series 46 - /;w ordinarily lie in the. inTra-red I’egion, 
and hence mostly escape observation, they becoiTK' displac(id into the 
visible region in the case of spark spectra (cf. Jib), kbwler* has dis- 
covered a seines of this kind, consisting of many lines, in the spark 
spectrum of Mg, but has described it by the expression 46 - mb, which 
is in contradiction with the principle of selection. This interpretation is 
possible as an approximation only because the terms mx are only very 
slightly different from the terms mb (and both differ only slightly from 
the Balmer terms). Nevertheless, Fowler is compelled in his interpre- 
tation to talk of ‘‘ inexact combinations ” between mb and 46. The 
correct interpretation of 46 ~ mx has been brought out clearly by 
Eojdestvensky (cf. p. 330) ; in it the infringement against the prin- 
ciple of selection, as also that against the principle of combination, 
vanishes. 

We now pass on to consider the left-hand side of our scheme. Here 
the top arrow belongs to the second subsidiary series (II N.S.). It is 
represented by : 

V = ~ ms, m = 2, 3, 4 . . . 

For a corresjjonding increase in the minimum value of fu, we may 
again write 3y), ip, ... in iilace of 2y>. 

The two lower arrows on the left lead to s(uit‘s that have l)et^n 
observed in the case Na, for example, and that have the form of e(in. (b) 
in S 1. They are, corresponding to the higher minimum values of vi 
necessary in this case, rai-er and weaker than the better known series 
previously discussed. 

Kecapitulating we state : 77^; cirmhuudiom which a fir principle of 
select um alloirs in the first plac.e lead to the most commonlij occurrinij and 
most intense series (Principal Series, First and Second Subsidiary Series, 
Bergrnann Seides). Reasonable grounds may be adduced for the more 
infrequent occurrence of the combinations allowed by our principh;. 
We may regard the above statement as confirming the allocation of the 
rarmiS ' series terms to the azimuthal quantum member n, and we may 
reqard it as convincimi evidence of the truth of the principle of selection. 

Rut there are also exceptions to the princi])le of selection ; these 
include transitions in which the azimuthal quantum remains unaltered 
[n n), and also such in which it changers by more than one unit 
{ii -> n — 2). Concerning this, investigations by J. Stark t and his 
collaborators are particularly instructive. They show in the case of 
neutral helium that anomalous series of this kind are invisible under 

Phil. Trans., 214A, ^25 (1014). 

tJ. Stark, None iin (•l(;ktrisehem Felde orscheinciiido Hauptsoricn des lEoliuins. 
G. Liebcrl, Ocr FfTekt dcs Klektriselicii Peldos aiif ultraviolotto Tjinicii des Heliums. 
G. Liobert, Erne iiouo Heliumserie unter dor Wirkuiig des clektriseheu Feldos. 
O. Hardbke, tJbor die Bediugungen fiir die Emission der Spektren des StickstolTs, 
Ann. d. Phys., 56, b77, 589, 610, 688 (1918). 
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ordinary conditions of discharge and are called up only when strong 
oleciii’ic fields are applied. 

'fhe series in question are (in the notation corresponding to Fig. 84) : 

III N.S. . . V == ~ mp m = 3, 4, 5| 

Diffuse H.S. i/ = 2s - md m = 3, 4, sl . (7) 

“ Sharp ’’ H.S. . v = 2s - ms m = 3, 4, 5) 

The expression “ Third Subsidiary Series (III N.S.) is due to 
Lenard, who first observed it in the alkalies. The two other expressions 
have been suggested by Stark, but have not been happily chosen. The 
series formulae themselves characterise the true state of things more 
clearly and exhaustively than such expressions. The first and the third 
series are examples of the transition n -> n ; the second is an example 
of the transition n n - 2. In our scheme on page 330 the series 
belonging to the transition d s is represented by the dotted arrow 
at the top on the right. Isolated lines of this series have also been 
observed occasionally in other elements (cf. Dunz for the cases, 
K, Kb, Tl, Ca, Ba). Indeed, Foote, Meggers, and Mohler* find that 
when the current density is x^^J^licularly high the line Is - Sd in 
the spectrum of Na and K surpasses all the other lines in intensity. 
Furthermore, thei’e are combinations, that have been variously measured, 
betwt'en the Ih and the p-term (in the cases, Li, Na, K, Al, Tl, Zn, Cu, 
Ag) which likewise contradict the principle of selection ; they are denoted 
in our scheme on page 330 by the dotted arrow at the bottom on the 
right. On account of the lack of definiteness of the conditions of excita- 
tion it is quite possible that in these cases, too, intensities of field due to 
condensed discharges may have played a part. We may i‘efer also to 
Paschen’s inclusion of the He* -line A = 4686 in the “spark current'* 
(cf. Cha]). VITl, H), which depicts in a particularly convincing fashion 
the occurrence of component lines in the electric field that are otherwise 
inadmissible. 

In Chaptei* V, 2, the principle of selection was specially derived 
foi’ emission ill the absence of fields: in Chapter V, ^ 3, it was shown 
that it is rendered invalid by intense electric fields. This case is proved 
to occur experimentally in the experiments of Stark, Foote-Meggers- 
Mohler, and Paschen, and accounts, without artificiality, for the other 
occasional exceptions to the principle. 

The considerations of the preceding chapter at the same time shed 
light on the true meaning of our azimuthal quantum number n (cf. foot- 
note 1 on page 326). That which is ti*ansported by the radiaton and is 
fixed in integral numbers by a (piaiitum condition is the total moment of 
momentum of the atom, not that of an outer electron. The principle of 
s(*lection, as a deduction from the principle of emission, in proving itself 
to be the deciding factor for the .s*-, rf-, />-terms, indicates that the 

* The results are in course of publication. 
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quantum number n that distinguishes these terms, and that was, to be- 
gin with, ascribed in our theoretical treatment of tb(3 series scheme to 
the outer electron, must be closely related to the rotatory motion of the 
whole electronic system of the atom. Further details on this point will 
be found in the appendix to 7. 

Konen, in his book, “ Das Leuchten der Gase und Dampfe/* has 
appended to his account of the principle of combination a criticism of 
this same principle, in which he calls attention to the comparatively in- 
frequent occurrence of many of the combinations possible according to it. 
In contradistinction to this, we see here that all those combinations that 
are indicated by the principle of selection and by our interpretation of 
the series terms actually occur, and are the rule, and that we have no 
reason to be surprised at the absence of certain combi lations, but 
rather at the isolated occurrence of anomalous combinations. But the 
latter, too, are also consonant with the sense of our junnciple since, in 
agreement with the observations in the case of He and He ‘ , ihey are 
produced in Na and K exactly under the conditions that theory leads 
us to expect. 

Thus the principle of selection forms a necessaiy supplementary 
limitation to the principle of combination ; it restricts the boundlessness 
of the former and raises its practical value. We oppose to Kitz/s form 
of the principle of combination, namely, enenj series term can he combined 
with any other to form a spectral line, the more precise form : every 
series term can normally be combined with any other of v'hich the azi- 
muthal quantum mtmher differs from that of the first by one unit ; 
combinations which overstep this limitation are not essentially excluded, 
but they require special conditions of excitation. 

Just as we concluded the preceding section by a description of tlie 
series scheme of He, so we shall conclude the pi eserit one by considering 
the particularly lucid and typical series scheme of the alkalies. Corre- 
sponding to their true physical definition, the terms will again b(} 
depicted as energy-steps or energy -levels ; the scale used corresponds to 
sodium. The steps furthest to the left belong to the s-terms, those next 
on the right to the 2 >-terms, then those to the d-terms, and so foi’th. The 
numbers (1, 2, 3, . . .on the left) written next to the energy-ste 2 )s de- 
note the quantum sums (azimuthal quantum nuinher + radial quantum 
number), so that, for example, the succession of steps 3 comprises the 
terms 3.s*, 3p, 3f/. Corresponding to the actual behavioui’ of the terms, 
the height of the steps in the upper levels gradually deertiases till at the 
step 00 , corresponding to the zero-level of the energy whem the elec- 
tron unde}’ consideration is infinitely distant fiorn the atom, the height 
vanishes entirely, that is, becomes zero. Tli(i transitions from one level 
to a lower level are charactei’ised by arrows, and I’epresent the lines of 
the II.S., the 1 N.S., and so forth. Not only l.s* - 2p, but also 2s - mp 
is designated as H.B. The D-line is represented by the arrow is - 2p 
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on th«*. left. We could not in the figure take account of the two-foldness 
of the, level, so that the two components Dj and are represented by 
the same arrow. In contradistinction to Fig. 84, the ground orbit ” l.s 
is optically accessible in the case of the alkalies (cf. the conclusion of 
the preceding section). For the lines 1« - wp of the H.S., among them 
above all the D-lines, appear in cold Na-vapour as strong absorption 
lines, and thereby indicate that we have before us in the optical level I 5 
the true ground orbit for the natural state of the Na-atom;’ the same is 
true of the alkalies generally. The absorption spectrum of Na-vapour 
has already been depicted in Fig. 64. The principle of selection comes 
into action in the present figure in that all the arrows combine respec- 
tively only two such levels as are neighbouring in the sequence s, p, d, b ; 
it is a particular consequence of this that to draw the arrows it was only 



Fig. 86. 

necessary to continue (as a dotted line) each level to the series of terms 
that follow directly on the right or on the left. 

Further, we use our figure to make clear the relations between the 
spectra unlike the hydrogen type to the hydrogen type itself. The 
transition to the hydrogen spectrum is effected (see p. 317) by setting 
all the series constants, 5 , o-; p, tt . . . equal to zero. The series of 
levels of the quantum sums, 2, 3, 4 . . ., that appear as steps in our 
Fig. 86, thereby become stretched into straight lines (or approximately 
straight lines, if we take account of the fine-structure, Chapter VIII). 
The ti’ansitions between the scheme of levels simplified in this way are 
the Balmer lines, as is indicated on the left side of the figure. 

Scheme I, shown below, shows in detail how the various lines of the 
general series scheme are assigned to the various kinds of origin of the 
Balmer lines (cf. p. 238). We have already remarked on page 270 that 
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the principle of selection considerably reduces the orii^inally enumerated 
possible modes of production of the Ihilmei* lines. Oiii* Schenu^ I now 
shows that according to the ])rinciple of selection tlun’t' ar<i for (U/rU 
Balmer line onlji fli.reo HtodcH of production, which are i’ej)resent(;d 

by the (|uaiitum sum n + n' of the final and th(»- initial orbit. To these 
three possil)le modes of production there corn'spoiul thr(‘e lines of the 
general series scheme, hinng indeed one of the 11. S., one of the. 1 N.8., 
and one of the It N.S. This comparison of our two pictines brings out 
particularly clearly how the Imcti that coincide in the cane of hifdrof/en (or 
that are close together in the ])icture which includes the litie-sti’ucture) 
become dissociated into lines of the (/eneral scheme of the series that may 
even he wide apart. 
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111 Sc}H3mn II t}u^ Jiinxngemeut is reversed: the hydrogen lines have 
i)(Min s(‘i down on the right next to th(i corresponding various types of 
seri(^s (II. S., T N.S., IJ N.S., B.S. ; K.S. = combination series) and these 
iir(i the. hydrogen lim^s into which thesf^ series resolve when the atomic 
field becomes vanishingly small. Jlere J^y denohis a line of the ultra- 
violet Lyman series (cf. )). 207); Pa- Hi denohis a line of the infra-red 
smies ohsei-ved by Paschen after having been calculated by Eitz ; the 
saine series occurs in ionised helium as Fowler’s series, and has been 
denote d by tluj abbreviation Fow. Again, Pi points to the Pickering 
series of ionised helium, the analogous series of which for hydrogen 
would lie in the extreme infra-red and has not been observed. 

From Scheme II as well as from Scheme I we read that each of the 
Palmer lines corresponds to three different lines of the general series 
scheme, and in the same way the Paschen-Eitz or the Fowler lines, 
respectively, each correspond to five different lines. The latter number 
is brought into striking evidence, as we shall see in § 4 of the final 
chapter, by Paschen’s observations of Fowler’s series. 

3. Testing the Series Scheme by the Method of Electronic Impact 

The most direct test of Bohr’s ideas, the one that is most free of 
theoretical elements, is the method of electronic impact.* It was 
initiated by Franck and Hertz t in 1918 and during the war it was 
developed in the United States particularly. At present it is being 
brought to a greater and greater pitch of perfection by Franck and his 
followers and is being applied to finer and finer problems. 

first investigations of Franck and Hertz ^vere concerned with 
the cpiestion of the elastic collisions between electrons on the one hand 
and gaseous atoms or mol(?cules on the other hand. In the final arrange- 
ment of 1914, electrons enter into the space occupied l^y gas and here 
acquire a certain velocity through a potential drop that may be finely 
regulated, (.\ccoiding to eqn. (1) on page 8, the measure of this drop 
in volts may at once be used as a measure of the velocity.) After finally 
traversing a small constant retarding potential the electrons fall on to 
an electrode and floNv through a galvanometer to earth. In the case of 
inert gases and, in general, of such gases as have no electron-affinity (N.j 
or vapours of electropositive metals) the galvanometer indicates, when 
the potential is gradually raised in the gas chamber, a gradual increase 
of the current passing to earth, but then a sharp limit occurs, wffiich 
marks the first occurrence of inelastic collisions, that is, of collisions that 
are accompanied by loss of energy and that entail a change of constitution 

* Details are given in : Franck and Hertz, Phys. Zeitschr., 20» (11)19) ; Franck, 

ibid., 22, 85H (19:il) ; W. Gerlacli, Die experimcntellen Grutidlagcn dcr Qriantentheorie, 
Saininhing Vieweg, Braunschweig, 1921. 

t Verh. d. D. Phys. Gos., 15, 34, 373, 613, 929 ; 16, 12, 457, 512 (1914) ; 18, 213 
(191 6). 
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ill the structure of the atom or molecule struck. This lirst maximum iu 
the potential-current curve is followed by other maxima or kinks, 
which occur at regular intervals, showing that the electrons, after liaving 
lost their Velocities in a lirst inelastic encounter have for a second or 
third time, owing to their further passage through the potential drop, 
attained a velocity that once again permits them to lose their energy in 
inelastic collisions. The distance between such successive bends of the 
curve measures in volts the enei‘gy that was transferi’ed to the atom 
during the inelastic collision, that is, determines a characteristic constant 
of the atom struck. 

In the case of the Hg-atom the first inelastic collision obtained in this 
way was given by 4*9 volts. Moreover, Franck and Hertz were at once 
able to give the spectroscopi(j interpretation of this number. For they 
observed that at a potential of 4*9 volts the Hg-line A == 25d7 flashed up, 
and they were able to show that the related hv corresponded exactly to 
the energy due to 4‘9 volts. In the same way, in the case of He the lirst 
inelastic collision occurred at 20*5 volts; for Ne it was at JG volts, and 
for A it was at 12 volts. 

Lenard* must he mentioned as the predecessor of Franck and Hertz 
in the production and measurement of slow electronic velocities. The 
rather qualitative observations of Gehrcke and Seeligert (alteration of 
the average colouring of the luminescence of gases as the velocity of the 
exciting cathode rays is varied) also preceded the decisive experiments of 
Franck and Hertz. 

Tlie original method was later elaborated in manifold ways. Instead 
of allowing the electrons to acquire their velocities whilst incurring many 
elastic encounters with gas molecules, it is preferable for many purposes 
to accelerate them along a distance that is less than their mean free path 
(that is, to use a low pressure). The electrons that have been endowed 
with the desired velocity in this way are then allowetl to enter into the 
actual collision chamber, which is essentially free of fields, and the size 
of which is made large and offers opjiortunity for a sufficient number of 
collisions with the gas particles under examination. Finally, the elec- 
trons are completely debarred from making all further progress, owing 
to the agency of a stronger opposing field. Thus they do not reach the 
measuring electrode connected with the galvanometer at all. Kather, 
what are measured liy the galvanometer are the positive ions that are 
formed, whether directly or indirectly, by the primary electrons during 
the inelastic collisions. Positive ions are produced directly if the velocity 
of the electrons is sufficient to wnise the atoms struck. They are pro- 
duced indirectly if the transferred energy,* although not able to eject an 
electron right out of the atomic configuration, yet suffices to raise one of 
the electrons belonging to the atom out of its natural orbit into one that 

* H(;i(lolborgor Akad. Abh., Nr. 34 (lull) ; Nr. 17 (1U14). 

t Verli. d. D. Pliys. Gcs., 14 , 335 (iyi2). 
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is 1 ‘icher in energy. When the electron belonging to the atom returns 
from this new orbit to one that is poorer in energy (nearer the nucleus), 
it emits light ; in atoms that are more easily ionisable, which belong to 
the struck electron or which, under certain circumstances, are mixed as 
impurities with the gas under examination, this light acts photo-electri- 
cally and thus also produces positive charges that make themselves 
observed in the current which flows through the galvanometei*. 

To discriminate between these two effects, namely, the direct ionisation 
effect and the indirect photo-electric effect, was a matter of great experi- 
mental importance. Bohr* was the first to call attention to the possi- 
bility of this indirect effect and showed numerically that it probably 
occuned in Franck and Hert/Zs deduction of the values 4*9 volts for Ifg, 
and 20*5 volts for lie. Davis and Gouchert succeeded in caiTying 
out experimentally the unambiguous difterentiation between the original 
ionisation and the photo-electric effect by means of an ingenious arrange- 
ment and connexion of fields for the case of Hg, and thereby fully con- 
firmed Bohr’s point of view. We cannot here enter into the details of 
the method and of the manifold improvements which have been made to 
it in the sequel, but must refer the reader to the reports quoted at the 
beginning of the chapter. There, too, will be found the interesting and 
much varied forms of the current-voltage curves and their discontinuities. 

In addition to the electrical method, in which electrical devices 

are used not only to excite but also to observe the effect of the excita- 
tion by means of a galvanometer, there is also a more optical method in 
which the occurrence of the various emissions of light is investigated by 
means of a spectrograph. Eau J has obtained noteworthy results. He 
found, particularly in the case of the lines of neutral He, that to excite 
successive members the excitation voltage had to be increased from line 
to line. This furnishes a quite general and decisive confli'ination of 
Bohr’s series scheme : the hhjher members of a scries require hujher energy 
levels, and hence hi(jher excitation voltages become necessary. At the 
same time, this is a general refutation of all the older theories of series 
that regarded the higher members as, in some sense, overtones of the 
lower members, and that sought to find a mechanical connexion be- 
tween their emission and that of the lower ones. While this fact holds 
within one and the same series, another circumstance is of no less im- 
portance for us; it is concerned with a comparison of the excitation 
voltages of lines of different series : the requisite exciiation voltages in- 
crease in the sequence H.S., I N.S., and, as we may with reason add, 
B.S. The H.S. appears first, that is at the smallest excitation ; the first 
subsidiary scries is obtained with greater difficulty, and the Bergmann 
series is obtained with the greatest difficulty, and hence was the last to 

* pi)ii. Mag., 30, (lyirq, §3, 

f Phys. Rev., 10, 101 (1017) ; 13, 1 (1919). 

+ VVlirzburgor pliys.-med. Gescllsch., 1914, p. 20. 
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be found. This corresponds exactly with our views developed in the last 
section. Actually, the most important factor for the excitation of a series 
is the realisation of the corresponding initial orbits that correspond to 
the second series term. This is the jj-term in the case of principal series, 
the ^-term in the first subsidiary series, and the i-term in the Bergmann 
series. According as the realisation of these initial orbits require smaller 
or greater amounts of energy, the series may be excited with less or with 
greater ease. If we compare, in particula**. the initial orbit^ in the first 
members of each series with each other, tlien the energy-lev A 2j) lies be- 
low the energy-level 3d, and this in turn below 46. Hence the order 
H.S., I N.S., B.S., follows. The position of the second subsidiary series 
exhibits singularities as regards its excitation. In general, the second 
suhsidary seiies occurs simultaneously with J\e principal series; indeed, 
in the case of lie, it occurs, according to inea' ureinents of Ih.u, perhaps 
in part even earlier than the latter. This, too, may be inteu preted by 
considering the relative position of the s- and the y;-levels in f^iej. 84. 

Before passing on to the proper quantitative results of the method 
of electronic collisions, we wish to give the transformation formula 
which, by means of the /u'-relation, leads us from the wave-length A. of a 
spectral line to the voltage necessary to excite it. It is clearly : 

h . c/X = c . V. 


If w(^ lun’o express V in volts, that is, set V . 10® in place of th(i 
potential ditVerence V initially considered measured in electromagnetic 
C.G.S. units, and if, further, we use for e the value r*59 . l0~-“ (that is, 
electromagnetic C.G.S. units), and measure X, instead of in cms., in teims 
of /j — 10 cms., we get 

V (volts) X A(/^) - 30-' - 1-2:M . . (1) 


Laclenburg* has called attention to the particular convenience of using 
this formula. 

For example, if we calculate the excitation potential corresponding 
to the Hg-line X == 2537A = 0*254/x, and to the ])-line of Na, A = 5890A 
— 0*589/x, we get by (1), respectively. 


V - 


1 -234 
0-254 


= 4’9 volts. 


Y = 


1*234 

0*589 


= 21 volts 


(la) 


Ijct US, on the other hand, calculate the excitation potentials corre- 
sponding to the sei'ies limits to which these two scries belong. The 
series limits are given as limits of the values of terms in cm.~h Now, 
since 

J __ 10^ 

A(cms.) ~ X(fi) 

it follows from (1) that 

V (volts) = 1-234 . lO'h^ . 


* Zeitschr. f. Elektrochemie, l‘J20, p. 266. 


(2) 
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From the spectroscopic tables (Dunz) we read off that the limit of the 
principal series (see below) to which the Hg-line 2537 belongs is i/ = 84177 ; 
for the principal series of sodium it is v — 41445. Hence from (2) it 
follows, respectively, that 

V = 1-234 . 8-418 = 10-39, V == 1-234 . 4*145 = 5*11 volts (2a) 

We call the last two potentials the ionisation potentials of the initially 
neutral Hg- or Na-atom. For, just as the series limit is a measure of 
the energy that is liberated when the electron makes a transition from 
infinity, so the corresponding potential in volts is a measure of the 
energy that must be used up to remove the electron to infinity. Thereby 
wc assume that the final orbit of the spectral process (the initial orbit of 
the ionisation process) is actually the ground orbit of the neutral atom. For 
example, in the case of the neutral He, we should certainly not, from the 
conditions represented \n Fig. 84, calculate its ionisation voltage from 
the limit of the visible principal series, as in this case the final orbit 
of the principal series (called 2h by us) lies far above the ground 
orbit, in the energy scale. 

But we use for the two numbers in volts calculated in (la) the now 
customai-y term resonance potential, which we interpret as meaning the 
following. If the work done in the electronic collision does not, indeed, 
suffice to bring about ionisation, it may yet suffice to lift an electron out 
of its ground orbit l.s into the (“energetically”) next highest orbit 2p.* 
The atom that has been excited in this way will, if left to itself, tend to 
return to the stable configuration of the ground orbit, thus causing the 
emission of monochromatic light. For, according to the principle of 
selection, the transition 2p Is will be possible for it, and it is the cmli/ 
way in which the excited atom can revert to its unexcited state. In this 
process the ichole energy Y that is given to the atom by the colliding elec- 
tron will be emitted as monochromatic radiation of wave-length \ equi- 
valent, by eqn. (1), to V. This re-emission of the whole transferred 
energy is called resonance (linking up with the old views of the theory 
of vibrations) ; hence we get the expressions resonance line and resonance 
potential. The conce 2 )tion of resonance line thus implies two things : 
first, that its final orbit is the ground orbit of the atom, and second, that 
its initial orbit is the (energetically) next highest orbit from which the 
return to the ground orbit, and only to this, is possible, being accom- 
panied by the emission of monochromatic light. 

In the case of the Eartlis Al, In, Tl, whieli exhibit pronounced donbh^t serit's, 
the greatest .s-terin spectroscopically accessible is smaller than the term (more ac- 
curately, than the two doublet terms and 2/>o, p. 310). Hence, if there is no greater 
.s-term inaccessible to ordinary spectros(;opy, then 2p, and not Is, would bo tlie ground 
orbit of these atoms. Wo should ex}iect as the absorption lines in cold vapour the 
lines of the II N.S. 2p - w/.s (not those of the H.S. Is ~ J^ip), and as a resonance line 
the transition Is— > 2p (instead of the transition 2p — > l.s’). The best metliod of decid- 
ing the existence or noii-oxistcnce of a possibly deGj)er, spectroscopically inaccessible, 
s-orbit is tliat of electronic collisions. In the case of Tl a start has already been made 
with this method by Foote and Mohler; c£. Phil, Mag., 37, 33 (1919), 
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Only in the case of the hydrogen atom, in which we have definite 
theoretical knowledge of the ionisation potential or the resonance poten- 
tial of the various lines, is it possible to evaluate eqn. (2) without having 
recourse to empirical data. Even in the case of and He + it is neces- 
sary to adjoin an empirical number to be able to draw other purely 
theoretical conclusions. 

In the case of If the ionisation voltage is determined by the limit of 
the Lyman series, that is, by Rydberg’s number R. By eqn. (2), we get, 
therefore, in volts : 

V = 1-234 . 10-968 = 13-53 volts . . . (3) 

In ergs it is given by the formula, identical with the latter, 

- W = . R = 2*15 . 10-” ergs . . (3a) 

Here v denotes the limiting frequency and R the Rydberg frequency, 
both measured in sec."'. If we here also wisli to measure and R as 
wave- numbers in cms.''^ we must in (3a) write and Ec instead of 
and R. The symbol - W is used to indicate that this same quantity, 
except for its sign, at the same time represents tli,e total eneryy of the 
hydrogen atom in its ground orbit, that is, the energy that is liberated 
when the electron, coming out of a position infinitely distant (energy- 
level zero), in which its energy is irrelevant, is entrapped by the nucleus, 
and passes over into the state of motion defined by the ground orbit 
(energy-level - W). 

We pass on from (3) to the excitation potentials (Anrcgiingsapan- 
iiungen) of the layman and the Balmer lines. For the first line of the 
Lyman series (cf. p. 207) 

— X=J215-7A 

we get, since its wave-number amounts to | of that of the series limit, 
of the ionisation potential, thus 

V - 5 . 13-53 = 10-15 volts . . . (3b) 

But for the first line of the Balmer scries we do not get, as its F-vahuj 
might lead us to think, 5/36 of the ionisation potential, but rather, it 
must be noted, that when the atom is in its natural state, that is in its 
ground orbit, the electron must first be raised from its ground orbit into 
the 2-quantum orbit and th,en into tbe 3-quantum initial orbit of the 
line TL. In this way the excitation potential for IT,^ comes out equal to 
'hat of the second line of the Lyman series, that of (‘qual to the third 
Jiyrnan line, and so forth. Thus we get 

for II, . . . . L;P53 - 12-03 

for . . . V = . 13-53 12-68, etc. 

We have purposely refrained bora using for the potential (3b) of the 
first Lyman line the name resonance potential which immediately sug- 
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gests itself. It is true that with the excitation of 10T5 volts the 
hydrogen atom would tend towards its ground orbit with the re-emission 
of monochromatic radiation corresponding to the amount of energy which 
it had previously received. But this process does not quite correspond 
with the experimental conditions present in a true resonance pheno- 
menon. For in actual experiments the initial state of the hydrogen is 
not the H-atom but the molecule. The latter must first be resolved 
into U-atoms by the addition of heat of dissociation or of the potential of 
dissociation. We know this quantity from observation, but cannot check 
it with theory as we do not know the model of Hg exactly. The dis- 
sociation potential amounts in volts fairly accurately to 

D = 3*5 volts ..... (4) 

The ionisation potential would have to be increased by this amount if it 
is to bo referred to the hydrogen molecule as the initial state in experi- 
ments, and likewise the excitation potential above calculated. Thus 
we get 

13*5 + 3*5 = 17*0 volts for the ionisation potential 

10*2 + 3*5 = 13*7 volts for the excitation potential of X = 1216Ai . (4a) 

12*0 + 3*5 = 15*5 volts for the excitation potential of Ha, etc. J 

all these quantities having been calculated from the state of the li.r 

moleciile. The total energy of the H^-molecule becomes, if we use the 
empirical value I) = 3*5 in an analogous manner to the first line of (4a), 

- W = 3*5 + 13*5 + 13*5 = 30*5 volts . . (4b) 

For if we wish to determine the total energy involved in the relative 
positions and motions of two H-nuclei and two electrons, we may pro- 
ceed by resolving the whole system into its components. This is done 
as indicated in (4b), by dissociating the molecule into its two atoms and 
then ionising each atom separately. 

We postpone the treatment of the difficult question of the ionisation 
])otential of the H.;-molccule necessary for forming a positive 11, -ion till 
Note 14 at the conclusion of the book. In spite of the extraordinary 
amount of experimental and theoretical work that has heen devoted to it 
this question still seems not quite cleared up. Here we shall just 
mention only two points of particular interest. 

(a) It is not possible to dissociate the hydrogen molecule by a mere 
electronic collision of 3*5 volts. Therefore, in the current-potential curves 
plotted for H^-gas no bend, that is, no inelastic action of any sort, occurs 
at the point V — 3*5 volts. Rather, dissocation occurs only in conjunc- 
tion with ionisation or excitation of at least one of the two H-atorns 
formed as a result of the dissociation, that is not before one of the 
potentials given in (4a) is reached. The rt^son for this must be furnished 
by the dynamics of electronic collision, which we do not yet know. 
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(6) In the current-potential curves of H^-gas we find a pronounced 
energy-step at about 11 volts, which used to be ascribed to the formation 
of Hg’^’-ions. According to Franck this interpretation is no longer 
tenable, but rather it is probable that at 11 volts a characteristic ultra- 
violet band-spectrum is excited (corresponding to a wave-ler ^^th of about 
lOOA) which bears the same relation to the visible band-spectrum of the 
-molecule, the many-lines spectrum (“ VielUnienspeklriim as the 
Jjyman series to the Balmer series in the H-atom. 

Just as in the case of the H, -molecule we obtained the value 3*5 volts, 
so in that of the He'^ -atom we must know its energy of formation from 
the neutral atom empirically, that is. from observation, if we wish to 
draw further conclusions based on the likeness of Hc'/* to hydrogen. This 
energy of formation is identical wdth the ionisation energy of the neuti al 
He-atom and will be denoted by I. Interesting considerations connected 
with models arise from the value of 1 ; these are dt'scribed ir Note 14. 
According to many accurately carried out measurements I = ^^5*3 volts. 
We may now write down, for example, the second order ionisation 
potential of He. It is 

I 4 . 13*5 = 79-3 volts .... (5) 

Actually, to deprive the hydrogen-like atom lie* of its electron, we re- 
quire work four times as great as in the case of the Pl-atom. As 
shown by the formula, this follows at once from the factor Z- in the 
He-scries ; in more pictorial language, we may say that one factor 2 
arises out of the doubled nuclear charge of He as compared with H, and 
the other factor 2 from the halved distance of the electron from the 
nucleus as compared with that in the case of H. In the curves given by the 
observations of Franck and K nipping,* as well as in those of F. Horton, t 
an ionisation step occurs at 79’5 ± 0*3 and 80 volts respectively, which 
clearly corresponds to the tearing off of bollo electrons of the Ile-atoni in 
one elementary act. Formula (5) gives, at the same time, the total 
energy - W of the neutral helium atom. 

We pass on to the excitation potential of the line 

^ ill Q. - X =■- 4(;8()A 

by removing the electrons of the He+-ion not to infinity but only as far 
as the 4-quantum orbit, the initial orbit of 4(i8(). The work necessary 
for this is 

iUch ^1 - • 4 • 13-5 = r)0-J volts. 

Thus if we start from the neutral state of the He-atom the excitation 
voltage of 4686 comes out as 

1 -f 50T = 75*4 volts .... (5a) 

t Proc. Hoy. Soc., 95, 408 (l‘J20). 


* Pliys. Zeitschr., 20, 
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Actually, this line occurred in the experiments of Eau mentioned at 
potentials lying between 75 and 80 volts, in that at 75 volts no trace of 
the line appeared but at 80 volts it was present with full intensity. 

Wo now come to the metallic vapours, firstly to the alkalies which are 
distinguished by the simplicity of the scheme giving their series. The 
final orbit of the H.S. is here at the same time the ground orbit (cf. § 2, 
p. 335) ; the principal series therefore appears as an absorjjtion series in 
the cold vapour. The first line of the H.S. (in the case of Na, this is the 
D-line) is at the same time a resonance line, and its excitation potential 
may straightway be calculated, by eqn. (1), from its wave-length known 
from optical observations. The potential so determined leads to the first 
inelastic collision. As a rule, the second inelastic collision after this first 
one is found to be the ionisation limit. In this j^rocess there occurs in 
the stream of positive atomic ions the possibility of the re-combination 
into neutral atoms with the emission of some member of the H.S. Ac- 
cordingly, optical observation of the process of excitations distinguishes 
between three stagers : (a) below the resonance potential there is no 
emission ; (b) after this potential has been exceeded we get the ground 
line of the H.S. (“one-line spectrum,’' EinliniempcMriim) ; (r) above 
the ionisation potential the whole H.S. (“ the more-lines spectrum,” 
Mehrliniens'pehirinn) appears. Sjiecial precautions are necessary to call 
up only one part of the lines of the H.S. 

J low perfectly observation and calculation agree even quantitatively 
is shown in the following Table 36. In the column under “ obs. ” (ob- 
served) the values of the resonance and ionisation potentials measui’ed 


Tabuk 86 
Alh alien 



Re.soiiaiKje 

llt'sonance line 

Ionisation 

Scries 



ijotenlial 

o 

])otcntial 

limit 



in 

volts 

in A- units 

in volts 

in cm. 

Observer 


Obs 

(^a,lc. 

ls-2pf 

Obs. 

Calc. 

l6- 


Li . 


1*84 

6708 


5*86 

48,485 


Na . 

2-13 

2-0d2 

5896 

613 

5*11 

41,445 

] 



2*094 

5890 




(Tate and Foote, F^hil. 

K . 

1-55 

1*602 

7699 

4*1 

4*82 

85,006 

1 Mag., 36, 75, (1918) 



1*609 

7664 




) 

Rb . 

. 

1-6 

1-48 

1*55 

1 *58 
1*88 
1*45 

7948 

7800 ^ 
8943 

8521 

4*1 

3*9 

4*15 

3*87 

83,685 

31,407 

1 Foote, Rognley, and 
y M o h 1 e r, Phys. 

J Rev., 13, 59 (1919) 

1 
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by the method of electronic collisions, and under “ calc.” (calculated) the 
values obtained for the same quantities from the optical data by eqns. 
(1) or (2), respectively, are given. The optical data themselves are tabu- 
lated under the headings “ resonance line ” and “ series limit.” Whereas 
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the limit Ls of the pi-incijml series is simple, the resomirict^ line is ~ 2p,', 
i = 1, 2, is double, but separated by so small an iiit(*i‘val that it must 
appear simple in electronic collision. In passing we must note that the 
position of the series limit is given by numbers regularly decreasing as 
the atomic number increases. (In the resonance line that is compounded 
from the difference of two terms this regularity (cf. Li) is a little ob- 
scured.) This and the correspondingly proportional decrease of the 
ionisation potential denotes at the same time a weakening of the electro- 
positive character of the alkalies as the atomic number increases, and 
this may be explained by the parallel increase of the ionic size (cf., for 
example, Fig. 26). 

The conditions arc much more involved in the case of divalent metallic 
vapours. Here, as already mentioned (p. 321 ; further details in 5), 
there occur a series system of triplet lines and one of lines of a simple 
structure, which combine among themselves. The former are denoted 
hy the symbols s, p;, d;, . . . (i = J, 2, 3), the latter by the symbols 
S, r, 1), . . . Tn the case of these vapours excitation by means of elec- 
tronic collisions was first investigated by McLennan and IleiKhjrson* 
and led to the just now mentioned differentiation between the “one-line 
spectrum (in the above sense, not in the sense of the symbols S, P, D) 
and of the “ more-lines spectrum.” But the whole matter became 
cleared up through the \vork of Davis and Goncher (cf. p. 347) on the 
excitation of TTg-vapoin*. The interest was here centred in the resonance 
line of mercury X = 2537, which we have already mentioned several 
times ; the fact that it is, at the same time, the ground line of the ab- 
sorption spectrum shows that its final orbit also represents the ground 
orbit in the Ilg-atom. We call its term IS (in Paschen’s nomenclature 
it is usually called 1*5S). As Paschen has shown, t X = 2537 is a com- 
bination line of the system of simple and triplet lines. It has the foimula, 

„ = 1 = IS - 211. 

both terms are defined with j)erfect accuracy from our knowledge of the 
triplet and the simple lines series. For we have 

IS = 84177, 2p, = 44767 
and so we get the resolution 

:miO - 84177 - 44767. 

Since, in the process of emission, the first teniii (we discard the sign) 
determines the energy of the final orbit, and the second term detemiines 
that of the initial orbit, we write at the lowest energy-level of Fig. 87 the 
number, • 84177, and at the next lowest the number, - 44767. It is 

Proc. Roy. Snr*., 91 , 48.0 (n)L0) . and a serie.s of continuations ()f tliis papf*r, 
t Ann. d, Pliys,, 35> ')» 
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beLwof-n these two levels that both the process of emission (arrow down- 
wards) as well as that of absorption (arrow upwards) take place. 

o 

fn addition, we consider the’ line k = 1849A situated still further in 
the ultra-violet. As it likewise occurs not only as an emission line but 
also as an absorption line in cold mercury vapour, it must start out from 
or, respectively, tend towards the same ground level, the natural orbit of 
the electron at the periphery of the atom. This is confirmed by its ex- 
pression in terms. For, according to Paschen {loc, cit.), k == 1849 is the 
line of the principal series of simple lines and is therefore expressed by 
the formula, 

V = i = IS - 2P 

A 

in which 2P = 30111, and we have the resolution 
1/ = 54066 - 84177 - 30111. 


In accordance with this we have therefore to add in Fig. 87, above the 
two energy-levels hitherto considered, one that is higher and to which we 

assign the number -30111. 0 _ 

The emission and the absorp- 
tion of A = 1849 then takes 

jdace between this upper level — 30111 

and the lowest level, and they 

are indicated by oppositely r 

directed arrows. Above this ^ ~ 

, , .1 , I 4,9 A =r Volts 1849 

upper level there has been ^ 

j .-n 2536 

drawn in the nguro a still 

^ o417f ■ ■ w 

higher top level, which denotes 
the removal of the electron to 

infinity and represents the energy 0. According to eqn. (2) the following 
numbers of volts correspond to the above-mentioned wave-numbers : 

r = 84177 Y = 10-4 volts. 

= 54066 = 6*7 ,, 

= 39410 = 4*9 „ 


Actually, Davis and Goucher have confirmed that at the value 4*9 volts 
given by Franck and Hertz (cf. p. 338) the line A = 2537 is flashed out. 
At the same time, however, they succeeded in proving that an ionisation 
of Hg- vapour did not yet occur at this potential. Furthermore, they 
detected signs of the emission of the line A = 1849, likewise without 
ionisation, when the potential was 6*7 volts. lonimtion was shown 
beyond doubt to occur at a 'potential of 10*4 volts, 

Jhit these circumstances are exactly repeated in the case of all 
elements of the second column of the periodic table. . In all cases, 
IS - 27 >.^ is the first excitation limit, IS -'»»2P the second, and. IS itself 
the ionisation potential. How completely the measurements obtained 
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from electronic collisions agree with spectroscopic data is shown in 
Table 37. The values tabulated under “calc,” have here, too, been 
determined from eqns. (1) and (2). 

Tablm 37 
Alkalhie Eartha 



Excitation 
jwteutial 
in volts 

lS-2yja 

1S-2P 

Ionisation 
potential in volts. 

Series 
limit in 

cm. ~ ^ 

Observer 


Obs. 

Cak. 


Obs. 

Calc. 

IS 


Mg . . . 

2-f)5 

2-7 

4fl72-()5 

7-75; 8-0 

7-01 

61,003 

Foote aud Mohler, Phil. Mag., 

4-42 

4-33 

2853-(M) 



37,33(1919). Mohler, Foote 
and Meggers, Jouru. Opt. 










Soo. Amor., 4, 804 {1!)20). 
Bur. of Stand., Nr. 403, 1920. 

Ga ... 

ItlO 

1-88 

r)574-59 

G-01 

(>•09 

49,30!) 

Mohler, Foote and Stiiiison, 


2*85 

2*92 

4227-9 



Bur. of Stand. Nr. 308, 1920; 
Pliys. llev., 14, 534 (1920). 


Sr ... . 


1-79 

1)804-45 

— 

5-07 

45,935 



— 

2-G8 

4008-01 




Ba. . . . 

— 

l-5fi 

7913-.52 

— 

5-19 

42,030 

- 


— 

2 23 

.5537-04 





Zii . . 

4-1 ; 4-18 

POl 

3070-88 

9-3; 9*5 

9*35 

75,759 

Tate and Kofitc, T’liil. Mag.,36» 


frfiS 

5*77 

2139-33 




04 (1918). Molibu’, Fot)tt* 
and iMcggers, l.e. 

Cd . . 

3-88; 3-9.5 

3*78 

3202'09 

8-92 

8-95 

72,533 

As for Zn. 


5-3r) 

5-39 

2288-79 





Ilg . . . 

4-9; 4-70 

4-8() 

2537-48 

10-38 ; 10-2 

10-39 

84,178 

Franck and Lfertz, 1 .c. Fmnek 

(>•7; 0-45 

()()7 

1849-0 



and Fins]U)rn, l.e. ^lohler, 
FooU‘ and Meggers, l.o. 

! 



Tn addition to these results very detailed ineasnrenients carried out 
in the case of mercury in particular by Franck and Binsporn * have 
brought into evidence a whole series of higher cnergydevfjls, for example, 
IS - 3P, IS - 4F, IS - 3;r,, IS - in the current potential curves. 
It is of particular interest that (he transitions 

IS 2p, and IS - 

that are not observed optically and that are excluded by a selective 
principle governing the inner quantum numbers (cf. 5) make them- 
selves noticeable in the current-potential curves as bends. It occurs to 
us immediately that the principle of selection, by the mode of its de- 
duction (cf. p. 269), restricts only the phenomena of monochromatic 
emission, not the effects of electronic collisions. 

The ionisation potential of the second order, that is the formation of a 
double positive ion has also been determined by Foote, Meggers, and 
Mohler + for the alkaline earths, the first being Mg. This ionisation 
potential of the second order corresponds to the H.S. limit of the doublet 


" Zoitschr. f. Phys., 2, 8 (1920). 


fPhys, Knv., 18, 128 (1921). 
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lines ()i‘ the spark, just as the ordinary ionisation potential corresponds 
to th(‘, limit of the H.S. simple lines, and, of course, lies considerably 
high(n* than the latter (15 volts as compared with 7*6 volts, in the 
case of Mg). It is of particular interest as it is a measure of the 
“ Wicrmetonung ” (sum of the heat generated in a chemical reaction and 
the external work performed) in the chemical union of divalent ions. 

It is also of interest that it was possible to find the ionisation 
potential of Pb * by electronic collisions, that is of an element whose 
series system is still quite obscure. In this quarter a way seems open 
to introduce order into the line-relations of Pb, after the limit of its H.S. 
has been found. 

Excitation experiments have also furnished valuable knowledge 
about neutral helium. In the first place a decision was required con- 
cei ning the question of its atomic model. Bohr’s model (Fig. 19) with 
its two electrons revolving at the ends of a diameter would require an 
ionisation potential I = 28*7 volts, as we shall calculate in Note 14. 
But observation led to I == 25*3 (cf. eqn. (5) above, or the following 
Table 38). Thus Bok/s model had to be rejected. 

Then the ground level of helium, IS in Fig. 84, had to be found. It 
already follows from the fact that helium gas is qu te transparent as far 
down as the ultra-violet that this level is not identical with the final 
orbit of the visible H.S., namely, 2S or (as on p. 322, the capitals 
refer to “parhelium,” and the small letters to “orthohelium”). A 
positive datum for the position of the ground level is the measurement 
of the first inelastic collision at 20*5 volts by Franck and Hertz (cf. p. 
338). If wo express the limit of the H.B. of orthoheliura v ~ 38453 in 
tei'ins of volts by e([n. (2), we get 1*23 . 3*85 = 4*75 volts ; and by adding 
this to 20-5, we get 25-25 volts, that is the ionisation potential of 
neutral He. Fi’oni this we see that the ground level IS lies 20*5 colts 
Lower than the final level of the H.S. of ortfudieimm, the foi-inula of which 
we write as v = 2i>* - mp (in the usual notation v = l*5.v - vip). 

The first inelastic collision of 20*5 volts (20*45 volts according to 
Franck and Knipping t) is therefore to be interpreted as 

20*45 volts = IS - 25. 

Following Franck, we call this the transformation potential (“ Umivand- 
Inngss'pannnng ”). The slightly higher step, which is clearly distinguish- 
able from 20*45 in the cuiTent-potential curves of Franck and Knipping, 
is 

21*25 volts == IS - 25. 

The diflerence 

21*25 - 20*45 = 0*80 = 25 - 2S 

corresponds exactly to the difference of the limits of the optical H.S. of 
orthohelium and parhelium. 

XU 

* Molilor, Foote and Stimson, Bureau of Standards, Nr, 368, 1920. 
tPliysik. Zeitschr., 20 , ‘Idi (1919); Zeitsclir. f. Pliys., 1 , 320 (1920). 



350 


Chapter VI. Series S])ectra in (h iK'ial 


Those eonditions have already been exhihited gni phic.ally in Ti,^. H4 ; 
on the right side o^ tlie figure we see the conipoiinding of tlu^ iorusation 
potential out ot* the transforniatioii potential 20‘45 and tlu^ IL.S. limit of 
orthoheliuin ; on the left side we see how it is compounded of the eiuu'gy- 
level 2T25 and of the H.S. limit of ])arhelium. 


TAHIiK 


Observed 

(Jalcidated * 

Series name 

Wave-lengths 

20-45 


IS - 2s 

610A 

21*25 

21*25 

IS - 2S 

585 

21*9 

21*85 

IS - 2P 

569 

2.PG 

23*7 

IS - 3P 

523 

25*8 

25*23 

IS 

493 

I 


The next steps may be read from Table 38, and have also been drawn 
in Fig. 84 on the left as dotted arrows. They correspond to the ultra- 
violet II. S. of parhelium that tends to the ground orbit : it must at the 
same time be the absorption series of unexcited Ho. The wave-lengths 
given in Table 38, in particular that corresponding to the transfoi*mation 
potential,- X == 610, have only been calculated. Only the wave-length 

o 

585 A has been observed optically by Lyman and Fricke t ; as it has the 
formula IS - 2S it is an exception to the principle of selection, and is 
presumably to be expected only in intense electric fields. It is just for 
this reason that, in the Lyman-Fricke arrangement, it (^scapes absorption 
in the case of neutral helium, whereas, on the other hand, the lines 
IS - 2 P, IS T 3P, which one would expect iirst, optically, are pie- 
sumably again extinguished by absorption. 

That there is no level Is of orthohelium corresponding to the level Ls 
of parhelium is rendered certain by the facts above stated. This cii'cuni- 
stance also explains the distinctive position taken up in the scries system 
of He by 2.s* (it is indicated in Fig. 84 by the darkening of the Jevel 2,s'). 
For, once this state has been excited, it cannot again be destroyed by 
monochromatic emission. It is therefore called the metastable state by 
Franck and Eeiche.t The term “transformation potential ” applied to 
the 20’45 volts points to the transformation from the stable state IS to 
the metastable state 2s. In this connexion the remark of Franck is 
interesting that the transformation IS 2s occurs only in impure He : 
in nerfectly pure samples of the gas the transformation potential IS - 2s 
van -ihes entirely from the curi'ent-potential curve. 

The level 2S has also a certain degree of stability inasmuch as the 
ti-ansition 2S IS which, from the energy view, is alone possible here 

Obtained by adding to 20*15 volts the amounts of energy that follow from the 
series scheme. 

tPhil. Mag., 41 , 811 (1921). +Zcitschr. f. Phys., 21 , G35 (1920). 
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is (‘,xc1ii<1(m] by the ])rinciplo of selection : at any rate 2S is not unstable 
to tlu^ sanjo degree as, say, 2P, 3P, . . . Jbit nevertheless the stability 
of 2S is much less than thiit of 2.s‘, because in the cas(; of 2s there becomes 
added to the I’estrictions imposed by the ‘principle of selection the evidently 
much more elTective “ partition” restriction (imposed by the fact that the 
levels of ortho- and paralielium may not be combined). Consequently, 
the level 2B is not, as in the case of 2s, called metastable ; corresponding 
to this, the level 2s but not 2B in our Fig. 84 has been emphasised by 
being darkened and thus made comparable to the ground level IS. 

At the same time the particular position of 2s explains the character 
of the line \ = 10830A ^ 1/a as a ‘'resonance line.’* From the initial 
state 2p the He-atom can pass over only to 2«, whilst the transition to 
2S or IS is excluded owing to our central partition in Fig. 84. Herein the 
line 2s - 2p) is distinct from the line 2S - 2P, X = 20582 ^ 2/x. From 
the initial state 2S there is possible the transition to 2S as well as to IS. 
Actually, according to an investigation by Paschen,* X 2p exhibits 
incomplete resonance, but X = Ip complete resonance. This means that 
if helium gas receives radiation X = Ip, it remits all the absorbed light 
as light of the same wave-length, whereas, if it receives radiation X =- 2p, 
it radiates out only a fraction of the absorbed light as light of the same 
wave-length. The fact that in each case a certain excitation of the He- 
gas was necessary to provoke absorption, is in \N\t\\ the 

circumstance that neither 2i>* nor 2S is the ground orbit oi the unexcited 
He. 

We have described hei’e, of course, only those results of the method 
of electronic impact that ai'c particularly instructive^ and immediately 
intelligible. Over and above this, the method bids fair to shed light on un- 
known series relationships (cf. also the conclusion of the next paragraph). 

Finally, we shall add for the sake of contrast with the excitation by 
means of electronic impact a method of purely optical excitation. It has 
been developed by Fiichtbauer t for Hg-vapoui’. In exhibiting its results 
we shall follow Fiichtbauer in using a diagram that was first used by 
Bohr I and that is particularly appropriate for representing the comj)li- 
cated conditions here involved. In this diagram the various atomic states 
are not represented by horizontal levels but by points which, according 
to their series character are disposed along different horizontal lines. The 
difference between the energy- values of two atomic states arc accordingly 
not denoted by a vertical arrow but by the horizontal projection of an 
arrow, which connects the points of the initial state with those of the final 
state. In this diagram lines to the left signify absorption, those to the light 
signify emission, and owing to the principle of selection they will always 
be in an oblique direction. The distances of the hoiizontals, denoted by 

*Ann. d. Phys., 45 , 625 (1914). fPliysik. Zeitschr., 21 , 635 (1920). 

■I Zoitschr. f. Pfiys., 2 , 434 (1920). Cf. also W^rotrian, Pliysik. Zeitschr., 21 , 638 
(1920). 
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s, Pi, S, P, D, from one another are chosen arbitrarily, but the positions of 
the points marked 1,2, 3, . . . on these horizontals are draw n according 
to scale, their distances from the bounding line on the left of the figure 
give directly the values of the corresponding terms. 

Concerning the experi- 
mental arrangements we say 
only this : a quartz tube filled 
with mercury vapour was il- 
luminated by radiation from a 
quartz mercury vapour lamp. 
The latter emits into the form- 
er tube practically only such 
lines of its spectrum as have 
wave-lengths gi’eater than or 
(iqual to X = 2537 \ (as all 
light for which X 2537 
is held back by the thick 
quartz walls of the lamp). 
In the first (the outer) tube 
only X = 2537 is absorbed 
initially, since the Hg-va]pour is in the state given by the ground orbit IS ; 
but, owdng to the absorption, a fraction of its atoms, cf. Fig. 88, pass 
into the state 2po. Hence this fraction is enabled to emit not only the 
line 1 8 ~ but also to absorb the lines 

2p, - l.v, X - 4359; 2/a, - 3D, X - 3132 

(as, indeed, all lines of the type 2p.^ - X, for wdiich 2po is the initial level 
of the absoiption). In this way new atomic states 3D and Is (the latter , 
is usually called l*5,s‘) come about. From these as stalling points the 
following emissions are possible according to the principle of selection : 

2P - 31), X = 5791; 2/q - l.s, X - 5461 

2p, - l.s, X - 4017. 

These and further emission lines have been photographed by Ffichtbauer 
as secondary and tertiary consequences of the primary illuiuination by the 
radiation 253 7 A. Fiichtbauer showed that 2537 was actually the only 
primary excitation active by causing the line 2537 to be absorbed by the 
interposition of a thin film of glass ; this led to the cessation of the 
emission of light of longer wave-length. 

It is fascinating to observe how the light that was initially ultra-violet 
in its zig-zag diagrammatic course, which may be considerably multiplied 

^ For eyainple, the lines of the I N.S., - 3dj, 2pi - iidj^ that arc not drawn in 

tlic figure were very intense on the photographs. Fiichtbauer kindly informed me in a 
letter that bo had identified thirty-one linos, some being very intense, others less 
intense. 
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in the figure, becomes mpre and more divided up into branches of visible 
light. We have also indicated by a dotted line in the figure the possi- 
bility of getting ultra-violet light of still shorter wave-length than the 
original 2537 light (the necessary energy in quanta is furnished by the 
absorption of light of longer wave-lengths that has occurred in the mean- 
time). We need merely connect 2P IS to close our polygon, thus 
obtaining in = IS - 2P, X = 1849, an emission that is of shorter wave- 
length than the. primary light X ~ 2537. This emission was certainly 
present in Filchtbauer’s experiment although the constructional limits 
of the apparatus did not allow it to be observed. 

Fiichtbauer’s experiments are also instructive in that they bring into 
evidence the finite “ time of stay ** of atoms * in their excited states. 
Actually there is, for example in the state 2jj2» ^ finite probability that a 
further energy quantum will link up with 2^2 only if the atom persists in 
the state 2 p 2 for a finite time. 

There is the following fundamental difference between excitation by 
electronic collision and excitation by means of vibrational energy. The 
kinetic energy of the impinging electron may be greater and need not be 
exactly equal to the amount that the atom requires for the transition to 
the excited state ; any excess beyond this amount remains as energy of 
motion of the electron. On the other hand, in the excitation by means 
of light radiation of freqixency v the quantum hv must be exactly equal 
to the energy-stej) of the transition to be excited. Light of a greater v 
is just as ineffective as light of a smaller v. It is only when the transi- 
tion leads to the dissociation of the atomic configuration, that is to 
ionisation, that a greater r is also effective. Only in this case is the 
amount by which its Iiv exceeds that necessary for ionisation imparted 
to the detached electron as “ photo-electric energy of motion. 

§ 4. Continuous Transition from the Bbntgen Series to the Visible Spectra 

Whereas in the early stages of electromagnetic optics chief interest 
was centred in the problem of bridging over the region between Hertzian 
waves and heat waves, that is, between wave-lengths of about 1 metre to 
1 microm., the experimenter now finds himself confronted with the task 
of filling the gap that exists between the optical region, and the Kontgeii 
(X-ray) region. If we count the optical region, including the extreme 
Schumann rays, as stretching to, say, 1200A and the Eontgen region 
that is accessible to crystal analysis as extending to 12A, then the gap, 
expressed in terms of volts by means of eqn. (1) on page 8, extends 
from about 10 volts to 1000 volts. The limits of the region between 
X « 1200A and X = 12A correspond to the fundamental proper radia- 
tion Ka of H on the one hand and of Na on the other ; accordingly 

*In Chapter VII, § 3, we shall draw a similar <^iiulusiou from certain observations 
of band-spectra. 

23 
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there are accumulated in the middle of the region the lines and bands of 
selective absorption of the atoms C, N, and 0, which can hardly be 
omitted entirely from the course of optical radiation. It is clear that 
just this region must present very great difficulties to the optical method. 
We therefore expect the most important disclosures about this inter- 
mediate region from the method of electronic impact which has, indeed, 
already fixed the characteristic fundamental points of the region (see 
below, 20 volts for Tie, 16 volts for Ne, and 12 volts for A). Furthermore, 
Foote and Mohler have succeeded in tracing the L-series* for example 


3 


2 


1 

^•lo' 


10 20 30 ^0 

ITc. 89. 

as iar down as N('. The fact that the optical method of the grating (cf. 
p. IGl) is competing at the same time and is being elaborated gives us 
ground to expect that the gap still present will soon be bridged. 

Tly extrapolating boldly and using the numerical values at present 
available, Kossel has continued to map out even at this early stage the 
general lines of connexion between Edntgen spectra and visible spectra. 
We proceed to describe his instructive diagram t given in Fig. 89. The 
horizontal axis gives the atomic numbers of the lower elements, whereas, 

Journ. Opt. Son. Ann., Vol. 5, July, 1021. 

tZoitsclir. f. Pbys., 2, 470 (1920), Experiments in tlio extreme ultraviolet now 
allow us also to eheck Kossel’s figure empirically. Cf. Millikan, National Academy, 
7, 289, 1921, whore, for example, the La-lino is given for tlio elcinents A1 to Li. 
Kossel’s predictions liave hereby been confirmed in every detail. 
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following Moseley's example, Kossel plots along the vertical axis the 
square root of the frequency number of the principal line of each Rontgen 
series ; the root is chosen in preference to the frequency itself because 
of its rectilinear course and the greater ease of extrapolation. 

The line Ka has been observed as far as Na, for which Z = ll, and 
its graph may be extended without uncertainty as far as to He. Here it 
ends exactly at the ultra-violet absorption line of He, which corresponds 
to the removal of one of the two He-electrons from the ground orbit IS 
to the quantum orbit 2P ; we see from Table 38 on page 350 that its wave- 
length is A “-=5r)9A, which corresponds to an excitation potential of 21*9 
volts. This lie-line is followed at once by the first line of the Lyman 
series, which has already been described on page 226 as the analogous 
line to the Ka-line for hydrogen. Its position is made certain by Balmer's 
formula. 

Only the upper part of the graph of L, as far as Zn = 30, has been 
constructed from direct measurements of La. But for smaller values of 
Z its course may be found with sufficient accuracy for our present pur- 
pose from the values of the combination of Kj3 and Ka by calculating 
from the formula: La — K^ -Ka (to be read in terms of wave-numbers) 
which is approximately but not accurately true. The small difference in 
height between the initial upper and the later lovrer course of the L-line 
denotes the so-called “combination-defect” A~Ky?-*Ka-La (cf. Chap. 
VITI, § 6, where it is explained as the difference of level The 

L-graph so constructed then tends (with a slight curvature to which 
Kossel draws particular attention) directly to a characteristic Ne-point. 
The latter corresponds to the excitation value observed by Franck and 
Hertz and mentioned on page 338 (16 volts) ; it is to be interpreted as the 
fundamental absorption line of the neon spectrum. The point is no 
longer far from the ground line of Li, the first line of its principal series, 

X = 6708, and it is connected with the point representing this line by a 
dotted arc of a curve, of which the curvature is partly determined from 
theoretical considerations. The radical change of the course of the L-graph 
before and after neon illustrates the contrast between the gradual building 
up of the L-shell and its completion from Ne onwards. The fact that 
the construction of the L-shell (or of the L-ring) begins with Li and that 
therefore the ground line of the Li-spectrum is to be ascribed to the 
L-series fits in very well with the general picture of the periodic system 
(cf. Chap. II, ^ 7, p. 108). 

The third and lowest line of our figure represents the graph of the 
Ma-line. This has been measured directly, as we know, only in the case 
of the heaviest elements (as far down as Z = GG) ; as far as Z = 40, it 
can be found sufficiently accurately from the combination of La and Ly. 
But in the case of the lower elements Kossel finds himself compelled to 
have recourse to the much more uncertain combination of Kj3 and Ky. 
Since Ky denotes the transition from the 'k-shell, and K^ that from thq 
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M-shell, into the K-shell (cf. Fig. 47, which has, inde(;cl, been drawn only 
for very general conditions but is quite appropriate for our ])resent 
purpose), we see that actually Ky - Kj8 represents a transition from 
the N- to the M-shell, and is therefore equal, or more accurately, approxi- 
mately equal to the principal line Ma of the M-series (Fig. 47 allows us 
to read this off directly). The points thus obtained on the M-graph, 
owing to their derivation from the difference of two nearly equal 
quantities, certainly scatter considerably, but they allow us to recognise 
without constraint its general course, which tends directly to the argon 
point, 12 volts (according to Franck and Hertz, see p. 338). The argon 
point is to be combined with the point representing the principal line of 
the Na-spectmm, namely the D-line, A = 5890A. The principal line 
of the magnesium spectrum (ground member of the principal series of 

o 

simple lines) A = 2853A (cf. Table 37) fits in here. The small crosses 
above the two last-mentioned points denote the corresponding series 
limits (ionisation potentials). In the M-graph, too, the contrast with 
the M-rings that are successively being formed at the surface of the atom 
(for the elements from Na to A) and the completed M-shell that contracts 
more and more in the interior of the atom becomes more and more 
marked ; the latter shell explains the steady course of the M-graph for 
higher atomic numbers. 

Thus the figure is instructive in various respects. 

In the first jjlace, it exhibits the similarity of chaiucter in the 
emission of X-rays and of light rays. Each Eontgen series, as the 
atomic number decreases, ends unmistakably in certain (ultra-violet or 
visible) lines of the optical spectra. 

Secondly, the figure brings out clearly the periodicity of the arrange- 
ment or constitution of the atom. Each of the branches of the graphs 
to be drawn represents a sphere or a shell in such a way that each alkali 
marks the beginning of a new shell. 

Thirdly, the figure allows us to follow the gradual building up of each 
shell from each alkali to the next succeeding inert gas. The building up 
finishes with the inert gas and from this point onwards our graph line 
travels along a straight line towards higher atomic numbers ; between 
the alkali and the inert gas it follows a law which is clearly different. 
The inert gas forms, so to speak, the corner-stone in the development of 
the atomic structure and the turning-point for our spectroscopic graph 
lines, quite in harmony with our reflections on jiage 103 about the 
importance of the configuration of the inert gases. 

But in other respects the figure is surprising and paradoxical. 

It shows tliat in the case of Li the first H.S.-line corresponds to the 
Jj-serics, whereas in the case of Na it corresponds to the M-series. Thus 
lines that are of an exactly similar type in the theory of series and that 
are represented by the same symbol Is - 2p, appear as different types 
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ill th(‘ Rontgen scheme : the one line is allocated to the L-series, the 
other Lo the M-series. 

This indicates that the analogy between the outer region and the 
inner region of the atom is not complete. We have already, earlier, 
encountered differences between these regions and we explained them by 
means of the different characters of the quantum orbits (the outer orbits 
are virtual, the inner orbits are constitutive and have their full quota of 
electrons ; see p. 190). In the visible region the lines may occur both in 
emission and in absorption, whereas in the Eontgen region they can 
occur only in emission. In the visible each series line has its particular 
excitation limit which is lower than the ionisation limit ; in the Eontgeil 
region all lines of the same series have the same excitation limit and 
this coincides with the work of dissociation (“ Abfcrennungsarbeit *’) for 
the shell in question. 

Concerning the allocation of quantum numbers we were able in the 
visible region {§ 2) to characterise each kind of term by a definite value 
of the azimuthal quantum numbers, for example, the .s-terms were 
characterised by 7^ = 1. It was originally thought that in the Rontgen 
region, too, it would be sufficient to distinguish each shell by one quan- 
tum number, for example, the K-shell by n 1, the L-shell by n = 2, 
and so forth. The facts presented by the fine-structure in the Eontgen 
region show that this is not so (cf. Chap. VIII, §§ 5 and 6). Kossel’s 
figure also brings this out clearly, for the M-series and the L-series, 
just like the K-series, degenerate as the atomic number decreases to the 
principal series of the alkalies, that is, resolve into a transition that 
undoubtedly has the final state characterised by n — 1. 

Bohr hints at the solution of this apparent contradiction (cf. p. 109) 
in his letter to “ Nature,’' mentioned on page 59 ; according to him, there 
exists a “ quantum number ” (we purposely express ourselves in indefinite 
terms) that increases in the successive shells to a maximum, and 
then decreases, in the manner formerly asserted of the distribution 
member of the shells. The extreme atomic shell, wliether it be the 
M-shell as in Na, or the L-shell as in Li, always belongs to the “ quan- 
tum number” 1, and the ground line of the Eontgen series in question 
can then in the case of each shell pass over without discontinuity into 
the principal series of the visible region. 

The transition between the inner and the outer region of the atom 
would be brought out more clearly by drawing Kossel’s figure for the 
terms instead of as in Fig. 89 for the lines. As already frequently 
emphasised, the former are oL greater fundamental importance than the 
latter. The continuous linking up of the lines would follow as a corollary 
from that of the terms. But at present we cannot yet sketch such a 
diagram of terms without too great vagueness; our table of Eontgen 
terms in Chapter VIII, § 6, merely furntshes us provisionally with as 
yet incomplete connexions. 
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§ 5. The Permanency of the Multiplicities. Inner Quantum Numbers 

In general, spectral lines have not a simple structure, but occur as 
doublets, triplets, etc. (cf. p. 318) ; or, it is better to say that the terms 
from which the spectral lines are composed, are in general not simple 
but two-fold, three-fold, and so forth, 

We illustrated this in § 1 for the case of the jj-terrn. The ^;-term of 
the alkalies is kvofold. Instead of mj) we therefore wrote in S 1 • 

mp/, where i = 1 or 2. 

The p-term in the arc spectrum of the alkaline earths is three-fold (or 
simple, i.e. one-fold). When it was three-fold we designated it by 

mpi, i = 1, 2, or 3. 

J^jarlier, we purposely avoided taking account of the multiplicity of the 
rf-terrn (cf. p. 319). 

We now assert : together with the p-term, also the d-ierm and the 
b-terni are tivo-fold or three-fold. Only the s-term, as already emphasised 
on page 318, is ulirays simple (one-fold). This similarity of subdivision 
which pervades the p-, d-, and Z>-term we shall call the ijermanenoy of the 
multiplicities. In extending this law to the &-term we are carrying out 
an extrapolation which has hitherto been proved only for isolated ex- 
amples, and which, as we shall see below, could only be proved in 
particularly favourable cases. 

We next consider the various combinations of the s-, p-, d-, i-teniis. 
Concerning the II.S. and the II N.S., which are combinations of the 
s- and the '/;-term, we have nothing essential to add to what has already 
been said on page 319. On account of the simple structure of the .s-term 
and according to the two-fold or three-fold structure of the p-tenn, the 
lines of these series are themselves ttvo-fold or three-fold respectively. 
The same is true of combinations of the s- and the rZ-term, which are in- 
admissible according to the selection principle, and which can be realised 
only by external electric fields (cf. p. 333). Since in the II iS.S. 
V — 2pi - ms the multiplicity is in the constant term, the doublet or the 
triplet lines have in this case constant Av’s. Since, on the other hand, 
in the II. S. v = li> - mp the multiplicity is in the variable term, the 
Av’s here gradually decrease as we a 2 J 2 )roach the series limit, as, indeed, 
the term itself decreases to zero (cf. p. 327). At the same time, since 
the sign of the constant term is the reverse of that of the variable term, 
the order of the intensities of the doublet and triplet lines in the H.S. is 
the reverse of that in the II N.S. (cf. Fig. 82). 

New phenomena, however, occur in the 1 N.S. v = 2p/ - mdj. In 
the doublet systems, Z = 1, 2 and j == 1, 2, we are led to expect four lines, 
corresponding to all possible combinations of i and j, whereas in the case 
of the triplet systems, z == I, 2, 3 andj = 1, 2, 3, we should indeed ex- 
pect nine. We shall see presently that the numbers 4 and 9 in reality 
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become i*educed owing to the fact that some of the components of the 
line-configuration which are algebraically possible are inadmissible physic- 
ally. We call the whole line-configuration a composite doublet or com- 
jwsUe triplet respectively; these names are due to Kydberg.* We 
consider it advisable to avoid the usual term complete doublet or complete 
triplet for the reason that it is just the incompleteness of the line-configura- 
tion, that is, the actual dropping out of certain of its possible components, 
which is characteristic of its structure. The first explanation of this 
structure forms one of the finest achievements of llydberg ; it was given 
at a time when the systematic structure of series terms and their 
multiplicities were still wrapt in obscurity. 

Passing on to the quantitative aspect, we adopt the convention in 
conformity with the usual practice that the terms are numbered ivithm 
each multiplicity in the order of their magnitude ; thus we always t have 

mp^ f^^d^ <[ md.^ md.^ . . • (1) 

(In doublet systems the third term of this inequality of course di'ops out.) 

Furthermore, if we represent the terms graphically as energy-levels 
(Energicniveaus), then, according to the inequalities (1), the level Pi{df) 
lies above the level p.>{d,f), and, in the case of trqjlet systems, the latter 
lies above 'p^id^ ; for the terms are defined as negative amounts of energy 
W 

“ , and so, from mp^^ follows for the corresponding energies 

that Wj ^ W.j, and so forth. We may therefore also say : we number 
the energy-levels within each multiplicity according to their heights, begin- 
ning at the highest level with i = 1. 

We next illustrate the structure of a composile doublet by considering 
the example of the heaviest alkali Cs (in accordance with a general rule 
to l)e discussed later the separation of the components is greatest in 
this case, and thus observation is easiest). The first member of the 
1 N.8. is V = for Cs, and lies in the infra-red near the point 

(1. l^liys., 50, 025 (1893), cf., in partit-ular, subsection Til. Sec also long 
2 )aper on “ Kecljerclies sur la constitution dcs st^ectres (remission des t^khnents 
cliiniiqnes.” Swedish Academy, Yol. 23. A CTcrmaii tmnslation is about to appear in 
the series, “ Ostwalds ]\lassikor.” 

t The fact that the convention (1) may be inado uniformly and consistently for all 
'//i’s and that the terms which are ordered together by tlie same % whilst m varies, namely, 
mp; or vidi actually belong together by their nature may be inferred from the ap- 
jiroximato validity of Kydberg’s method of representation in terms (j). 81()). For from 
the ordering (1) of the terms there follows a corresjionding numbering and ordering of 
the constants pi, di of the atomic field in Ilydberg’s formula; and, converse!}", the 
former follows from the latter. 

We might also number the terms, instead of according to their inagjiitiode, accord- 
ing to tlie mtenstiif, with which they occur in the combination For it appears 
that the term is almost always the most intense, inp.j, the next most intense, and 

when it is present, gives rise to the weakest component of the eorresjionding line- 
configuration. In the case of the ITergmann series of Cs this enumeration in order of 
intensity would, according to It. W. Meissner (cf> below), differ from that in order of 
size, anil is to he preferred to the latter on systematic grounds. 
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3/x. The doublet difference arising out of the multi pi icily ol the y/et(M n) 
amounts, in wave-iiuinhers, to 

Ai> = - 2p^ = 554-1 cins.“ 

That coiTcsponding to the multiplicity of the d-icrm is : 

Aiv = 3d, - 3rZ, = 97-9 cms.“ h 

Fig. 90 has been drawn in the scale of wave-lengths. We begin with 
the line 2p^ - A = 34892. It is a “principal liiuC’ of the com- 

posite doublet. Starting from it we inai*k- 
off in the direction ef longer waves the 
doublet diffenuice Ar(/ and ari-ive at “ the 
satellite” 2^)^ — 3^/.,, namely, A — 3G127. 
If we proceed from the latter in the dii’ec- 
tion of shorter waves a distance Ar,;, \ve 
arrive at the second main line 2p.^ - 3d,, A = 30100. But if we pi’oceed 
forward in the same way from the first principle line a distance Ar^^, the 
Hue 2p.j - 3rZ^ that vs /o be ejLpected accordhuj lo the dltjchmic scheme is 
found to he missiiKf ; it is shoirn as a dotted line in ihc fujure. Thus, of 
the four lines given })y the formula 2^;/ - 3d;, only those three occur for 
w^hich 

j>i (2) 

that is, the component 2po - Sd^,for u'hich 



IS jorbidden. 

The fact that the doublet interval Ar^, known from the II N.S. or 
from the first member of the H.S., does not occur between the two 
principal lines but between the satellite and the short-wave principal 
line was felt as a serious obstruction earlier, but is now explained by 
the quantum view of the whole line-configuration, as shown in Fig. 92. 
We also refer the reader to the analogous phenomenon in the case of the 
Eontgen spectra, namely, to the line-group L (a ayS), cf. page 169. 
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Fig. 91. 


We encounter the same circumstances in a more manifold form in 
the coviposiie triplet. Fig. 91 represents the first member of the I N.S. 
of Cd. (We choose Cd instead of the still further separated Hg, because 
in the latter the d-terin does not behave quite normally, cf. bottom of 
page 371.) In the case of Cd the triplet differences that arise from the 
three-foli nature of the^^-term are, expressed in wave-numbers, 

^v]'f — 2p2 - 2p^ ^ 1171 cms.- ^ 

== 27 J 3 ~ 2p,^ = 542 cms.”'^ 
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in wln’c.h the upper indices 12, and 23 indicate the origin of the 
dilfereiuie from the terms 2 ^ 2 * ?h» other 

hand, the three-fold nature of the d-term gives rise to the wave-number 
differences 

ArJ- = 3^2 - Sell ^ erns."* ' 

Ai/f - Sfll - 3^2 = 12 erns.- ^ 

On occourit of the comparative smallness of Ai/,/ compared with Ai/^ the 
scale could not be kept uniform in Fig. 91, ])ut it was necessary in the 
interests of clearness to exaggerate the Av^i differences relatively to the 
Arp differences. 

Th(; figure shows that in the composite triplet, too, there are princij)al 
lines, satellites, and missing lines (indicated by being dotted in the 
figure). The principal lines are 2j^^^ — 3^^, 22>2 - Scly, 2p.^ - 3r/y, and are 
thus given by i — j. The forbidden lines as before satisfy the inequality 
(3), namely, i'^j. The totality of the admissible lines, principal lines, 
and satellites is again determined by (2j. The true differences Ai/p are 
measured, not as between principal lines, but as between principal lines 
and satellites, and partly occur twice ; the same applies to the differences 
Ar,/. The whole line-configuration is composed, in a very characteristic 
way, of3 + 2-fi~6 lines, whereas 1 -f 2 = 3 lines are forbidden. 

Precisely the same line-configuration of the doublet or triplet scheme 
occurs, further, in all lines of the I N.S. and, indeed, in all combinations 
npi - mdj. In proportion as the numbers n and m become greater, the 
p-differences or the rf-differences become less (cf. p. 319, eqn. (4)). It 
may happen that even in the first member of the I N.S. the rf-difference 
is so small that it cannot be resolved. The I N.S. does not then appear 
as a sequence of composite but of simple doublet (or triplets), just as in 
the II N.S. This is so in the case of Li, for example. Hereby the 
following difference between the doublets of the II N.S. and the I N.S. 
was shown to exist by the measurements of Kent * (carried out in Tub- 
ingen) : whereas the doublets of the II N.S. fulfils accurately the law of 
constant differences of frequency (p. 319) and gives the exact difference 
Av^„ the doublets of the I N.S. remain slightly below this value and only 
approach it in the case of the later members. Kent finds from the first 
two members of the I N.S. 

Ar = 0*306 and 0*326 em.""^ 
and, on the other hand, from II N.S. he gets 

Ar = 0*34 cm.*"h 


The reason of this is clear from Fig 90. In the I N.S. the doublet differ- 
ence is measured as the distance from the short-wave principal line to 
the centre of gravity between the long- wave principal line and its satellite 

* Astropliys. Journ., 40 , 343 (1914). 
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(which is not distinct from it). This distance or inl(U*val is less thari the 
true doublet interval but approaches it in the higher series inenihers 
in which the (unresolved) rf-diflerence becomes smaller and smallei*. 

Generally, we see from this example that the Iaiw of aoiistanci/ oj 
Frequmey Differences (or Wave-number Differences) is only a ImilliKj law 
{Crrenzijesetz) in the case of the T N.S., that is, one which is the more 
nearly obeyed the higher the number of the member in the series; and 
the exact structure of the I N.S. can be described only by the co-opei ation 
of the two differences and Av,^. This law is directly and strictly 
valid only in the case of the II N.S. This circumstance has not, however, 
prevented it from being of great practical utility, when applied to the 
I N.S , for the classification of spectra in all those cases in which the 
accuracy of observation allowed the p-difference but not the rf-difference 
to be resolved. 

The Permanence of the Multiplicities exhibits itself in the structure 
of the composite doublets and triplets in the circumstance that a doublet 
(or triplet) p-term always combines with a doublet (oi* triplet) ri-terin, 
hut that a doublet p-ierm never combines iviik a triplet d-ierm or vice-versa. 
In the case of the hydrogen fine-structures, with which wo shall deal in 
Chapter VIII, S 4, the position is, however, difterent ; here, for example, 
in the Palmer series there is superposed on the doublet structure of the 
first term li/2'-^ a triplet structure that arises from the second term Ii/3“. 
This in no wise contradicts the law of permanence of multiplicities at 
present under consideration since, as we made clear from Fig. HO, the 
hydrogen fine-structui*es do not correspond to the structures of the terms 
not of the hydrogen type, hut rather to their various series types. 

Does the laiv of permanence apply only to the p~term and the d-terni and 
iwt to the h-lerm When the author* first formulated this (juestion, no 
certain data were available which might have given an answer. In the 
meantime this gap has been filled. Only, indeed, in the case of the 
heaviest elements and when the lesolution is very great, may we expect 
to find definite signs for the two-foldness or three-foldness of the 6-term. 
In the case of the lighter elements and when the resolution is small the 
multiplicity of the 6-term must practically vanish. 

And now Saunders t has recently succeeded in showing that the 
Bergmann lines of the triplet arc spectrum of Ba, v^Sd, - mhj, are com- 
posite triplets consisting each of six lines. Furthermore, K. W. Meissner X 
has measured composite doublets in the B.S. of Cs, which according to 
the position of their satellites do not quite agree with what is expected, § 
but at least show the characteristic numbei’ of two principal lines and 
one satellite and exhibit the relationship between their intervals and the 

* Ann. d. Pliys., 63, 228 (1920.) t Aslrophya. Jouru., 51, 23 (1920). 

iT-Aiin. d. rhys., 65, 378 (1920). 

^Tho anomaly that has arisen here vanisljes if \vc number the 6-ternis not accord- 
ing to size but according to intensity (cf. foot-note 1 on p. 359). 
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(liO'ereuce Ai/^ = 3r/^ - Popow* has revealed a comijosite Bergmann 
doublet of unusually great resolution in the doublet spark spectrum of 
Ba; it lias the wave-number differences 

\va = - 3rZj^ = 801 cms."h 

== ~ 4Z#j^ = 225 cnis.~h 

Wo shall see in the next section that in this very case, in which the 
two-foldness of the Bergmann term was first observed, the conditions 
for observing them are as favourable as can be desired. For, in the 
spark spectrum, the term difference (here Av^) is, in round numbers, four 
times as great as in the arc spectrum. 

Thus the permanence of the multiplicities is, as far as the Bergmann 
terms, a fact that dominates the whole structure of systems of the 
doublet and triplet lines. What physical meaning are we to attach to 
this? What circumstances bring about the subdivision of the energy- 
levels of the atom and ensure that the number of subdivisions remains 
constant in the various series ? In § 2 we proposed the question : What 
circumstances produce the separation of the one hydrogen series into 
the various series or types of series in the case of the elements not of the 
hydrogen type? We there answered this question thus ; These circum- 
stances are due to the addiPmial electrical field which is superposed on 
the simple resultant Coulomb field arising from the nuclear charge and 
the electronic charges ; by taking this into account we succeeded in con- 
firming, besides the number and sequence of the various series, also the 
general (Hitz) character of the series formulae. In the present case, every- 
thing urges us to enlist the aid of an intra-atomic maymtic field such as, 
in particular, occurs in the intimate relationship in which the problem 
of term multiplicities stands to the x^roblem of the anomalous Zeeman 
effect. This magnetic view of the origin of term multiplicities is corii- 
j)letely confirmed by observations of Paschen, which are connected with 
the problem of forbidden lines in the comi)Osite doublet and triplet and 
wherein these lines are called forth by a magnetic field, f 

Another circumstance seems to indicate that the intra-atomic magnetic 
field that is resx)onsible for term multiplicities is produced by the circu- 
lation of the outer electrons of atoms. For in the case of equal valency 
the multiplicities are of the same type : they are doublets in the case of 
uneven, and tri^dets in the case of odd valency (cf. next section). Now 
since the valency is given by the number of outer electrons of the atom, 
the origin of the inner magnetic field also seems to be founded on the 
number and the motion of the outer atomic electrons. We shall sub- 
stantiate this further in the appendix to § 7 ; for the present we shall 
confine ourselves to a rather qualitative theory discarding special ideas. 

* Ann. d. Phys., 45 , 172 (1914). % 

t P. Paschun and K. Back, “ Liniongruppm viaijnetisch vervolUtandigt," Zeeman 
Jubilee Issue of the Dutch journal “ Physica,’* 1921, p. 201. 
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The point from which wo launch our attack is gi\ cm by the foi bidden 
components of the composite line-conliguration. These components 
imply that the azimuthal qtianimi number n introduced in § 2 does not 
suffice for all purposes, For allp-levels it is equal to 2, for all d-levels 
it is equal to 3, and so forth, and it caiinot therefore effect a determinate 
selection between the levels pi and dp So that if we wish to exclude the 
forbidden lines by a principle of selection, we must, indeed, introduce a 
new quantum number ; we call it the inner quantum number and desig- 
nate it by Ui. 

In Pig. 92 we illustrate our procedure for the case of dohblct systems. 
The ground level s is lowest (greatest negative energy and highest posi- 
tive term*). To it there corresponds the azimuthal quantum number 
n = l. For the ground orbit and indeed for all s-terms we also set nf— 1. 



Pia. 92. 


The ^>-levels lie above it (have smaller terms*) ; beginning from the top, 
we mimher them andj^o* Their azimuthal quantum number is n==2. 
We assign to them the inner quantum numbers 

2>i . • • ui =2, = I 

and this is to hold not only for the term 2p but for all terms mpy that is, 
independently of the radial quantum number n\ We draw the ^Z-levels 
above the 2 )-levels ; they are less separated than the latter, and the 5-levels 
still less so. Their inner quantum numbers are, as we know, 7^=3 and 
= respectively. We set down as azimuthal quantum numbers 

^, . . . Ui =3, . . . 7i,- = 2 

. . . Ui =4, b.y , , , Ui 3 

and generally for the azimuthal quantum number n : 

. . . 71/ = 71, ... Ui =71-1. 

* Cf. also what was said in foot-riote 1, p. 341, about Al, Iii, Tl. 
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We, next formulate our Selection Principle of Inner Quantum Numbers. 

Whereas the azimuthal quantum number can in general undergo only 
the ti ansitions 

n^n + 1 

the following transitions, and only these, are possible for the inner 
quantum number : 

ni^7ii +1, ni->ni . . . •. (4) 

Thus, in this case, = 0 is not forbidden. 

This rule of selection is to be supplemented by a rule of intensity : of 
the three traftsitio7is (4) that one is to occur ivith greatest mtensity which 
takes place m the same directio7i as the transition to the azimuthal quantum 
7iumber n ; and the intensity is to mcrease so much the more the more the 
type of the transition of ni dijfers fro7n that of 7i, Hereafter we shall 
thus speak of a strong,” a less strong ” and a “ weak transition.” 

Let us now consider from the point of view of this principle of 
selection and of this rule of intensity the combinations (j)idj) in the 

1 N.S. of the doublet systems, such as are depicted in the middle part 

of Fig, 92. The azimuthal quantum number hereby falls from the value 
3 (ri-term) to 2 (p-term). Accordingly we have two “ strong ” transitions 
of the inner quantum number 3 2 and 2 -s- 1, which actually corre- 

spond to the two principal lines (pidj) and {p>/lc^y i = j- The transition 

2 2 of the inner quantum number, which belongs to the satellite 

is “less strong”; the combmatiofi (P 2 ^i)> forbidden because, in 

it, the inner quantum number would make a jump of two units, from 3 
to 1. Exactly the same holds for the combinations {dihj) of the 
Bergrnann lines, cf. the upper right half of the figure. Here, too, the 
two principal lines correspond to the transitions ni n,: - 1, and the 
satellite corresponds to the transition 71;, ni ; the combination {dj)^, 
i'^j is also forbidden because it would denote a transition from 4 2. 

Finally, concerning the combination {spi), in the 11. S. or the II N.S., 
the two transitions 2 -> i and 1 1 are allowable, but are to be expected, 

according to our principle of selection, to be of varying intensity. In 
the case of Na we have, for example, for D^, \ = 5896, and D^, A. = 5890 
(cf. Fig. 82) : 

D.„ r = l5 - 2pi, {7li = 2) {Ui =1)1 /rx 

Dj, V = Is - 2p2, {m = 1) [ni - 1)J ‘ ‘ ^ ^ 

Actually, according to many exact measurements Dg is more mtense than 
(indeed, exactly twice as intense as) D^. In the higher members 
m = 3, 4 ... of the H.S. of the alkalies the difference of intensity of 
both components, as Fiichtbauer * has shown, increase regularly in such 
a way that here in place of the ratio 2 : 1, we get, say, 3 : 1, 4 : 1 . . . 

It is clear that our above remarks fix only the differcjiccs An^ of the 
inner quantum numbers and not their absolute values 7ii, It is possible 

* Ann. d. Phys., 43, 90 (1914), in coiijuiiclioii with VV. Hofmann. 
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to alter all the ?i,:-values of the figure by adding the same number thrbugh- 
out, without afifecting our conclusions about the possible existence and 
intensity of the lines. But we shall see that the selection here made 
concerning the absolute values is also maintained in the phenomena 
of the Zeeman effect (§7). 

We now come to the triplet systems. The scheme of in ler quantum 
numbers is now to be extended in the manner shown in Fig. 93. In the 
highest level of each term the inner quantum number again agrees 
with the azimuthal quantum number n and thence onwards decreases in 
two steps by 1 each time, that is in the j)-levels from 2 to 0, and in the 
^-levels from 3 to 1, and so forth. 

The scheme of the composite trvpleis (pidj) in the I N.S. here also 
follows naturally and satisfactorily. Principal lines arise from “ strong ” 



Fig. 93. 


transitions, in which U; decreases by 1, and thus moves in the same sense 
as the azimuthal (piantum number n, which simultaneously deci’eases 
from 3 to 2. Primary satellites arise from the “less strong’' transitions 
An,- = 0; the secondary satellite arises from the “weak” tran- 

sition 1 -> 2 of the inner quantum number, which occurs in the reverse 
direction to that of the transition 3 -> 2 of the azimuthal quantum num- 
b(U'. The forbidden lines, according to their indices given by 
belong to transitions in which n,- jumps by two or, in the case of by 

three units. It is charactei'istic that in the investigation of Paschen men- 
tioned on page 363, the lino was much more difficult to call up 

than the two other forbidden lines. The ground for this is evidently that 
when p,^d^ is produced by magnetic means our principle of selection is 
infringed to a much greater degree (jump of three units) than in the case 
of the other two lines (jump of two units). 

Exactly as in the I N.S. so in the B.S. the type of the composite 
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triplet may be analysed by inner quantum numbers, as indicated briefly 
in Fig. 93. 

In the combinations (sp^) in the H.S. or the II N.S. no forbidden 
transitions occur, but the intensities grade themselves in the sequence 
(spi), (SP 2 ), corresponding to the circumstance that in the first of 
these combinations we have a “ strong,'* in the second we have a “less 
strong,” and in the third a “ weak ” transition ; actually in the last tran- 
sition n; alters in the reverse direction to and indeed in the H.S. as 
well as in the II N.S., whereas in the first transition it alters in the same 
sense. 

Very interesting new material for the question of selection is further- 
more given by che combinations of triplet and simple iermSy such as are 
usual in the whole group of divalent elements, the alkaline earths and re- 
lated elements. We here recall only the resonance line of Hg, A. = 2537> 
r = IS - and the analogous lines given in Table 37 for Zn, Cd, 
Mg, . . . Ba. As previously we denote the simple terms throughout by 
8, P, D, and the triplet terms by s, p/, d,-. The following scheme gives 
us the key to these combinations : 

Allowed types : 82)0, P^Zo, PrZ.j, 2>]D, 2^2^- 

Forbidden types : 8^;^, 82^^, P^^^, 

For example, the following have been observed (cf. Dunz) : 

2P - md^ and 2P ~ mrfjj for m 3 in the ease of Zn, 
and for m = 3, 4, 5, in the case of Cd and Hg. 

2j?i - mD and 2p.y - inD for m = 3 in the case of Cd, 
for m = 3, 4, 5, 6 in that of Hg. 

The next step is to assign to the simple terms such quantum num- 
bers as make the exclusion of these lines intelligible in the light of 
selection. There can be no doubt about the azimuthal quantum num- 
bers : we have to set n == 1, 2, 3 for S, P, D. That, in addition, inner 
quantum numbers are also effective in the simple terms is shown directly 
by the forbidden combinations. In selecting these we follow liandL^s* 
example. We set n; = 0, 1, 2 for 8, P, I). We see at once then that 
(Pd^) and (p^H) are forbidden. As illustrated in Fig. 94, (PdJ would be 
the transition 3 1, the transition 2 ->0. The combination (S//j) 

is also forbidden, according to our principle of selection, since it likewise 
corresponds to the transition 2-^0. A certain difficulty arises, however, 
in the exclusion of (82^^) ; to exclude this combination we must follow 
Land(5 by asserting definitely that the transition is not “less 

strong,” as would be the case according to our general rule of intensity, 
but must not occur at all. The fact that, on the other hand, the com- 
bination (82)2), in the case of Hg the line X = 2537, occurs intensely and 
dominatingly is in complete accordance with our general rule of intensity, 

* A. Lande, Physikal. Zeitschr,, 22f 417 ( 1921 ). 
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since we are here concerned with the ‘‘ strong ” transition I 0 which 
occurs in the same sense as the azimuthal transition. But the conditions 
of intensity and (IVio) : are verified by observation to 

be such as our rule of intensities leads us to expect and as are indicated 
in Fig. 94. (piD) belongs to the ''weak” transition 2 -> 2, 

"strong” transition 2-- >1; accordingly, {p^P) is observed throughout to 
occur more intensely than (2->iD). On the other hand, (Pd^) belongs to 
the "strong” transition 2->l, (Pdg) to the "weak” transition 1-^1; 
and actually, is throughout observed to occur more intensely than 
(Pd,). 

A perhaps still more striking confirmation of the fruitfulness of our 
inner quantum numbers is furnished by certain combinations (d/i}) and 

(PiPj) that occur between the triplet 
n "i systems of the alkaline earths. The 

terms pi, di in these combinations are 
those that we already know from the 
composite triplets of the I N.S. ; the 
terms jj'., dj arc new terms which 
combine with the former in spite of 
the fact the jump in the azimuthal 
quantum number is not ± 1 but 0. 
How this is to be viewed in the light 
of Bohr’s Correspondence Principle 
will be discussed in Note .10 {(/). 

Types of this sort were first de- 
scribed by Kydberg* in the cases Ca 
and Sr, and by Popowt in that of 
Ba, under the heading "skew-sym- 
metrical combination gi’oups.” At the present time they are being studied 
by K. Gotze t in Tubingen in connexion with their Zeeman types. They 
are not composed, like the composite triplets, of 3 + 2 + J, but in the 
case of {didj) of 2 + 3 H- 2, and in that of p,p] of 2 + 3 -f- i components. 
According to Gotze their structure may be understood as follows from the 
scheme of inner quantum numbers,' 

I n Fig. 95 we depict the grouj) {dfd'j). The levels d\d ^4,, being initial 
levels, lie higher than the levels d^d.^d.^ that are final levels. As was done 
earlier, the azimuthal and the inner quantum numbers have been written 
along the side of the scheme of levels. There are two transitions to d^ 
[u; ^ 3), namely, the one starting from d\, 3, and the other from 

m == 2. The transition d', d^ is forbidden, because it would denote a 
jump of two units in the inner quantum number. All three transitions to 
are allowed, but again only two to d,. The jump d\ d.^ is forbidden 

* Alin. d. Phys., 52, 119 (1894). '[Ibid., 45, 156 (1914). 

4. The author is indebted to Messrs. Paschen and Gotze for kindly communicating 
to hijii the result of these investigations. 
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because the inner quantum number would have to jump by two units : all 
these circumstances agree with observation. We see that the structure of 
this line configuration differs in a characteristic way from the composite 
tripicits of the I N.S. The index rule j which was set up for the 
latte i; and which sifted out the forbidden components, loses its validity, 
whereas the rule of selection of imier quantum numbers holds undiminished 
stuay. 

But our rule of intensities is also shown to be fully trustworthy. As 
the azimuthal quantum number w is equal to 3 in the initial and the final 
state, and its jump Ln is therefore equal to O', those transitions of the 
inner quantum number nu for which An; =* 0, are now to be regarded as 
occurring in the same sense as n. Here actually, as denoted in Fig. 95, 
the combinations (d^d'j,), (dgd'j) are 

the strongest. In the middle group (d^jd^.) JL ^ 
the “ satellites ** lie on both sides of the 
“ principal line ” (dgd'o) ; in the group (d^dj) 
we have one satellite on the short-wave 
side, that is fundamentally different from 
the type of composite triplets in the I N.S., 
but completely in agreement with our rule 
of intensities for inner quantum numbers. 

In the combination the same 

“ skew-symmetrical type occurs, but with 
the following characteristic difference : 
whereas in the case of {d{dj) the line {d./l',^) 
belonged to the three principal lines, in the 
case of (pijJj) the line is missing. 

To account for this we must note that here 
the inner quantum numbers are not 3, 2, 1 but 2, 1, 0 (cf. Fig. 93). 
so that the combination 3) signifies the transition 0 0. According 

to our observations of the Hg-combination Spy this transition is to be ex- 
cluded by a special convention. Thus this special convention is also found 
to be trustworthy under entirely new conditions. The absence of the line 
PyP 3 brings it about that, as we said above, the group (p/p') consists of 
2 + 3 -1- 1 lines and not, like the group (d^d') of 2 + 3 + 2 lines or, like 
the composite triplet in the I N.S., of 3 -f- 2 -f 1 lines. 

If we now add that the inner quantum numbers of the triplet and 
simple lines in the anomalous Zeeman effects (§ 7) prove to be quite as 
trustworthy as was just emphasised in the case of the doublet systems, 
we can hardly doubt any longer that the quantum phenomena here in- 
volved are real. Nevertheless we must emphasise that all the preceding 
regularities denote rather a representation of the empirical facts arranged 
according to a theoretical view-point than a true theory. 

The following data about the size of thq^, term -multiplicities have a still 
more empirical nature : — 

24 
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(a,) The difference of level of the doublets of the p- and the ^/-terms. 

I^jxlendin^' the nomenclature oi' page a little we set 

- 2p. - 2p^, Aiv = -- 3^1, Ar,,. - :]p., ~ 3/)^ 

and from Dunz’s tables we have : 


Table 39. 



Av.^p 

Ai'arf 

Avaj, 



3 Li 

0-34 



0*38 

V2G 

11 Na 

17*21 

— 

6*47 

1-42 

1*29 

19 K ... 

57*90 

1*66 

20-34 

1-61 

0 84 

37 Rb . . . 

237*71 

? 

77-57 

1*74 

0-47 

55 Cs ... 

654-10 

97*90 

181*07 

1*83 

0*33 


The first column shows that the p-difference, Av.^^, increases rapidly with 
the atomic number : whereas this difference can just be distinguished in 
the case of Li, it is of macroscopic size in the case of Cs. The same is 
true to a still greater degree of the d-difference, which is not yet 
distinguishable in the case of Li and Na. For the i*est, it is considerably 
smaller than the ^j-difference, being not only smaller than Ar^^,, but also 
smaller than Av^^,. 

Let us now consider the last columns of the table, in which we have 
compared the jj-difference with the atomic number Z. We sec that it 
increases a little more rapidly than Z‘^ but less rapidly than Z^. Wo can- 
not fail to recognise that it depends in a regular way on the atomic num- 
ber. This circumstance points directly to the co-operation of the inner 


Table 40 






Z3 

13 A1 . . . 1 

112-07 

1*32 

6G 

5 1 

43 111 . . . 

1 2212-63 

23-59 

9-2 

1*9 

81 Tl 

i 7792-45 

1 

81*64 

11*7 

1*5 


configuration of the atom in the resolution into terms. Whereas in other 
cases the nuclear charge is screened by the electronic cloud in the case of 
the visible spectra (this corresponds to their origin at the surface of the 
atom), it shines through this cloud, as we remarked on page 101, in the 
resolution into terms. A comparison showing the analogy with the 
doublet differences in the Eontgen region which arise at the centre, but 
which increase essentially with Z^, immediately suggests itself (cf. p. 176). 
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^'he same remarks may be applied, both as regards the relative 
magnitudes of the and the ^-differences, and the dependence on the 
atomic number, to Table 40 dealing with the earths Al, In, Tl, which 
arc characterised by systems of doublet series. 

1 tere, too, the ^^-difference increases approximately proi)ortionally to 
7j^ and at any rate less rapidly than Z^. For the same Z the ^^-difference 
is essentially greater than in the case of the alkalies. 

(i) The dififerences of level of the. triplets. In the triplet arc spectra 
of the alkaline earths and of the related elements Zn, Cd, Hg we have 
two differences of level for each term ; we designate them as on 
page 360. These, too, increase in each of the two columns regularly 
with the atomic number, and indeed, as the following table shows, they 
again increase more rapidly than : — 

Table 41 




Avj;' 

10^^ 

Ai/i" 

Avr 

Av/,"- 

^v}r 

Ai/,r'‘ 

12 Mg . 

40-92 

19-89 

2-85 



2-06 


20 Ca . 

105-99 

52-11 

2-65 

22-13 

13-87 

2-05 

1-6 

38 Br . 

394-44 

187-05 

2-74 

1C0-G8 

69-99 

2-10 

1-8 

6G Ba . 

878-4 

370-3 

2-83 

381-1 

181-5 

2-38 

2-1 

30 7.11 . 

388-91 

189-78 

1 4-31 

4-55 

3-40 

2-05 

1-34 

48 Cd . 

1171-06 

541-86 

I 5-10 

18-26 

n-72 

1 2-17 

1 1-5G 

80 Ug . . ' 

4G30-31 

1767-19 

7-25 

34-90 

59-94 

2-62 

0-59 


The last two columns that have here been added to the tables of 
doublets are of interest. They show that the ratio of the two ^^-differences 
is, fairly regularly and with only slight fluctuations, nearly constant 
within each of the two columns of elements, in such a way that 

This behaviour differs characteristically from that of the hydrogen 
triplet which we shall consider more closely in Chapter VIII, § 3, 
eqn. (8). In the hydrogen triplet the ratio of the successive triplet 
intervals is exactly as 1 : 3, whereas in the present triplets that are not 
“ hydrogen-like ” the ratio is approximately as 2 : 1. Actually the inner 
cause of the former line configuration (namely, relativistic change of 
mass) is quite different from that of the latter configuration (inner mag- 
netic field). 

The circumstances are similar in the case of the d-differences of the 
triplets ; here, too, the quotient 3^2 ~ fairly constant 

and greater than 1. Only Hg exhibits an anomalous behaviour, in that 
the first d-difference is smaller than the .gecond. For this reason we have 
chosen as our example in Fig. 91 not Hg but Cd. 
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In the appendix to § 7 we shall return to the question of the magni- 
tude of this ratio (2 : 1 in the case of the p-term, and about 3:2 in that 
of the d-term). 

Pronounced systems of triplets occur not only in the second group but 
also in the elements 0, S, Se of the sixth group of the periodic system. 
The ^^-differences here exhibit a similar behaviour as in the second group, 
namely, there is again an approximate proportionality to and the ratio 
of the first to the second triplet difference is approximately constant. The 
rf-differences are not resolved. 


Table 42 



A*/]/' 

AVp’’ 

100^. 

' Av^-'* 

80 ... . 

3 ‘38 

2*76 

5*3 

1*2J 

16 S . 

17*90 

11-26 

7-0 

1*59 

33 Se . 

103*66 

44*82 

9-0 

2*32 


§6. Spectroscopic Law of Displacement and Law of Exchange 

(a) Law of Displacement. In practical spectroscopy we distinguish 
between spark spectra on the one hand and flame and arc spectra on the 
other. Spea*king generally we may say that spark spectra require strong 
provocation such as is offered by condensed discharges, whereas flame 
and arc spectra occur wlien the excitation is less, namely, thermal or 
electric. . ‘ 

The line of demarcation between these two types of series has not 
been shai’ply drawn by experiment. The spark lines often occur in 
certain parts of the arc even when the excitation is only ordinary but 
they then become ‘‘ enhanced in the stream of sparks. On the other 
hand some arc lines are as a rule present in the emission of the spark. 

From the point of view of theoiy, however, we must differentiate by 
a simple and unambiguous definition between arc and spark spectra. In 
our treatment of the series scheme of S 2 we assumed that the atom under 
consideration was, as a whole, neutral ; the jumping electron (cf. p. 325) 
is then confronted by an atomic trunk of which the effective charge is 
+ e. Following Bohr, we associate this case with the flame and arc S'pec- 
trtims. On the other hand, according to Bohr, to produce a spark spec- 
trum we must have an ionised atom and (in the case of simple ionisation) 
an atomic trunk with an effective charge + 2c. We shall here ahvays 
take sjjark spectrum as the system of emission of the ionised atom in the 
sense denoted by this theoretical distimtion. For the present, only cases 
of simple ionisation come into question, since only such have been ob- 
served — in general we shall hold in reserve for the system of the simply 
ionised atom the name “first spark spectrum,’* for that of the doubly 
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ionised atom the name “ second spark spectrum,” and so forth — in case 
these terms should prove necessary later. 

The simplest examples of spark spectra in this sense are given by the 
emission of Ile"^ in the Fowler and Pickering Series (cf. (6a) and (7a) of 
p. 207). The simplest examples of spark spectra of the second order 
would be realised, if observable, by the emission of Li * The general 
form of representation of terms for a doubly charged atomic trunk is (cf. 
Note 13, eqn. (18)) : 

(m, k . . .) \rn ^ k* + K*(m, ...) + . . .]^ * 

The occurrence of 4R in place of R is an indication of the double 
charge of the atomic trunk. The coefficients fc*, /c* . . . differ, as a 
rough calculation shows (cf. Note 13), from the coefficients A:, k ... of 
eqn. (6) on page 328 in an easily expressible manner. 

We next asseirt that the spark spectrum of each element is in structure 
the same as the arc spectra of the element that precedes it in the peri- 
odic system, that is, that it consists of doublet, triplet, or so-called non- 
series lines, according as the arc spectrum of the preceding element is 
composed of doublets (like the alkalies), or triplets (like the alkaline 
earths), or of lines that apparently succeed one another without regularity 
(like most elements at the right end of the pexdodic system, in particular 
the inert gases). Here we have enunciated a Law of Displacement* 
which, like the law of displacement of radioactivity, leads from one ele- 
ment of the periodic system to a neighbouring element. 

The meaning of our displacement law as applied to our model of the 
atom is obvious. Each column of the periodic system is, in general 
language, characterised by a certain valency, or, in our model, by a 
certain number of external electrons. On the other hand, w^o know that 
the line-structure of the spectra is without exception the same in each 
column of the series. If now the atom loses one electron by ionisation 
then it becomes a member of the preceding column in its external be- 
haviour, and thus, as our law of displacement asserts, it will conform in 
the structure of its lines with the members of the preceding column ; 
numerically it will be best comparable with the element that immediately 
X)recedes it in the periodic system. 

According to its origin in theory, our law thus uses as its starting 
point only the most general feature of the atomic model, namely, the 
gradually increasing number of external atoms in the periodic system. It 
is completely independent of the particular interpretation of the series 
terms and their allocation to the quantum numbers. To show on what 
it is based empirically we shall run through the groups of the periodic 
system. 

* W. Kossel and A. Sommerfold, Auswahlpriuzip und Verse liiobnngssata bei don 
Soriciispcktren, Verhandl, d, D. Phys. Ges,, Jahrg., 21, 1919. 
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1. Alkalies and Inert Gases. — The doublet system of the alkalies is a 
typical flame spectrum (‘^sodium-bead”) or an arc spectrum; it is thus 
derived from the neutral and not from the ionised atom. The disruption 
of an electron subjects the atom of the alkali to the greatest conceivable 
change. It causes the atom to move over into the column of inert 
gases, that is, from the beginning of one period to the end of the preceding 
period. Spectrally this must signify the transition from the simple and 
transparent conditions of the beginning of the period to the complicated 
conditions at the end of the period in which there is an abundance of 
lines. We regard the fact that this transition actually occurs as an initial 
(at present, indeed, only qualitative but impressive) proof of our law of 
displacement. 

Kder and Valenta * found in 1894 that Na and particularly K when 
subjected to violent sparking emit besides the series spectrum a new 
spectrum very rich in lines, which lies predominantly in the uJira- violet, 
and in which it lias not yet been found possible to discern series relation- 
ships. Later, in 1907, Goldstein t succeeded in selecting the conditions so 
that the non-series lines of the alkalies appear pure and without the ad- 
mixture of the arc lines whereas the spark spectra of the alkalies that 
have been photographed in the usual way exhibit both types of lines 
simultaneously, and he has very clearly asserted that these (non-series) 
lines arise from an initial state unconnected with these series, and so 
he suggested for them the name (j round spectra/' 

The special conditions which Goldstein chose in his experiments, 
namely, in which he intentionally forced the greatest possible density of 
current through matter lhat was as thinly divided as possible, indicate 
qiiitj clearly that we are here dealing with emission from atoms which 
have already lieen once ionised, that is, that we have that for which we 
above chose the name “ spark spectrum ” in the narrower sense. 

Goldstein’s observations were restilcted to the visible region. Eder’s 
pupil Hchillingcr | conlirmed the abundance of lines, already remarked by 
Eder and Valenta, in the ultra-violet wdiich is peculiar to the ground 
spectra, and which is of importance for our point of view. 

The more detailed conditions under which the ground spectra arc ex- 
cited agree well with the ideas that we have formed about the arrange- 
ment of the electrons in the atom. The outer electrons of the inert 
gases, if we judge from their chemical inactivitj^ are much more tightly 
bound than the (chemically) particularly active outer electi*on of the al- 
kalies. The. same is to bo conjectured of the electronic configuration 
which the outside of the ionised alkaline atom forms after the outer 
valency electron has been removed. Thus, in contradistinction to the 

* Derjhsohr. Wien. Akacl., 61 , 347 (1894) ; cf. also 13oitnigc 5^ur Photocheraic, ji. 109. 
Wien, 3904. 

+ Vcrliandl. d. D. Phys. Ges., 9, 321 (1007). 

Wiener Sitzungsbor., 118 605 (1909). 
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series spectra of the alkalies, the ground spectra must be comparatively 
difficult to excite, and, in fact, the difference between tbe possibility of 
exciting the arc and the spark spectrum is in the case of no other elements 
so high as in that of the alkalies. 

2. Alkaline Earths and Alkalies. — In the case of the alkaline earths 
three series systems are known : simple lines, doublet, and triplet 
systems. 

Of these, simple and triplet systems form plenty of. combinations with 
each other (cf., for example, the conclusion of the preceding paragraph), 
hut not a single one with the doublet system. Further, they are excited 
by electronic impact with the neutral atom (cf. 3, jd. 347), and, finally, 
they may be formulated in terms of the simple Rydberg number R. All 
this proves that simple and triplet terms are associated with the same 
atomic state, namely, the neutral state. The suggestion of putting our 
law of displacement to a severer test arose out of a letter by Paschen, in 
which he remarked that “ the doublet systems of the alkaline earths come 
out relatively much more intensely when excited by sparking than in the 
arc.” This remark led us to regard the doublet system of the alkaline 
earths as their spark spectrum, and to bring it into relationship with the 
doublet system of the alkalies. To support this view it was necessary to 
study the quantitative expressions for these doublet series, and to ti*y to 
discover whethei*, in accordance with equation (1), Rydberg’s number R 
in it is to be replaced by 4R. It became manifest that this question had 
already passed through an interesting stage of historical development. 

Ritz^ calculated the doublet series of Ca, Sr, and Ba according to his 
5 (U’ies formula (that is, with R, and not with 4R), but at that time he had 
at his disposal only an insufficient number of lines. More detailed 
measurements and calculations were made by Lorenser.j- Following in 
the footsteps of Saunders, I he showed that Ritz’ formula is inappropriate 
for representing these series, and he calculated the doublet terms by 
means of the primarily empirical formula 

= (m t kf .... (2) 

in which we see that R has been replaced by a constant A that may he 
clumn arbitrarily. Lorenser then found that he obtained a satisfactory 
expression, especially for the higher series lines, by assuming the follow- 
ing values for A : — 

r I N.B. A - 423376-6 f I N.S. A - 423416-0 

[11 N.S. = 413202-5 \II N.S. = 421559 0 

/ I N.S. A = 410836-0 ( I N.S. A - 390431 

HI N.S. - 415157-0 III N.S. = 1597795 

Those values are all more or less near 4R = 438948. 

*Pliysikal. Zoitsclir., 9 , S21 (1908). t Dissertation, Tubingen, 1913. 

It Astrophys. Journal, 35 , 352 (1912). 
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As this agreement is of a purely empirical nature and was found with- 
out its author being pi’ejudiced in favour of a particular theory (Bohr’s 
theory was not yet available for Lorenser), it is so much the more con- 
vincing. 

In the case of Mg the question was again taken up by Fowler * in 
1915, and then, indeed, under the direct influence of Bohr’s theory. 
Fowler calculated certain new Mg-lines (e.g. the Bergmann line A 4481), 
which he had found, as spark lines and compared them with the spark 
line of He * , X = 4686, corresponding to the Bergmann series. 

It is of interest to mention a chance remark by Fowler to the effect 
that there is no relationship between the constants of the spark doublet- 
lines and those of the arc lines of the same element. On the contrary, 
it must be emphasised that the relationship is not to be sought between 
the spark and the arc lines of the same element but between the spark 
lines of one element and the arc lines of its 'predecessor. 

Finally, Fj. Fues,t adopting the view given by the law of displace- 
ment, has examined arithmetically the whole data of the doublet spectra 
of the alkaline earths by inserting instead of the empirical number A as 
the numerator in the expression of the terms in (2) the value 4K itself. 
The extended expression (1) for the terms then established a perfect link 
with the observations. At the same time it was shown that there is an 
interesting relationship between the constants .9* d*, of the atomic 

fields in the case of these spark spectra and the corresponding constants 
. 9 , j;, d, h of the arc spectra of the alkalies. Both have the same (plus or 
minus) sign, and (with one exception) the former are always greater than 
the latter. Details are given in Table 43, in which there are added on the 
right, next to the atomic field constants xmder consideration, their ratios. 


Tabi.k 43 




r 

il 

h 

Mg) . . . 
Na . . . 


0-15)“^ 


+ 0-0000 1 
- / ~ 

Ca-i . 

K . . . 


0 '^ 1 l.-T 

0-29/^' 

: 0^28 

- 0-025 1 

- 0-01 r " 

Sr+ . 

Uh . 

0-91 / ^ 

0-61 \,. 7 
0-36 / ^ ' 

- 0-43 ) 1.05 

- 0-35 j ^ 

- 0-034 \ 

- 0-018 j ^ 

. . . 1 

Cs . . . i 

0-95/^ 

0-75^ 1.7 
0-45 j ^ ' 

— 0*83 \ Q.tTo 

- 0-48 r 

- 0-C04 I „ „ 

- 0-032 


In Note 13, eqn. (17), it is shown that if we adopt a certain conven- 
tion about the supplementary field duo to the electronic configuration a 
value for the atomic field constants (charge 2e of the “ trunk ” of the 


* Phil. Trans., 214 (A), 1914 ; cf. also Proc. Koy. Soc., 1915; Bakeriaii Lecture and 
Nature, 1915. 

t E. Eues, Dissertation, Munich ; Ann. d. Phys., 63 , 1 (19‘20). 
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atom) follows which is twice as great as that of the constant h of the 
associated arc spectrum (the charge e of the atomic trunk is the same, 
the structure otherwise not differing). From this table we actually see 
that the ratios in question are almost throughout > 1, and that in part 
they approach the value 2. 

We have yet to make a remark about the constants s and .s**. 
Whereas Fues defines them, in the usual way, as the deviation of the 
numerator of the term from the value m + above table they 

are taken as the deviation from in agreement with our notation, which 
uses integral numbers (thus our s and s* are greater by 0*5 than the s, 
of Fues). From the fact that with his definition of s, .9* the ratio 2 is 
more closely approached than when the integral notation is adopted, 
Fues concludes that he has found a physical justification for using the 
notation involving halves. The present author is of the opinion that 
this inference is no longer tenable in view of the fairly regular course 
follow^ed by the ratio numbers, for example, in the first tw^o horizontal 
rows of the table ; this regular course would be destroyed by the opposing 
definition of the constants 6*, i>*. We arc thus inclined to see in this 
table rather a reason against the usual definition (involving halves) of the 
.9- term. 

Even without a close knowledge of the representation in terms we 
may say the following : If the term (vij),) is of the spark type (1), then, 
on account of the numerator 4R, the doublet-difference Avj, == mp., - 
would be four times as great as the doublet-difference of a neighbouring 
element of the arc type provided that the constants pi of the atomic field 
are assumed to be the same for the two doublets under comparison. The 
actual difference of the atomic fields will then, further, bring about a 
deviation from the magnification number 4, be it in the positive or in the 
negative direction. We have accordingly to expect that every doubtlet 
or triplet difference during the transition from arc to spark conditions 
becomes magnified to an extent that is essentially determined by the 
ratio 4 of the numerator of the term although it may, of course, deviate 
more or less from this value owing to the accompanying action of the 
factors due to the atomic field in the numerators of the term. 

Numerical details are given in Table 44; here we are dealing every- 
where with the doublet-difference 22)2 “■* ^Ih- Ea-doublet* is added 

to the analogous spark doublets of the alkaline earths, although the pre- 
ceding alkali (eka-casium), wEich is necessary for the comparison, is still 
unknown. In the last two rows of the table the elements Zn and Cd 
which are, in an extended sense, analogous to the alkaline earths, have 
been included, as also their predecessors Cu and Ag. 

* The Ka-doublet is of special interest because llunge and Precht, in the Physikal. 

Zoitschr., 4, 285 (1903), have endeavoured to oxtrapoJate tlie at^iic value of Ra from 
it. For the dependence of the term-differences o>i the atomic number, which we 
studied in the preceding section used to be regarded as a dependence on the atomic weight. 
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TabIiK 44. 
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Ca 
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:Cu 

— 

Zn . 
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Cu . 

. 248*1 

Zn ; 

= 3-6 

Cd . 

. 2484 

Ag . 

. 920-6 

Cd 

; Ag 
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Thus the ratio of the doublet-differences compared lies in the case of 
most elements between 3 and 4, and hence reflects directly the char- 
acteristic feature of the spark spectrum, namely, the increase of the 
effective charge of the atomic residue from e to 2e and the increasci of 
Eydberg’s number from li to 4R. Besides this, our table sh(*ws that the 
deviation of our i*atio-number from 4 is systematically related to the 
atomic weight, or, as we may just as well say, to the numbe]* of electrons 
in the atom. In surmising that this deviation is due to the influence of 
the atomic fields, and that this influence must inen^ase with the niiinbcn* 
of electrons, the dependence here established becomes leadily intelligible. 

The fruits of our discussion may be summaristHl without involving 
uncertainty as follows: The doublet systeuis of the olkaline earths are 
spark spoefra. Their character as doublet systems is accounted for by the 
doublet character of the arc spectra of the alkalies. Simple numerical 
relations hold hetireen the spark spectrum of an alkaline earth and the arc 
spectrum of the directly precediny alkali. 

3. Earths and Alkaline Earths. — Whereas the arc spectra of the 
alkaline earths are triplet systems (or simple litu's), the spectra of the 
earths are usually doublet systems (cf. p. 370). But, according to our 
law of displacement, the spen^k spectra of the earths are to have the sanu; 
character as the arc spectra of the alkaline earths, that is, are also to Ix^ 
composed of triplc't .systems. We have thus to look for trl])lets in the 
earths and to ask whether they are to he r(‘garded as spark lines. 

Actually, sonui instances may be found. Firstly, the ultra-violet 
spaik specti'uni of aluminium \vas investigated by fiyinan.* (It is 
clear that, on account of the magnitude of 4R, the spark s})ectra will in 
g(ineral have? to l)e sought in the extreme ultra-violet.) Now, according 
to Popow,+ it may be shown that among the lines measured by Lyman, 
there are several triplets. Further examples are furnished by the spectra 
of scandium and yttrium, in which, likewise, individual lines arrange 
themselves into tri})lets.| Owing to the mode of excitation of tlu^se lines 
it is not so immediately evident as in the case of the ])reviously men- 
tioned Al-lines, that they are to be regarded as spark lines (in the ])hoto- 
gniphs by Kxner and Hascheck, or Kayser). But if wc form the frecjuency- 
differences for theses lines and compare them with the cori()sj)onding 

* Astro])liys. Joiiru., 35, -‘^41 (1912). t Ann. d. Pliyw., 45* 1^'><’> (1914). 

X Furtlior details auj given in the o.s.say by Kossol and Sominerftdd which we 
quoted above. 
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l’rt‘(jn(‘iu',y-difference8 of the arc-lines of the elements calcium and stron- 
tium that just precede them in the periodic system, we again get ratios 
that lie in the vicinity of the number 4 and thus substantiate our belief 
in the spark character of these lines. 

We may, at any rate, certainly expect to find in the series of earths 
still further examples of triplets, and shall be able to show that they are 
probably spark triplets. In seems justifiable even now to draw the 
general conclusion : The spark spectra of the earths are triplet systems of 
the same character as the arc spectra of the alkaline earths. There is a 
regular connexion between each triplet of an earth and that of the precedmg 
alkaline earth. 

4. We drew attention earlier to the possibility of ionising the atom 
several times (multiple ionisation) and to the existence of spark spectra 
of higher orders. In the case of two-fold ionisation the resulting spark 
spectrum of the. second order would be similar in structure to the arc 
s])(‘cti*uin of the element that jwecedes it by two steps in the periodic 
system fand, on account of the ** law of exchange ” (Wechselsatz) below, 
at the same time to its own arc spectrum). Hereby Rydberg's number R 
would have to be replaced, not by 4R but by 9R (as conjectured in the 
case of hi' % cf, j). 225). In tlu^ spark spectrum of the third order we 
should ex])ect I OR in jdaco of R. 

In liteiature no statement is yet to be found about such spark spectra 
of higher orders. But they, too, cannot fail to come to light now that 
tin* att(‘ntion of spectroscoplsts has l>een directed to the quest ior, par- 
ticularly as the structure of their lines is predictwl hy the law of displace- 
ment, and the sequence of the lines can be determined in genend from 
the niagnitication of the Rydberg constants; they must be found situated 
in the ultra-violet and with extended intervals between the lines. In 
the visible region we may expect of them only tlie series with higher 
(|uantum numbers, namely, Bergmann series and ultra-Bergmann 
series ” (cf. ]). 315). 

A genej-al method of distinguishing arc spectra from spark spectra, 
the diilerence between which is connected with their Rydberg numbers, 
is clearly given by determining the excitation potentials, whereby, gener- 
ally speaking, the spark spectrum demands a considerably higher exci- 
tation than the arc spectrum. In connexion with this, compare what 
was said about Mg^ in f3, ]). 349, and about He^, A. = 4GS6, on p. 344. 

Tlie diilerence between arc and spark lines is brought out particularly 
strikingly and elegantly in the method of the “ excitation function " 
developt^d by R. Seeliger.* Corresponding with the potential drop in the 
(loissler tube from the cathode onwards, the spark lines come out 

* Ami. (1. Pliys., 59, C13 (191U), and i>articnlarly Ann. d. Pliys., 55, 423 (1921) (in 
collabonition with D. Timor). The method is not|,like that of Franck, quantitative 
hut (inalitativo. It docs not determine the minimum potential at which a line is 

excited hut the optimum, at which it is made to occur with greatest intensity. 
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considerably shorter in the spectrographic pictures than the arc lines. 
The assertions of the law of displacement have been confirmed by this 
method for several lines of Na, Mg, and Hg. 

M. N. Saha* has' drawn unusually convincing conclusions for solar 
physics from the differentiation between spark and arc spectra. Of the 
92 terrestrial elements only 36 are represented by lines in the solar 
spectrum. For example, Eb and Cs are not represented at all ; K is 
weakly, but Na strongly represented. Are Eb and Cs, then, not actually 
present in the sun ? Saha's answer is that they are indeed present but only 
ill tlie ionised state. Consequently the characteristic arc lines of Eh jind 
Cs do not appear, as we should ordinarily expect, but their ground spectra 
do appear, but, being situated in the main in the ultra-violet, they escape 
the ordinary methods of observation. The fact Hiat it is just the eUunents 
Eb and Cs that are completely ionised in the sun is explained by their 
low ionisation jiotential (cf. Table 36). In the case of K the ionisation 
potential is somewhat, in that of Na considerably, greater; hence also 
the arc lines of these elements appear in the sun. Fuithermore, a 
characteristic feature is that the doublet spark spectra of Ca, Sr, Ba 
appear strongly marked in Fraunhofers spectrum, e.g. the two lines 
Is - 2p of the H.S. doublet of Ca^ appear as the Fraunhofer 11 and K 
lines. This reasoning receives support from the conditions in the 
chromosphere, in which on account of the decreasing pressure in the 
upper layers the ionisation progresses regularly and even the D-lines of 
Na, for example, vanish. 

There is no doubt that in the future, too, the law of displacement will 
prove to be a trustworthy guide and a regulative principle in the intricate 
labyrinth of spectroscopic observations. 

(b) The Cross Law or Law of Exchange. Hitherto we have spoken 
only of the first three columns of the periodic system, because the 
series relationships that are known are almost exclusively in these 
alone. In the following columns only isolated series occur, namely, 
in column VI in the case of O, S, and Se there is a triplet system 
for each and, besides, in the case of O a very narrow unresolved 
doublet system {Runge and Paschen) ; in column VII a triplet system is 
known in the case of Mn (Kayser and Eunge). All of these series 
consist of arc lines, since, as is shown by their expression as series, 
they are to be written with a single E, and thus belong to the neutral 
and not to the ionised atom. From the column of inert gases there 
is still to be added the well-known series of orthoholium and parhelium, 
doublet lines and simple lines, and the complicated series system into 
wliich Paschen t succeeded in resolving the spectrum of neon. 

If we now survey the distribution of doublet and triplet series over 

* Zeitschr. f. Phys., 6, 40 (1921) ; in greater detail in Phil. Mag., 40, 472 (1920) and 
41, 809 (1921); Proc. Hoy. Soc., 99, 186 (1921). 

t Ann, d. Phys., 60, 405 (19J9) ; Appendix, ibid,, 63, 201 (1920). 



§ 6. Spectroscopic Law of Displacement and Law of Exchange 381 

the whole periodic system, we cannot escape the impression that there is 
a regular reciprocal or cross connexion between them. 

Quite early, Eydberg* had set up the rule that the elements with odd 
valency lead to doublet systems, and those with even valency to tri|,let 
systems. This rule seemed to collapse after doublet systems had been 
proved to exist in the whole column of the alkaline earths. In recognising 
that these systems were spark spectra, the contradiction was eliminated 
and the relationship of the line character to the number of external 
electrons (valency number in the respective ionisation state) became 
restored. There thus belong together : eveii (“ paired ”) electronic 
numbers and trijdets, odd electronic numbers and doicblets). Here and 
in the sequel we tacitly take “ triplets to include the systems of simple 
lines that always occur conjointly with them. 

Extrapolating the cross relationship which exists between doublet and 
triplet systems in the first gi’oups we get Table 45 given below. 

As we see, our rule passes over the Groups IV and V which have not 
yet been explored by theory as regards series on to firm ground in Group 
VI, where the triplet series of O, S and Se arrange .themselves in 
accordance with our expectations. 

In Group VII our table again points, in the row^ marked “ sparks,” 
presumably to triplet structure, not only on the basis of our law' of dis- 
})lacement w’liich links up the spark spectra of Group VII with the triplet 
arc spectra of Group VI, but also on the basis of a remark by Pascheii 
w’hich he kindly communicated to the author in a letter, and in which he 
states that he has found triplet series in the spectrum of Cl and has 
proved that they are spark spectra (since they have the numerator 4E). 

Tablk 45 
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We have next to dispose of the apparent contradictions to our cross^ 
law. The first is the above-mentioned doublet spectrum of oxygen. As a 
demonstrable arc spectrum it contradicts our cross law' just as much as 
the triplet spectrum of oxygen is ‘in conformity with it. Now' there is the 
following difference betw^een the triplet and the doublet spectrum of O. 
Whereas under the influence of a strong magnetic field the triplet 
spectrum exhibits the Paschen-Back effect (cf. the next section), this 
is not so in the case of the doublet spectrum. The doublet spectrum 
preserves its double-line character even in such magnetic fields as should 
easily transform it and, at any rate, beha?V^es quite otherwise ‘than a 

* Cf. Kaysor, Handbuch dcr SpektroskopiCt Bd. II, p. 590, Nr. 464. 
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typical alkali doublet under corresponding circumstances (again according 
to a letter received from Paschen). Thus we must discriminate between 
2 )roper or true doublets (alkalies, earths, alkaline earths in spark spectra) 
and improper doublets, whereby the Zeeman effect is to he enlisted as the 
criterion. The doublet series of O are to be designated as improper 
douldets and are presumably to be regarded as two simple lines that lie 
close together without being intrinsically related, and then they lit in 
excellently with our cross law ; indeed, they supplement the ti iplct series 
of O in the same way as the simple lines of the alkaline earths sup])hniit}nt 
their own triplet series. 

The circumstances are similar in the case of the doublet series of ortho- 
helium, These, too, are improper doublets, since they exhibit no Paselum- 
Back effect but rather preserve their individual structure even in the 
presence of very strong magnetic fields, a> ‘.s eviilent from unpublished 
photographs taken by Back. Since we have to ascribe even valency, 
zero, to helium, our cross law would here enable us to predict triplet arul 
simple lines. The simple lines of parhelium obey it and the improper 
doublets of orthohelium which we again wish to regard as pairs of simple 
lines, do not contradict it. 

In our table we have in general stated that the spectra of Grou]) Vi II 
(inert gases and triads) have “ no series ” (avo serienlos). In actual fact 
they seem to lie characterised by inextricable confusion (as testilied, for 
example, l)y the Be-spectruin). In the case of the inert gases, foi* example 
argon, only isolated “ sequences,’* that is, groups of lines with constant 
differences of frecjuency may be distinguished, it is scarcely to be 
doubted that we have to regard these groups as the first signs of series 
relationships which only for the present appear to liti in confusion. In 
his treatment of the arc spectrum of neon (sf^e abovi\) Paschen has 
taught us how, starting from such sequences, we may finally unravel all 
the spectral regularities. A system of about bOO lines scattered more or 
less densely over the whole visible region and accumulating in the red 
is rej^resented by Paschen as a combination of four .s-, ten p-, and twelve 
(f-terms, which in part follow a new kind of series laws. This offers 
abundant material for speculative work in the theoj y of series. 

What is the position here with regard to the permanence of multipli- 
cities ? Are there actually more d-terms than ^>-terms or may, pei’haps, 
two of the el-tenns be regarded as improper multiplicities in such a way 
that the number of proper and d-terms again becomes ecpial (for 
example,’ both equal to 10) ? It is, of course, to be noted that the 
classification of the terms as s, jj, d may itself be open to doubt. For 
example, Paschen had originally claimed some of the d-terms as 6'-terms, 
until K. W. Meissner * recognised them as d-terms from their behaviour 
in the Stark effect. 

* Mitteilu7igen d, rhysik. Ges, Zurich, 1919, Nr. 19, j). G4; Moisanor makos uso of 
the observations of Nyquist, Phys. Kev., 10 , (1917). 
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What selective conditions govern the combination of these various 
ternis ? What “composite ** line-configurations occur here ? Is it possible 
to distribute inner quantum numbers among the terms in such a. way that 
the observed combinations can be read off from a general scheme ? In 
this connexion Grotrian* * * § and Landet have already made noteworthy 
sugg ?stions and have recognised regularities. Can the Ne-spectrum be 
brought into quantitative I'elationship with the Na-ground spectrum as is 
to l)e required according to our law of displacement? And, above all, 
does the Ne-spectrum subject itself to the cross law? If we extend this 
law literally, then in the case of Ne as in that of other elements of even 
valency we should expect only simple and triplet terms. Now Paschen 
pointed out early in his lii*st work on neon that among the Zeeman 
effects of the neon lines as observed by Lohrnann X there are characteristic 
types that are known from the Hg-triplets, and Lande summarises 
Paschen’s analysis as signifying that the whole neon spectrum consists 
of combinations of series of two simple terms, two triplet terms, and a 
simple term with a triplet term. According to this, then, the cross law 
would also be brilliantly conhnried in the case of this most complicated 
of all hitherto ordered specti'a. For the rest, it must be emphasised that 
the Ne-spectrum is far from having been sufficiently investigated magneto- 
optically, and that, therefore, final conclusions must for the present be 
postponed. 

Finally, we have yet to deal briefly with the triplet series of Mn. They 
have been declared to be arc lines whereas our table provides for the trip- 
let series in (jioup VH only as spark lines. The contradiction is over- 
come by a conjecture of R. Ladenburg § based on chemical facts, according 
to which the number of outer electrons in the case of Mn and its neigh- 
bouring elements would be 2. We here find ourselves at a point of the 
periodic system, directly before the Fe triad, in the middle of the first 
great ])eriod, where the number of outer electrons no longer increases 
regulai*ly as at the beginnings of the periods, but rather remain stationary 
whilst at the same time the whole arrangement of the electrons becomes 
remodelled (cf. p. 108). It thus becomes intelligible that in the case of 
these elements the cross relationship between doublet- and triplet-systems 
drops out and that particularly in the case of Mn the occurrence of the 
electrons in pairs as suggested by chemical facts produces triplet series as 
a consequence. 

Thus even in the case of Mn there does not seem to be a real contra- 
diction to our cross law, so long as we follow the above procedure and do 
not refer the exchange (crossing over) of the line-structure to the columns 
of the periodic system (the maximum valencies) but rather to the number 

* Physikal. Zeitsobr., 21 , C39 (1920). t Ibid., 22, 117 (1921). 

X Disaertiition, llallo, 1907. Goutiuucd by Takatiiiuc aud Vaiiiada, Proci Tokio 

Math. Pbys. Soc., 7 , 277 (1918). 

§ Natunvisseuschiiften, 1920, Heft 1. 
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of cuter electrons actually effective in the emission of lines {the actual or 
effective valency). 

The reader will inquire how the relationship between the number at 
outer electrons and the line-structure, which doubtless exists, is to be ex- 
plained in terms of the models. In the appendix to the following section 
'we shall give an answer to this question albeit only a proviKonal one. 


, § 7. The Anomalous Zeeman Effect. 

In Chapter V, § 6, we developed the quantum theory of the normal 
Zeeman effect. Apart from the case of hydrogen, with the model of which 
our description linked up, this normal effect occurs only in the case of 
lines of very simple structure (cf. p. 384) tha^ is, in the case c ’ such lines 
as are ^composed of two simple terms* The normal Lorent resolution 
amounts to 


Ar = 


r. H 
m ‘iirc 


0 ) 


In the transverse etfect (observation perpendicular to the magnetic lines 
of force) it gives the measure of the distance of the middle component 
polarised in a parallel direction and each of the two outer components 
polarised in a perpendicular direction. 

In the case of multiple lines, on the other hand, anomalous' Zeeman 
effects occur. Even when this Zeeman phenomenon was first discovered 
(in 189G) anomalous }‘esolutions intruded themselves. What Zeeman 
first observed was a broadening of the D-lines which showed itself in the 
spectroscope, associated with a characteristic gjolarisation of the light at 
the broadened edges. Now, the two D-lines by no means split up into 
a normal triplet, but rather the one (D^) gives rise to a quartet of lines, 
and the other (D,^) to a sextet of lines polarised partly in a parallel direc- 
tion and partly in a x^erpendicular direction (cf. Fig. 96). The fact that 
Zeeman actually succeeded at all in proving the polarisation of the outer 
edges of the broadening in this conqdicated configuration of lines is only 
due to the circumstance that here as in the normal triplet the perpendic- 
ularly polarised components are arranged on the outside and those 
polarised in the parallel direction lie more towards the middle of the 
picture of resolution. Whereas initially the departures from the theory 
of the normal Zeeman effect appeared discouraging from the point of view 
of quantitative research, now it is just the buys which underlie these de- 
partures that claim the greatest interest. As we shall see in the appendix 
to this section we have to recognise that we have at our disposal in these 
phenomena, which are just as much ordered as they are manifold, one of 
the most effective means of laying bare the structure of the atom. For 


* In a ccztaiii sense this statement is tautologous. For we should only allow such 
lines to stand as simple lines, and such terms as simple terms, as behave in a normal 
manner in the Zeeman effect. 
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the present we shall, indeed, as in the preceding section, hot proceed 
along the lines of the model Nevertheless we shall succeed in giving a 
theoretical account of the empirical data, which will borrow its form from 
the quantum theory of atomic models and of which the claim to physical 
truth is based on the fact that nowhere does it use undetermined para- 
meters but only whole numbers. 

There are two rules that govern the realm of the anomalous Zeeman 
effects, namely Preston’s * rule and Bunge’s t rule. 

Preston’s rule states that- related lines, that is, lines which are com- 
posed of similar terms, give rise to the same Zeeman effects. Hereby 
those terms are defined as similar which have the same multiplicity and 
the same azimuthal quantum number (i.e. bear the same symbol s,p, d, 

. . .). The Zeeman t^^e is on the other hand independent of the radial 
quantum number (number of the member in the series) and of the chemical 
nature of the element. 

On the other hand Bunge’s rule states that the line-resolutions that 
occur in the anomalous Zeeman effects are, when measured in wave- 
numbers (and not in wave-lengths) rational multiples of the normal 

/ = 6896 
k = 5890 

Initial Line 
Fig. OG. 

Lorentz resolution (1). Let us consider the following two resolution 
pictuies from the point of view of these two rules. 

Fig. Ofi represents the type of D-lines. Both D-lines have been drawn, 
in spite of their somewhat different wave-lengths, one above the other. 
In the upper row we have the quartet, in the lower the sextet which we 
have already mentioned on p. 384. Here -p denotes ‘'polarised in a 
parallel direction,” and s denotes “ polarised in a pci’pendicular direction ” ; 
the nomenclature refers to the transverse effect and to the direction of 
vibration of the electric force at the point of observation relatively to the 
lines of force of the magnetic field (cf. p. 294). The density of the lines 
in this as well as in the succeeding figures indicates the approximate in- 
tensity of the components. The distances of the components of resolution 
from the original line are all multiples of }. of the normal Lorentz resolu- 
tion : the Riimje denominator ” is equal to S, 

The same type of resolution now occurs, besides in the D-lines, also 
in all members of the H,S. of Na, as well as in the TT N.S. which, as we 

* Cf. Kayser’s Handbucb, 2, 619. ^ 

•| Physikal. Zoitschr., g, 232 (1907) ; tlio rule was set upon the basis of the particu- 
larly abundant Zeeman types of Neou. 

25 
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know, is huilt up of the same terms, the .s- ami tiie /-term/ 'I’ln* sanu* 
tyyn} a^ain occurs in the H.S. and the If N.S. of the reimiiniu^j: alkalies 
and in the elements Cu, Ag as far as the latter have (huihlet terms. Hut 
the same type also characterises the doublet terms of similar com])osition 
in the case of the earths Al, In, Tl, and not only these hut also the spark 
spectra of the alkaline earths and of the elements Zn, Cd, Ilg. Preston's 
rule here links up with our cross law (p. 380). According to Preston's 
rule the same line-multiplicity (when the combination of terms is the 
same) entails the same Zeeman type. According to the cross law, on the 
other hand, the circumstance whether the number of outer electrons is 
even or odd conditions the equality of line-multiplicity (doublet systems 
are conditioned by an odd, triplet systems by an even number). Conse- 
quently in the groups of the periodic system the Zeeman type must also 
occur alternately in the arc spectra and must be the same as in the spark 
spectra of the intervening group. {Cross Law of ihe Zeeman Ttipes.) 
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Fig. 97 represents as the second most important case th(^ resolution 
picture of the II N S. of triplet systems as first observed for Hg by Pungo 
and Paschen.t The wave-lengths on the right are the Ilg-lines 2])^ -■ l.s*, 
2p., - l.s, 2py -- Is. In each case the distances of the components fjom 
the original liruis ar«.*, half-multiples of the normal resolution Ar , here 
Bunijes de.noviinalor is equal, to 2. 

Hut the same resolution picture does not only occui* in the', tilplet lines 
of Ilg given in the figure but also in all similaily construchid combina- 
tions of Hg, Ccl, Zn, and of the alkaline earths; also iti the spark spectia 
of the earths, as well as in certain lines of Neon, which, on account of the 
even numhiT of its outer electrons belongs to the alkaline earths, accord- 
ing to our cross law. 

Conditions are much more complicated in the I N.S. in the case of the 
composite doublets and triplets, that is, in the combinations {‘pd). Fig. 98 
represents "the resolution ])ictui'e corresponding to the doublet systems. 
Here, too, the inner comj)onents are polarised in a ])arallel direction, and 
the outer ones in a perpendicular direction, as is indicated by the bi ackcits 
j), s at the lowei’ edge of the figure. Only such p-com])onents as intrude 

* Tho uso- of tlio syinlxjls .v and ;/ for the polarisations as well as for the terms 
hero is nnforluriato hut can lx? avoided only with dilliculty. 

t Berliner Akademio, Feh. 1U02. 
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into ilie roj^ioii otficn wiso occupiod by .s'-corii|)onc*nts havo been indicated 
by t}i(} l(dter p as such, fn tlie case of all thif;e lines, of which the corn- 
posiie doublet consists, the distances of the components (measured from 
the position of theori^'irial liiiej are multiples of of the normal resolution. 
JiUii(je*s deiiomhiaior amounts to The Bunge numerator" (as we 
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shall call th<^ multiple numher in question for each component) may be 
read otT from the scale under the figure. It has been designated by q and 
assumes in the com])lete picture of the three lines the values ± (1, 3, 1, 8, 
II, 1% 13, lo, 10, 17, ID, 21, 24). 
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The same resolution picture is found present in the case of all com- 
posite doublets {pj d) in all members of the I N.S. and in all elements 
with doublet systems. It was first ascertained to this degree of complete- 
ness by M. Back.* 

Fig. 99 represents the resolution picture for the six linos of the com- 
posite triplets (p, d). Concerning the al‘rangement of the picture the 


Short note in the “ Natunvissenschafteii,” 1021, Heft 12. 
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same is to he said as for the ])recediiig figure. The IrtUu- p (“])ar:illel ”) 
has been written hesicfe only those com])onents that ovcnlap Ix'yond tlu‘< 
middle ])ai't of the figure occupied hy yMiom])onenl 77/r IIu'ikjc dv- 
mrminniov is here G. The llunge numerator denoted i)y ({ \aries horn 1 
to 15, 

A part of the resolution pictures represented in I’ig. 99 has already 
been ascertained by Miller, Moore, and Hunge-Paschen. The cotnplete 
scheme, however, in this case, too, is due to Back.* It holds for the 
triplet combinations (p, d) of all elements. 

We might now inquire into the Zeeman types (d/, bj) of the Berg- 
mann series, which have hitherto remained unknown, or into the com- 
bination (jp»S), (piD), i^dj) between simple and triplet lines, which have 
in many cases been observed, or into the combinations (dtd'j), (pip'j) (cf. 
p. 368). We prefer, however, to add some remarks about this in relation- 
ship with the theory, which teaches us how to get a survey of all possible 
resolutions. Here it only remains to emphasise that the preceding 
figures are far from exhausting the abundance of anomalous Zeeman 
effects. 

The Zeeman effect has long been used as the most })owerful iTieans 
of classification in getting a survey of the series relationships of spectral 
lines. Only such lines can he regarded as properly aiianged or ordered 
which exhibit the Zeeman effects to which they aie entitled hy Preston's 
Eule, and which are the same for similar elements. We I’eeall, for ex- 
ample, those multi])licities which (in the case of lie and O) we called 
“ improper.” The contradiction to Preston's rule here indicates that t)\e 
doublet view is a necessary one. Even nowadays there are sufficient 
spectra that elude being ordered into series, but they, too, will finally 
have to disclose their inner structure when subjected to the criterion of 
the similarity of the Zeeman effects. 

A large group of apparent contradictions to the Preston rule has been 
cleared up by the important discovery of the Paschen-Back effect. + We 
begin by distinguishing between “ weak ” and “ strong ” magnetic fields. 
A field is to be regarded as weak when the displacements Av produced by 
it are small compared with the original distances between the lines 
when no field is })resent ; it is to be regarded as strong when these dis- 
placements are large cornpaied with Av^^. The terms “strong” and 
“ weak ” have thus a sense relative to the magnitude of the line-multi- 
plicity which happens to be under considei'ation at the moment. 

In the case of weak fields the Zeeman type of each line of a line- 
configuration can develop itself undisturbed by the Zeeman type of the 
neighbouring line. But as the field increases, the resolution pictures of 
the neiglibouring lines tend finally to overlap and interpenetrate. But 
before this stage arrives the Zeeman types exert a mutual influence on 

* Dissertation, Tiibingen, 1921. 

+ Ann. d. Phys., 39, B97 (19X2), and 40, 9C0 (1913). 
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(^ach other. The resolution ])icturcs shown in our figures experience dis- 
turlinuces and distortions. In the case of strong fields an asymxJtotic 
condition linally sets in, as if the original multiplicities were not present 
at all. Under the influence of a field that is strong in the above sense 
eveiy lino-configuration behaves like a simjile line, as we may easily 
understand, and exhihita the mrmal Zeermii effect. That is what Paschen 
and Back proved in the case of a number of narrow doublets and triplets. 
Our definition of strong fields entails that for a simple line even the 
weakest magnetic field is to be regarded as “strong/' For the D-lines of 
Na (initial separation is 6 A) a field of 180,000 gauss, which cannot be 
produced in reality, would just produce the complete Paschen-Back 
effect. The first stages, however, of the transformation and mutual in- 
fluence between and D.^ may be shown by a field of 30,000 gauss.* 
In the magneto-optic investigation of the corresponding lithium line 
A = G708 whose components on the other hand, are originally only 
0T3 A ajiart, we vei-y soon arrive at the conditions of the Paschen-Back 
effect ; its transformation may thus be observed as far as the final stage 
of the normal trixjlet.t Compared with the remaining alkalies, lithium 
used to appear an exception to Preston's rule ; through the discovery of 
Paschen. and Back this and many other excex)tions have been cleared up. 

Besides the “ total ” Paschen-Back effect we have also to consider a 
“ x^artial ” one. By this we mean, for example, the case that in the com- 
bination (pd) the magnetic field is strong enough relative to the small 
d-dilTerence but weak relative to the greater Av of the p-diflerence. In 
this case we should no longer write the line-configuration as (pid,) but 
as (pid)y and should then be able to treat the d-term as a simple term. 
(Further details are given at the end of this section.) The Zeeman 
t}’pe is then neither the noi’inal one as in the case of two simple terms, 
noi- the one, as in the case of two multixde terms represented in Figs. 98 
and 99 ; but it may be predicted from the general theory that is to be 
developed, and is, indeed, found to be in agreement w ith experiment. 

Of course, the Paschen-Back effect links together only such lines as 
belong together in a series as multiplicities. Two lines of two different 
series, however near together they may be, in no wise affect each othei* 
magneto-optical ly in this case, tlie two resolution pictures interpenetrate 
without influencing each other. This, too, is the reason why we have 
not to expect a Paschen-Back effect in the fine structures of hydrogen ; 
for the mutually neighbouring components of the Balmer lines are 
meml)ers of different series (they are ** serienfremd (cf. Chap. VIII, 4). 

We next turn our attention to the theory. The most general point of 
view in the theory of spectra is that given by the Principle of Combina-' 
tion. There is no doubt that this princijde must also hold for the 

IF 

* Cf. K. Ba»ok, loc. Diss., p. 28. 

+ Cf. E. Kent in the work quoted on p. 861. 
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anomalous Zeeman effects * It will work as follows : The magneto- 
optically resolved line denotes the transition of the atom from an initial 
to a final configuration. The magnetic field influences the energy of the 
initial and the final configuration separately; thus, it als) influences 
separately the two terms of which the series representation of the line is 
composed. If tliis representation is r = - k„ then we get for the 

magnetic resolution 

Ai-' — A^'J — Ar., . . (2) 

In accordance with Kunge’s rule we set 

Ai' = ^ Aiwm. • • ('!) 

r 

where r is the Runge denominator and denotes a fixed ii]\d cl ••.ract(*risiic 
number for the term coml)ination under consideration, q is the Ihmgt* 
numei’ator: this varies within each resolution picture, as indicat('d in the 
preceding figmes, and l)y its different values distinguishes the vaiious 
components of tlie resolution. 

The basis of formula (3) is, however, according to the principle of 
combination, to he sought in the corresponding i)ehaviour of the terms. 
^Ve therefore set 


Ai' "" Ai' 


. . (4) 

and we deduce from (3) and (4) that 



U 7i _ fh . 
r r. 


• (•'>) 

1 '2 

thus /• -- 

M 2 

. (B) 


This deduction has been called by the author the Law of Magneto-optic 
Resolution, t It states : - 

Tiie obscrrahlr Ilunifc. denominator r of the term comhination resolres 
into Ike, denominalorH and r., of the terms and is composed <f their 
product. 

Tlie practical use of this law of resolution at once suggests itself : 
wherever in the empirical sciences we speak of rational numbers, we 
mean numbers with small numerators and denominators. Otlierwise we 
should not l)e able to distinguish them from irrational numbers in ex- 
perience. Our law, in resolving the observable Runge denominators into 
smallei’ factoi’s endows Kunge’s rule in complicated cases with a meaning 
that is accessible to observation. Rational numbers with the denominator 
-15 (cf. Rig. 98) may l)e regaided as signifying the limit to which most 
caieful spectroscojn' can penetr-ate. (Note the dilTeience between atid 
is less than per cent.) In the case of the neon spectrum I the law 

* Cf. alsr) T. van Cofiuizeii, Ainsterd. Acacloiny, May, 1019. 
t Ann. <1. lOjys., 63, 121 (1920). 

A. J^oliinanii, Dissertation, Halle, 1907. 
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of resolution has already demonstrated its practical use and validity by 
allowing the rather uncertain denominators determined byRunge* on 
the one hand and by Takamine and Yamada t on the other to be cor- 
rected and reduced to smaller denominators. 

It is advisable to make at this early stage a reservation about the 
exact formulation of the law. If rj and have common factors, then it 
does not follow from (5) that r = but that r is equal to the smallest 
common multiple of and If and were known originally, then r 
would also be known unambiguously as the smallest common multiple. 
Actually, not and but r is originally given by obseiwation ; the re- 
duction towards and is not then unambiguotts. Let us consider an 
example that is important for the sequel. Suppose r = 6 = 2 . 3. Then, 
by the law of resolution we could have (a) = 2, — 3 ; but we could 

just as well have (h) = 1 . 2, = 2 . 3. We shall see below how, by 

enlisting the aid of fuither obseiwations, we may arrive at a means of 
deciding between (a) and (b). 

I jet iis first consider simple lines. The Zeeman effect is normal for 
these, thus 

r 1. 

Fi’orn this it necessarily follows for each term that participates in the 
building up of simple lines that 

/•j - r, - 1. 

We ap])ly this statement to the .s-term of any series systems what- 
soevei’, which is, even in the case of doublet and triplet systems, always 
a simple term. We shall thus take as our starting-point that the Rinnje 
doiominator of the s-term is always equal to I. 

We next consider doublet systems. We found for the combination 
(.s'p) of these in the II.S. and the II N.S. (cf. Fig. 9G) that r = 3. Since 
we set )\ equal to 1 for the .s-terni, we get unambiguously that r, = 3 for 
the liimge denominator of the jf)-term. Let us now consider the com- 
bination (pd). For these we had in Fig. 98 /* == 15. This gives us a first 
test of oin* law of resolution : 15 is divisible by 3. From r = 15 and i\ = 3 
it follows that 7*.^ = 5. This conclusion is, however, no longer unam- 
biguous. Thus r., =’ 3 . 5 would also be compatible with r = 15, Vi — 3. 
We shall, at any rate, try to do wdth the simpler assumption r., = 5. By 
extra])olating we get the. following scheme for the liunge denominator of 
the doublet terms. 

s p d b X y yyx 

1 3 5 (7) (9) (il) ■ ■ : ^ ^ 

The bracketed numbers have been extmpolated. 

% 

* Of. tilo quotation on p. 385 and the essay by the author quoted in Note 1. 

•I Proc. Tokio l\rath. T'liys. Soc., 7, 277 (1913-1914). 
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Wo now turn to the triplet systems. For the combination {sp) wo 
here have from Fig. 97 that r = 2. Since for the s-terrn we have again 
to set rj ^ 1 it follows unambiguously for the ^>-terni that = 2. In 
the combination (prf), Fig. 99, r was equal to G. Here again wo have a 
test of our law of resolution : 6 is divisible by 2. It would at first sight 
appear right to conclude that the Runge denominator is equal to 3 for 
the rf-term. When the author originally assumed this, he arrived at the 
following (as we shall see erroneous) scheme for the Runge denominators 
of the triplet-systems. 

.s p (I h X ;// 

1 2. d (4) (5) (()) 

But the conclusion r., — d for the ^-term is not the only possible oiu*. 
As already remarked on page 391, we may aBo conclude from r = G and 
= 2 = L . 2 (p-term) that ==2.3 (d-term). We may deci e between 
these two possibilities by arguing from the combination (Vd) between tluj 
simple terms and the triplet terms of the alkaline earths. Since here 
rj = I (B-terrn), the Runge denominator r ot the combination necessarily 
becomes identical with the denominator n, of the r/-term. For r we get 
from observation not the value 6 but the value 3. Thus we must make 
up our minds to dro}) the simplest assumption (a) of page 391 for 
the d-term, and must set for it =: G = 2 . 3. The combination (did'j) 
also compels us to do so, cf. page 3G8; the Runge denominators of its 
Zeeman pictures are likewise G, and not 3. 

We thus arrive at the following scheme for the triph^t terms : 

.s- p (I h X !/ ^ 

1 1.2 2 . :5 (3.4) (4 . r>) (u . 6) ■ ‘ ’ 

The hracketing here also denotes extrapolation. 

All this of course only holds for iveak magnetic iields. For slrnjKj 
fields the Rungt^ denominator must assume the value I thi'oughout, both 
in the doublet as well as in the triplet systems. 

A knowledge of the Runge deriominators is, however, only the first 
step to the coiiqdete theory of the Zeeman effects. The explanation of 
the normal Zeeman effect by the theory of quanta must serve as a pei*fect 
example of the full theory. In this way we arrive at the following result 
(eqn. (12) on p. 2 j 9) : thiough the magnetic field the original energy W,, 
of the Kepler oibits became changed to 

W -- W„ + wi/( ® .-= \V„ + (9) 

JjTT 

The “magnetic (juantuni nurnhei*’ m is here equivalent to the 
“ equato) ial quantum number ” which occurred earlier. Since was 
a part of the azimuthal quantum nund)er n ( 71 = + 7 t.,), or m, re- 

spectively, is smaller than or at most equal to n. Furthermore, since the 
energy can undergo a decrease as well as an increase, depending on 
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the sense in which the Kepler orbit is traversed, we must allow the 
negative as well as the positive sign before m in (9). If we exclude 
the value w ~ 0 we have then * %i possible values for "the magnetic 
quantum number, namely : 

±(1,2, . . . w) (lOj 

and just as many possible positions of the corresponding '‘magnetic 
levels/' To this there next comes into account the principle of selection 
(formulated on p. 300 for the equatorial quantum number) : 

(Change of the magnetic quantum number by ± 1 leads to circular, in 
the tmnsvei’se elfect, to linear polarisation perjjeiulknlar to the 
field. 

Ohange of the magnetic (juantum number by 0 leads to linear polari- 
sation parallel to the Held. 

Jlow is this to he extended on to the case of doublet s\*steins? At 

first there will oc<air in place of in (9) where r is by (7) 

in general equal to 2n - 1. Then the inner quantum number n,- will 
have to enter into (9) as the distinguishing characteristic of both doublet 
levels in (9). Starting from this, Landed t has succeeded in evolving the 
coiTect generalisation of (9) namely : 

W = Wy(«,) + . • • (fij 

Here the argument m of \V„ indicates that the original energy is different 
according as we consider the upper doublet level (n{ = n) or the lower 
one {m — n - 1). 'ihe magnetic quantum number m is to assume in 
(11) the following values in place of (10) : 

±(l, 3, . . . %i, ~ 1) . . . . (12) 

The number of magnetic levels is thus not as before but 2n;, Finally 
the rule of selection for m is to preserve its earlier form with the 
difference that now the quantum jump of 2 units is to take the place of 
the quantum jump of 1 unit, as is evident from a comparison of (1(^) 
with (12). 

The content of ecpi. (1 1) is illustrated in Fig. 100. The outer parts 
of the ligure apply to weak fields which alone come into consideration at 
present, the left side referring to the terms the right to the terms 
pji>>. The representation of the 5-term has been placed in the middle ; 
it holds for strong as well as for weak fields. 

* F()llowing Bohr we imwed on pages 246 and 310 that for liydrogcn the zero level 
is forhidden. This exelusion does not in general ex^piid to other models. Actually we 
shall have to allow the zero level for weak fields in 'the case of the triplet terms and 
altogether for strong fields. 

f Zeitschr. f. Phys., 5, 231 (1921). 
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Dj 1 



Pi,i), = 2| p„Pj ;p2,n, = 1 
Weak Field iStronq FieidlWf^ak Field 



Tn the case of each term the 
magnetic levels arc equidistant. 
Their distances from each other 
are, by (11), calculated in parts 

of ^V,,(irtn '• 

^ 4 2 n 4 8 () 

" :i 5 5 7 7 

for the terms 

s. ;>i. 'iv K 

ivs|y.ctively. 

'^I'o \eiify this li; lollu'sis hit 
us hrst deduce IVoiii it the. type 
of resolution of the l>-iine>. (loi- 
rt‘sponding to the (;oml)inatioiis 
and s}),, (U., and 1),), we follow 
Lande by writing in the iqiper 
rows of the following schemes for 
each value of in the corresjiond- 
ing magnetic level of the ,s‘-tei-m, 
and in the lower rows the cor- 
responding lev(‘ls of the or 
j>,^-tevin, res])ectively. If we form 
the dil’i’e.rence of the niimliers 
which stand one vertically heUnr 
the other, ,ve get the yecom- 
ponents (on account of Aw ~ Oj. 
Jf we form the (lilhuence in an 
oblique- directiou. in the schemes, 
downwards towards tlie right or 
left, we get the s components (on 
account of Aw — ± 2). Thesti 
diflerences ai’c given in the 
lowest line of the schemes and 
are denoted according to their 
mode of origin hy (parallel) or 
.s* (peqjendicular). 

The result agrees, as we may 
convince ourselves, completely 
with the results of the ohserva- 
tioris expressed in Fig. 9(h 

In the same way wo may oh- 
tain the resolution pictures in the 
1 N.B,, the combinations {2){dj)- 


Fig. 100 . 
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To pi*event the corresponding schemes from being overloaded, we shall 
write them down only for positive values of m and add only those for 
iHjgative values that give rise to new components and not such as differ 
merely in sign. Accordingly we must suppose those with the reversed 
sign, added everywheie to the numbers of the lowest row as being those 
which would result from the same process if we were to com})lete the 
sclieme in the direction of negative values of m. 
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These 

results, 

too, agree perfectly 

with observation (Fig 

J)8). 

And 


now we may, witliout trouble, write down the Zeeman types (that have 
not been observed) of the Bergmann lines. Bor example, we find for the 
combination by extending the foregoing schemes appropriately : 


1 

3 
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p-components : 
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39 

.41 

.s-components : 
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35’ 
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35’ 35‘ 
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Hero a limiting law already expresses itself, which holds for very high 
quantum numbei’s n and thus, for example (cf. p. 331), for the com- 
bination {Xy y)y {yz) . . . : in the limit n oo , as the terms become more 
and more like those* of hydrogen, the Zeeman effect also becomes in- 
creasingly like that of hydrogen; the p-components accumulate at the 
point 0, the ^-components at the point 1 of the normal resolution. 

To prove this we shall first change the form of oqn. (11). For the 
upper or lower level, respectively, of a doublet system we have 


71* 71, 


or, respectively, Ui =» 7i - 1 , 


271 

7li 

r 


- 1 - U* + ar- i)’ 
1 


7t ~ 1 
271 ~ 1 


Fui therniore, we write for the upper or lower level 

W„(.|.) = w + 2 

or, respectively, - 1) = \V ~ ~ 


so that W denotes the level which bisects the two original ones, and Aro 
denotes the original doublet-difference. We then get from (11) 

W = W ± 2 + 2 '«/'• ( * ± 2“:-! ) A., ' 1=^) 


It is to be noted that the Iwier (jnantimi munher has drojyped outy ‘and has 
been replaced bij a plus or 7ninHs shjn. We shall later return to consider 
the importance of this circumstance. 

Ijet us next consider the transition 7t -f 1 —> n in the case of a veiy 
g)-eat n. We get the y)-coniponent if we give in the same value in l)oth 
tenijs. Calculated in units of its resolution will he, by (13) : 


.1/1 1 \ _ in 

2 ^ 2n 4- 1 2n - J / 4//,- - 1 


(13a) 


This is equal to zero when 7/7 = 1, 2, . . . 7 i and 7 i =« oo . The .s-com- 
ponents come about if we make 77i jump by 2 units, foi* example, fiom 
in + 2 to in. From (13) there then results; 

. . 1 - 777 

- ^ - 277 TT ^ 477^ -1 ^ 777 = I, 2, . . . 77, and 11 =* X 



In the bruit n == zo y therefore, the norrtml Zeeman effeciy as stated, ar’tsesy 
both as reyards the position of the p-components as that of the s-components. 

It is true that this result holds only if in deriving (13a, b) we take 
for the two terms (13) . that are to be subtracted from each other either 
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tho U|)|)(3r or the lowei* sign, as we tacitly did, but not if we take the ufjper 
sign in the one case, and the lower in the other. That is to say : the 
normal Zeeman effect presents itself asymptotically when two upper or 
two lower doublet levels are combined, and this combination gives rise to 
a primipal line of the line configuration in question (cf. p. 360), But in 
the combination of an upper doublet level with a lower one, which leads 
to the satellite of the line-configuration under consideration (cf. p. 365) 
the Zeeman effect does not contract asymptotically to the normal posi- 
tion of the jy and the s-component, but becomes diffuse. Nevertheless, 
the law formulated above may be maintained because we may assume, on 
the ground that tho similarity with the hydrogen t3rpe increases, that the 
intensity of the satellite and its resolution picture decreases more and 
more to zero as n increases. 

We next turn to the triplet systems by imagining, as above, a “ weak*' 
magnetic field to be acting. The magnetic levels of the terms have in 
this case, too, been determined by Land6 (Zoc. cit.) by means of a fortunate 
generalised n\siime of the empirical resolutions. 

The Runge denominator of the triplet systems (cf. p. 392) was 
r =: nin - 1). But it actually has this value only in the case of the most 
central triplet component ; in the case of the two outer triplet components 
it becomes reduced to n or n - 1, respectively, and this is, of course, no 
contradiction to the assertion that the common denominator of the trip- 
let is n{n - 1). To write down the general foi*mula for the energy, we 
do best by starting from (13), but we write it sepai'ately for each of the 
three triplet levels : 


W 


\Vj + w/i(i + \ iu>nn 

\V., ~ '+ - 

\ 11 n~\ I 

W.{ + ~ j 


(14) 


The triplet here appears in a certain sense as a configuration of two 
doublets that have been combined. On account of the change of sign ± 
it is seen from analogy with (13) that (WiW.>) actually form a first doub- 
let, and (W.,W.i) a second doublet. The differences of frequencies when 
the field is free (that is, when no magnetic field is acting), which we 
denoted on page 371 by Av^* and Ar^^, are determined from the quantities 
W/ in (14) as follows : — 


Ai^^- 


\ 
h 


Av23 





( 15 ) 




Th(i imuT (junniiiin inim- 
l)or, just ;i-s in ( l.l), dofis not 
occur in the cx})i‘cssion (14) 
I'or the onerj^y. Jiul it is 
contamed implkitly in tite, 
viagnetk qmntum number m. 
For the latter is to assume 
all the integral values 

± ( 0 , 1 , 2 ni) ( 16 ) 

Accordingly, its highest value 
is ?», n - 1, 7 i ~ 2, in Wj, 
W^, W.,, respectively (cf. our 
earlier data about the inner 
quantum numher of the tri])- 
lets on page 366). I’lie value 
0 is not excluded. 

We set down as our mag- 
netic pi'inci})le of selection : 
m is to change only by leaj)s 
of 0 or I ; in the transvei-se 
effect the juiiq) 0 leads to 
])arallel polarisation, and the 
juni]) 1 to ])eipendiculai* po- 
lai’isation. 

In Fig. 101 the magnetic 
levels for each ,s-, y^, and r/- 
terrn have been drawn. Theii* 
numher is in general equal to 
2ii; + 1, that is, 3 foi’ the 
,v-lerm, 5, 3, 1 for the y?,-, p.r, 
p.^-terms, and 7, 5, 3 for the 
d,-, d.r, d.j-terms. All the 
levels lie equi-distantly and 
symmetrically about the zero- 
level. For the present only 
the outei' and the central 
columns of the ligure, which 
refer to “weak fields,” come 
into consideration. 

We test the data of the 
Jigui’e in the case of the com- 
binations (sy7/) in the following 
tables ; they are arranged just 
as the tables on page 395. 
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‘.m 




0 1 




s 

V-A 



1 

2 




'A 


*> 0 


.s ;/ 




Tht; rtjsult cofitfiiiiccl in the lowest rows a^^ain at^Tees fully with the 
earlier ilata of 1)7, with one exception : in the conjhination isjf.j) the 
p-coinponent (0) that is bracketed in our table is not real ; it is not actu- 
ally observed. This component corresponds to the transition 0 0 of m ; 

the simultaneous transition of n( is 1 1. Just as earlier (p. 3G7) we 

forbade the inner quantum number to underj^o the transition 0 0 so ire 

mvsi 7W'W also forbid the ‘m<nfnetic quantum number to underiju the tran- 
sition 0 — > 0, but onlij wlum the inner quantum number simultaneously re- 
mains unchaiKjcd.'^ It is to be noted that accordin^^ to this the transition 
0 — > 0 in the case of the combinations (sp^) and m is not forbidden 
to undei’^o the transition 0 -s- 0, and this has actually been observed. 

We shall not write down the resolution pictures for the combinations 
(jhdj) ; they, too, a^u'ee fully with observation (Fig. 99). We merely 
mention that in the combinations and {]i,d.f our supplementary 

i-ule is also shown to hold good, inasmuch as here the transitions 0-^0 of 
m become unreal (or virtual) in accordance with observation. Likewise, 
wo shall refrain from extrapolating our scheme for the case of the i^erg- 
mann lines. The law^ that was enunciated for doublets on page 39G, and 
according to which the anomalous effect asymptotically approaches the 
normal effect in the principal lines of the higher term-combinations, may 
be extended unchanged to triplet systems. 

On the other hand, we must briefly enter into the question of the im- 
))ortant combinations between simple and triplet terms. Of course, the 
simple terms S, P, i) , . . are subject to normal resolution. But, accord- 
ing to page 3G8, tliey have an inner qiianunn number that differs from 


l.iaudc, loc, ciL 
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the azimuthal one, namely, 0, 1, 2, . . . or generally Ui =» - 1. Since 
ill their case, too, we suppose the magnetic quantum numlier to be 
restricted by the rule (15), the number of their magnetic levels will be 
reduced as compared with the normal case. As an example, we regard 
the combination (SjD.») (/\ = 2537 in the case of Hg), On account of 
111 = 0 the term S has only the one magnetic level 0 ; the magnetic levels 
of are given in Fig. 10 1. Wo get as the combination of these two the 
so-called “ .j-Type,” which is well kown experimentally, and is dis- 
tinguished by its simplicity, according to the following scheme * : 

m .. 1 ■ 0 I + 1 

' ! ' I 

s 

Pi 


s p .s 

A com])arisou with the combination on page 399 is instructive : 

since the magnetic level m = 1 is missing in the term S, the p-components 
b'o and the .s-coni])oneiits 2 drop out from the resolution picture. Since, 
on the other hand, the innei* (juantum number in ])ei’forms the tran- 
sition 0 J, that is, does not i*emain unaltered as in the case of the 
middle component 0 actually occurs as a I’eal component. 

In the same way the schemes of the combinations {Vd.,)y (Pdy), (PiD), 
(p^D), that, according to page 367, are not for})idden, may be wrttten 
down. Accoi’ding to a communication by Paschen to the author, they, 
too, agree with observation. 

A]\ ill all, we may assert that, in virtue of inner quantum numbers, of 
the magneto-optical law of resolution, and of Lande’s energy-levels, we 
have a practical mastoy over the extensive realm of the anomalous 
Zeeman effects for weak fields. 

We next come to the stroiuj fields, that is, to the Paschen-Bach ejjcct. 
ileie we have for the s])ecial case of the I)-linc type a phenomenological 
theory by Voigt + which seems to meet the facts coriectly at least 
qualitatively. Voigt’s theory signifies for the anomalous effect, in par- 
ticular that of the D-lines, what Lorentz’s theory denotes for the normal 
effect. 

Like Lorentz’s theory, Voigt’s assumes quasi-elastically bound electrons 
capable of vibiating, and, corresponding to the ratio of the intensities 

* Luiido, Pliysikal. Zdtsclir., 22, 417 (lUSl). 

t W. Voif/t, Ann. d. Phys., 41, 408 (1018), and 210 (1018). Cf. also tho simplified 
form of Voigt’s theory duo to Sommerfeld, Gdttingor Nachr., March, 1014, as also 
Hilbert-Fostschrift, 1022 (of which a reprint is about to appear in tho Zoitschr. f. 
Phys., 1022). Voigt deals with the process of absolution, Sommerfeld with that of 
emission. 
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Dj : it assumes one electron with the original frequency Dj, and two 

with the frequency JX. Their motions are linked together by the mag- 
netic field in a peculiar way. The equations of vibration are set down 
independently and differently from each other for the components that 
are parallel and perpendicular to the magnetic field. From them we 
calculate the vibration numbers as functions of the ratio 






(17) 


wh(ir(i Ai/f, denotes the original difference between the frequencies of Dj 
and Since i^^ proportional to the magnetic field, v gives us an 

inverse measure of the magnetic intensity of field. Great values of v 
denote “ weak " fields, small values denote “ strong " fields, in the sense 
of j)a^e 388. The Ar’s calculated according to Voigt give for great values 
of c the resolution picture shown in Fig. 96 ; for small values of c they 
give the normal Pascheri-Back effect, and also represent within the limits 
of eri’ors of observation the process of transformation fi’om the one type 
to the other when the fields are intermediate between “ weak ” and 
“ sti’ong.” 

To translate Voigt’s forniuhe into the language of ([uanta we have to 
deduce, according to the series scheme of the l)-lines, v = Ls* ~ the 
I’esolutions of the terms l.s‘ and 2pi from the resolutions Ar of the lines. 
The resolution of l.s* is the normal one ; hence, in subtracting the resolu- 
tion Ar, of the .s-te]*ni from Voigt’s Ar of the lines, we get the resolution 
of the two j)-terms, and, indeed, wo get it for the various magnetic 
(luantuin-numi)ers m — ± 1, ± 3, which, according to page 395, come 
into consideration foi* the D-lines. Since we can determine each indi- 
vidual y;-level from one parallel and one per];endicular component of the 
lesolution })ictin'e, we get for the position of each level two determinations 
that aie identical with and check each other. The lesult may be com- 
pressed into the simple formula : 

w = \V + I ± ^1 + g mv + 

Jlti-rc the upper sign applies to the energy-levels the lower tojfA, ; in 
the first case, m runs through the values m ^ ± 1, ± 3, in the second, the 
values ± 1. 

It signifies only a slight generalisation if we make use of the corre- 
sponding formula for all terms and replace the Runge denominator undei- 
the sfjuare root by r — - J, thus : 

w = \V + ± . • 

* Cf., for example, the work by Kent, meiitioued on page 3G1. 

26 
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We next, test this fonmila for weak fields, /’ ' I We liu^n hjixe 



and hence, by (18), 

- W ± 5 + |(l ± 

This has brought us back to eqn. 13 on page 390 ; hence all the 
rosoliition-])icturos there deduced also obey our general eqn. (18). 

On the other hand, for strong fields, that is ^'<^1, eqn. (18) give*s 
directly 

w = w + /”* ! -V™-,,, • • • • 


*Since m was an odd nuini)er in the case of the douhlet-s\ stems, 
^ will he an firoi number. Thus ocjn. (19) asserts tliat tlie resohi- 

tion becomes normal for strong fields. At the same time it tells us liow 
the anomalous energy-levels of the weak fields are related to the normal 
levels of the strong fields and pass over into them. This is represented 
for the ]h and r/-terms by the middle columns in Fig. 100. The arrows 
that have been inserted indicate in which sense the anomalous levels 
must be displaced if they are finally to become normal levels. A glance 
at the figure tells us tliat the whole Paschen-Back eliect consists only in a 
mostly trifling smoothing out and adjustment of the enei’gy-levels. Tliose 
levels that are from the outset normal remain normal ; these aie the two 
levels of the s-term and the two outermost levels of the and d^-terins. 
For all of these, \7n\ = 2n - 1 holds. Hence from eqn. (18) it follows 
that 

W' = W 4- o ( ± + ± 

= \V + ± 


This again denotes the noi iiial Zeeman effect, and indeed for all values 
of V. 

We now come to the trljAet systems, A vibration theory has not 
been worked out for these. We can, therefore, describe the transition 
from weak to strong fields only qualitatively and not quantitatively. 
This is done by means of the arrows in the second and fourth columns 
of Fig. 101, which have l)een drawn from analogy with Voigt's forrnulm 
for the doublet systems. Levels that were naturally normal remain so 
here again, and are unaffected by the transformation (the zero-levels are 
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;i,n i!X( (!j)Uon to this). Thn l*aschoii-Back erfect again consists jniroly in 
a syslrmatic smoothing out of tfio originally anomalous energy-levels. 

A noteworthy featui'C in this process is that levels which have been 
normalised in this way do not always hear the magnetic quantum-number 
that corresponds to their resolution. From a comparison of the first and 
second columns for the rf-terms in Fig. 101 it follows, for example, that 
the normal level + 1 (second column) arises from the level 0 (first 
column) and hence also bears the same quantum-number w =» 0 as the 
latter. As a matter of fact we may imagine the transition from weak to 
strong fields to be carried out adiabatically so that the quantum-numbers 
remain preserved in principle. In the same way the normal level 0 
(second column) arises from the level - I (fii*st column), and accordingly 
also receives its quantum-number w = - 1. The levels of the multiple 
terms that hare been normalised by the Paschen-Back effect are thus in 
(femral disjjlaced, as regards their quantum-numbers, relatively to the 
originally normal levels such as would belong to the simple terms. 

For example, we recognise a confirmation of this curious displace- 
ment in the partial Paschen-Back effect ” fcf. p. 389), which has been 
observed by Back,* in the 1 N.S. of Mg. The rf-differences are so small 
in the case of Mg that any perceptible magnetic field must be considered 
“ stiong ” in coni]!)arison with them. Accordingly we write the formula 
of the Mg lines in question, \ = 3838, 3832, 3830, not as v — 2p; - 3r/„ 
but as V =: 2pi - 3r/ (cf. p. 389), but notice, in doing so, that the 
magnetic quantum-numbers of the normalised rf-term that has artificially 
become simple differ from those of an originally simple term in the sense 
of the displacement mentioned just above. In the following table there 
are written under the m-values of the upper row the resolutions of the 
terms p,- when the field is weak, and in the next three rows the resolu- 
tions of the three rf-terms when the fields are strong. The brackets 
above the table indicate that the term p^ consists of five, the term p.^ of 
three levels, and the term 2h zero-level. The magnetic levels 

of the d-terms are indeed all integral (normal), hut are in general dis- 
placed with respect to the scale of the (the levels of an originally 
simple term). We next prove the effect of this in the resolution-pictures 
of the individual combinations {pid). 

Let us first consider {p^^d). Out of the zero-level ofpj, together with 
the ^/-levels 1, 0, - 1 vertically beneath it there arise the 

p-compoiients 0, ± 1. 

If, on the other hand, we proceed from the same zero-level to the d-ievels 
at the right or left of the middle, there arise the 

s-components 0, ±1, ±2. 

Fixactly this resolution-picture has actually been observed by Back. 


Natunvissensohaften, 1921, 12 Ileft, Tab. 4. 
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In the case of the combination (jKd) we correspondingly get from tlio 
three middle lows of the scheme the 

components (0), ± ± 1 (± ii), 

and, hy combining with the neighbouring rows on the right and left, the 
.s‘-components 0, ± ± 1, ± :j, ±2 (tf:). 

This type, too, in particular, as regards the drawing together of the 
_/)- and .s*-coinponents, agrees with the observations of Hack ; only the 
bracketed components arc missing in the oi>stirvations, and this is 
obviously due to their too feeble intensity, and is formally explained by 
the ])rincij)le of coi'respondence. 

Finally, the com)>ination ( p/I) gives the p-components : 

0, ±‘, ±1. (±;]). (t'j), 

and the .s-components : 



This, too, agrees with observation, with the exce})tion of tiie additional 
bracketed components. 

The combination (p/l) is particularly instructive. Altiiougb in this 
case we connect the normal zero- level of with the normalised levels of 
the d-terrn, the normal trijilet 0(p), ± !(&*) does not arise, hut the (puiitet 
0(^7, ,vj, ± L(p,s), ± 2(.s) appears. This is purely a consequence of the 
displacement of the normalised level relative to its natural position. If, 
on the otlicr hand, wo had combined the zero-level of p^ with entirely 
normal d-lovels, we should clearly have obtained only the normal triplet, 
namely 0 - 0 as a ^j-component, and 0 + 1 as s-coinponents. 

The cii'cumstances are quite similar in the case of the])artial Paschen- 
Jlack (dfect of the doublet systems, for example, in the case of Wa, 
V = 2p/ - 4r/, a result which Mr. Jiack has kindly communicated to the 
author. 

Ijooking ])ack we may say that for strong iields, too, our account, 
which is a mixtuie of the quantum theory and of a phenomenological 
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oi* vibration, has faiorl n*niarkably well. The extrapolation of 
Voigt’s equations lias been sliown to be fully trustwoj thy, in particulai- 
in th(‘ ease of the doublet systems. There is no doubt that this fiuitful- 
ness of Voigt’s theory as extended in this way is ultimately due again to 
the general correspondence between the quantum theory and the classical 
theory of radiation, which has been so happily formulated by Bohr.*^ 

* The thanks of the author are due to Mr. W. Heisenberg for kindly collaborating 
in the above treatment. It is due to him, too, that the author has found it possible in 
the following addendum, to solve the problem of the anomalous Zeeman effects and of 
the term-multiplicities, on which they are founded, on the basis of Bohr's model. 



406 


tempter W. Series Spectra in (ieiu nil 


ADDENDUM 

W E use the following picture torepresent diagrammatical ly a doublet 
atom, that is, an atom out of the first or third grou]) of the 
periodic system or an ionised atom out of the second grou]), 
and so forth : an outer valency electron, coiixpanitively far ]•( moved from 
the remainder of the atom, and an atomic trunk, which compiises the rest 
of the atom and that is treated as forming a whole, are couj'led togetlier 
hv the internal atomic magnetic held ll,* which ai ises through the revolu- 
tion of the valency electron about the atomic trunk. If g is the* magnetic 
moment of the atomic trunk, due to the circulations of its inner electrons, 
and if 0 is the angle between 11/ and the axis of g, then tin* ellective 
part of tlie magnetic energy corresponding to this coupling is : 

fill, cos (20) 

We make the following fundamental assumption, which is justified by 
its success : when the valency electron is in the ground orbit l.s* the atom 
has the total impulse t 1, md, averayed for 'time, tlris in shared equally 
between tlis valency electron and tlie aUmic trunk, so that each has the 
mean moment of momentum 1. If the valency electron is removed to a 
p- or a d-orbit, its moment increases by 1 or 2 . . . units, that is, now 
amounts to il, or in general to n ~ I, where n is taken as the azimuthal 
quantum number we used earlier. The moment of the atomic trunk 
hereby retains its value 1 as regards magnitude ; how it behaves with 
regard to direction will be decided by systematic calculations below. 

From this starting-point we next get a revision of the nomenclature and 
\iew of quantum numbers that we have hitherto adopted. The total 
quantum of the motion of the valency electron (current number of the 
series term, sum of the azimuthal and radial quantum) is an integral 
number, as is shown by the series representation. On the other hand, 
the pliase integrals that belong individually to the azimuthal and radial 
motion are half-numbers. If we call the numbers in question and 
then by our above remark — n ~ I ; on the other hand, we have to 
demand that ~ n + in order that the sum + n'* may remain 

^ fn a note of Nov., 191G (Hayer, Akad.) the author has considered the magnetic 
action of an electron that circulates in the inlcrkrr of the tnink upon the outer electron 
a)jd ha.s shown that this is to be neglected in the .scries representation. What we an3 
dealing witli in the text is the opposite actif)n. 

t Here and in the sequel we express the moment of momentum in terms of the 
unit /i/^TT. 
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equal to the whole number n + n\ The total moment of momentum 
of the atom is determined by the geometrical sum of the moment of 
momentum of the outer electron and of that of the atomic trunk. When 
no external magnetic field acts, then, as we shall show, the axes of 
both moments of momentum are in the same sense or parallel to one 
another in the opposite sense, and the total impulse of the atom becomes 


n 


2-2 [n- 1/ 


m. 


( 21 ) 


Thus, as Lande first stated, our inner quantum number m has the sujnifi- 
cance of the total moment, and its two different values correspoiid, in the 
case of the doublet atom, to the two different possible ways of circulating of 
the atomic trunk. The principle of selection for the inner quantum number 
)i; is, in view of this, according to Bubinowicz directly intelligihle, indeed 
more so than the principle of selection for the azimuthal quantum number n. 

From the mechanical moment of momentum we get the corresponding 
magnetic mOment of the circulation of the electron (cf. p. 249) by multi- 
phing the former by e!2mc, ('onsequeutly, the magnetic moment of the 
atomic trunk or of the valency electron, if we now insert the hitherto 
sut)pressed factor h/^ir becomes, respectively : 


1 e h * c h 

2 2mc 27r 2mc 27r 


( 22 ) 


According to this, then, the magnetic moment of the atomic trunk becomes 
equal to half that of a Bohr magneton. 

We now impose an external magnetic field H. Let this form an angle 
or O.,, respectively, with the axes of the mean moment of momentum of 
the valency electron or the atomic trunk. If 0, as in (20), is the angle 
between the latter two axes, then, by the cosine law, 

cos 0 = cos 0^ cos Oo + sin 0^ sin O., oos, (y^ - y.) . (23) 

where the angles yj and y^ determine the j^osition of the '' Kiwienlhiic” 
in the plane perpendicular to H for the mean orbital plane of the valency 
electron or of the atomic trunk respectively. We imagine the angle 0^ to 
he fixed by “ spatial quantising,” Thus, besides the moment of the 
valency electron, also its component in the direction of H can assume 
only discrete values. We designate these values* by (‘'magnetic 
(piantimi number*’) and assume them to be like half integers. Then 
we have in complete analogy with the spatial quantising of the hydrogen 
orbits (oqn. (6) on p. 244) : 

m^ — n* cos 0 . . . . . (24) 


'‘Our oarliur magiiefcu* quanliini iiuinhor of the doublet systems -was twice the 
ju’eseiit fn*. Wliereas the earlier one assumed the values + (1, 3, 5, . . . 'Jn - 1), our 
|nvse]it VH* assumes the values]+ (J, . . . h*). 
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On the other hand, we shall deterniino the angle ftj by the postulate that 
the axis of the atomic trunk is to assume the direction of the resultant of 
the external field H and of the inner atomic field H/. 

The magnetic energy of the whole doublet atom is com nosed of the 
following three parts : — 

1. The magnetic energy of the valency electron in the field II [see 
ecpis, (20), (22), (24), and (1)] : 

/X JI cos 0. = n* . - . II cos 0. == m* • 

2?;te m 47r6' 


2. The magnetic energy of the atomic trunk in ilie fi<*ld H [see e<|ns. 
(20), (22), and (1)]: 

aAl COS I . . 1^' . II COS 0 ., = ] cos 

2 *2 me 277 ■ 2 " 


.4. The mutual magnetic energy hetwt'cm th(‘ valency ehiction and the 
atomic; trunk [see etjiis. (20) and (l)j : 

/< .If, cos • If/ eos 0 I . II' cos />//Ar, 

2 2m>c 277 2 11 


If we add, further, an amount \V as energy tliat is not of magnetic 
origin, we get as the total energy, if we suhstitutc' for cos 0 from (23) and 

, H, 

»et 

W « W + liiin* + (25) 

in which we have used the abbreviation 

X cos 0., + r[cos 0^ cos 0.> -f sin 0^ sin 0., cos (y, -- y^.)] . (20) 

The postulate that the atomic trunk is to adjust itself in the magnetic field 
1 ec]iiires that : 

From this it follows, on the one hand, that 

fyi - y-) ^ 0 (27) 

that is, “ the magnetic axis of the atomic trunk and the orbit of the 
valency electron lie in a plane which contains the field direction H ; ” and, 
on the other hand, a condition for follows from which wo get after a 
simple calculation 

X“ = 1 4- 2c5 cos . . . . (28) 

[f wo now use eqn. (24) and insert (28) in (25), we get 

W = W + h(-m* ± I + . (^9) 



Addendum 


409 


which agrees exactly with eqn. (18). As we saw above that the facts of 
the whole magneto-optics of doublet systems arise out of this equation, 
these facts are now also explained in terms of the atomic model. 

Pictorially our deduction of eqn. (29) teaches us the following : The 
orbit of the valency electron is fixed with respect to the external magnetic 
field by spatial quantising. The atomic trunk adjusts itself into the 
direction of the resultant of the external and the inner atomic magnetic 
field, that is, it lies in general obliquely to the external magnetic field. 
Only when the latter field is strong compared with the inner atomic field, 
does the atomic tinmk take the exact direction of the external field. Then 
the final result of the Paschen-Back effect is attained and w^e get appreci- 
ably normal resolution. 

As a bye-pioduct of these considerations we, of course, get the ex- 
planution of the doublet si in a free field (no external magnetic field) on the 
basis if the alomw model. These doublets correspond to the difference in 
the mutual energy of the valency electron and the atomic trunk in the 
two o])])osite motions of the latter. The distance between the doublets 
becomes (as also follows from eqn. (29) for r = cc : 

A _ 

‘ m ' 47re‘ 

l^y cialculating tlie magnetic action 11; of a definite p- or d-orbit of the 
valency electron at the focus of the orbit, whereby we have now to take 
account of the present mechanical significance of the (piantuin numbers 
(/i*, n '^ in })lace of n and ii), we get for Li 

Aiv' — 0%12 cm.~ \ Av,/ = 0'03 /j cm.~ b 

This agrees excellently with our data on page 3fil. In the case of the 
lieavier elements the extension of the atomic trunk is to be taken into 
consideration, and hence the calculation of II; at the focus of the orbit 
no longer suffices. This circumstance brings with it the increase of the 
doublet difference with increase of atomic number, with which we are 
ac( plain ted from ])age 371. 

In s])ite of the striking agreement between the theoretical and the 
observed doublet interval for Li we should scarcely need to regard our 
model of the doublet atoms as inevitable, if it were not linked up with 
the whole realm of the Zeeman effect for doublets. But inasmuch as 
fornuila (18), which has been obtained empirically or half empirically, 
may be deduced accurately from our model of doublet atoms, our explana- 
tion of the doublets in a free field seems quite assured. 

We shall only briefly sketch the corresponding theory of triplet atoms. 
According to the cross law we have here an even number of outer 
electrons of which two are favoured as v%lency electrons, one being the 
inner and the other the outer valency electron. For the unexcited state 
we distribute an impulse 1 in each case in the mean equally between the 
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atoinu^ triuik aiul (»aeli of the two valency elections. ll(‘r(' two ('as(‘-s lire 
possible : the two impulses 1 arc a/ oppttsi/r or of thr s<imr sn/n. 

I. In the tirst case tiu' atomic trunk ns'tuves tlu* im])iils(‘ 



The inner valency electron receives, say, ~ and tht^ outei' i, or, in 
the excited state, n -* This is the case of the simple terms. The 
sum of the moments becomes n ~ 1, that is, again w^, cf. page 367 ; the 
Zeeman effect becomes normal because the atomic trunk does not respond 
magnetically since its magnetic moment is zero. In particular, it is 
highly satisfactory that the ground-orbit S of the triplet atoms is dis- 
tinguished by the value w.; «= 0 of the total moment of momentum. 

2. In the second case which we must ascribe to the true triplet terms 
the atomic trunk has the moment of momentum 


and each of the two valency electrons is associated in the \mcxcited slate? 
(.v-term) with the momentum + -J. the excit(?d state the momentum 
of the external valency electron becomes increased to n - wheieas 
those of the inner valency electron and the atomic trunk retain the values 
\ and 1 res])ectivelY. The mutual adjustment and the possible eventuality 
of a change of ‘^igu must he olitained from the exact investigation of their 
adjustment in an external magnetic lield H. 

Let us make the approximate assumption, which is without doubt justi- 
lied, that the inner valency electron is perfectly rigidly coupled to the atomic 
trunk ; thus let us characterise its position by tlie common angle and 
treat the sum of its moments of momentum, 1 + ^ = ;j, as one ({uantity. 
Let us, on the other hand, determine the 2)osition of the valency electrons 
by means of sjjatial quantising, in such a way that the sum of the com- 
jionents of its moments of momentum in the direction of the held 11 is 
capable of assuming only the discrete values m {m = “ magnetic (juantum 
number ” = integer). Then the following relation holds : — 

I cos 0.2 + cos 0^ ^ m . . . (30j 

By summing up the individual amounts of energy, as enumerated on jiage 
408 and using (30), we now get : — 

W W q- h(})i + X)Ai',io,„, . . (31) 

in which X has the same meaning as in (26) except that in place of 
we now have 3r/2. If we next ))ostulate that the comiilex consisting 
of the atomic trunk and the inner valency (;Iecti*on is again to adjust 
itself into the direction of the resultant of the fields H and II/, there 
follows from this and from e(pi. (30) a cahic equiation in X. Two of its 
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roots :I ro ^dvon })y the two ouh^r levels of the triplet ; the middle level may 
he. l)roij'^d)t into )elation with them rationally. For weak external fields 
(if II/, V /N. 1) they are given hy 


W = 


’ W + h 

2 + „ 

) 

W + h 

V / 1 

- 4 + m{ 1 - + 

1 \ 

n ~ \) 

W + h 

- ^ f + »i(l 

1 \ 

n ~ 1/ 




in. 


Ar 


nor in, 




(32) 


These equations agree exactly with eqn. (14) as far as the coefficients 
of VI are concerned. Hence, like the latter equations, they represent the 
aiwmalous Zeeman effects of the triplet systems for tceak fields completely 
and correctly. We merely mention in passing that the cubic equation 
may also he manipulated approximately for strong fields, and that it then 
gives energy-levels that represent the Paschen-Back effect correctly. 

We next compare those parts of eqns. (32) and (14) that do not in- 
v()iv(*, m. We get in thi> way 

\\ j = \\ + 2 

Yv AV ^ 

W ., = \\ *“ J «Av,jorm» 

W ^ r/iAr)i„r//» • 


From these it follows hy eqn. (16) that for triplet* differences when no 
field is present 

A,/i- : Ai-'-’-* = 

- + 1 : 2n* - 1 = n : w - ij 

This is higlily significant, and states that : In the case of the j^terni the 
ratio of the triplet-diff'erenccs is to be 2 : 1,/or the d-tervi it is to be S : 2, 
and for pie b-term 4:3. Table 41 on page 371 shows in its last two 
columns how exactly this deduction of the theory is confirmed by observa- 
tion for low atomic numbers; Sauudei's' measurements (mentioned on 
p. 362) of the triplets of the Bergmann lines of Ba also agree well with 
our deduction within the limits of error. The fact that in the case of 
higher atomic numbers departures from the ideal values come about is 
explained, as above for doublet atoms, by the extension of the inner 
atomic complex of which wo took no account in our calculation. 

The pictorial meaning of our three tiriplet-levels is as follows : the 
middle path of the outer valency electron is in general inclined to the 
momental plane of the inner complex, atomic trunk + inner valency 
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olecti’on. The of inclination of botli c()in))oiHM tsol tlir tiiphn atom 

has the tlirec values (wlani no I'xtcrnal licKl is |)ics( it) . 

0* 

cos 0 -\- 1, 0 - .y, ‘* 0 " 1. 

}r 

llci’c 0^* denotes tlu* nuinher 0 - .1 just as //^' (;<'not(Ml n \. Th(‘ 
middle tn]ilet-lt‘\el that (‘orn'sponds tt) this vahu‘ of ( os fi thus in;i (’(‘i tain 
s(‘nse tends towards fhr rntssed jnisifuni cos 0 - - 0 ol hotli components, 
hut cannot, hy the (piantum coiulitions, (piitt* leacli it. Tin* two outer 
triplet-levels cos ^ + 1 denote ])arallel orlruhition in a similar er ep. 
jiositr sense, W’lum an exttu'nal mairnetic field is inipos»‘«l the orhit ot the 
outer valency (decitron adjusts itself in exact aecortiance w ith it. as pre- 
scrilH'd hy the (piantinn theory, wluneas the inner i-ofiiplcx displa\s the 
same hehaviour only as the field ^n‘aduall\ h»‘conie^ stion; 4 er. If we add 
to this what was said above about the pi(*toii:il si;^trt!c,:t nee of the ‘.ini})le 
terms, we may assert that also in the case of the aiian^^, whie.h ;4enerat(‘ 
tri])lot lines, tlie of)jects of the tlieory of atomic mo hds aie fully n'aliscd. 

Witli re;^ard to tlu‘ more precise foundation ot our ar^^unumt and 
concerning certain difliculties that still subsist in the case of tri)de>t atoms, 
for example, with respect to the meaning" of the imau’ atomic, number, we 
refer the reader to the ttiore detailed account by W’. lleisimhcre in the 
Zcitsehvifl fur Vhiisil\ 11 ) 22 . 
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J5ANI) SI’KCTRA* 

f; 1. Historical and Empirical Preliminaries. Uniform View of Deslandres 

and Balmer Terms. 

T HK iirsl slti}) to\vai(K ordering hand spootra and deseiihin^ them 
hy l'ol•fnllla^ was takani hy Jleslandres. Tlie I'oriniila* whicJi he oh- 
tained IVoni cijnsideialion of a great nuinhei’ of empirical data he- 
eame the inodi^l of all lat(3i‘ developments in a way similar to tliat in which 
JialiiKii’s formula luicame the archety])e of all series representations. 
Schwarzscliild created the foundation for the theoretical interpietation of 
Deslandies fonnuia' in the light of the (juantum theory and i^ohr’s models 
III the same work (cf. ]>. 27h) in which he alsot reated the Stark eifect. 
He tluire started from the idea j)ro})Osed hy X. Bjerrum f for the infra-red 
al)sor])tion sjiecti’a, according to which the various lines of the hand corre- 
spond to various rotational states of the ahsorliing gas molecules. We are 
indehted to Heiirlingert foi* testing and deepening Schwarzschild’s theory 
by considering tlie empirical data. But his results received general notice 
only when Lenz set down the .same results, in part independently of 
lleurliiiger and in part going beyond him, from comprehensive theoretical 
points of vioNV. 

Owing to the complexity and confusion of the data of observation it is 
not easy to get a provisional survey of the empirical facts. We must, 
therefore, restrict ourselves to a few' remarks concei ning the nomenclature 
chierty and we shall reserve the outstanding results of experiment till later, 
when we deal with their tlieoretical interpretation. 

Expressed generally, band spectra are characterised by the close se- 
quence of their lines and by the accumulation of the latter at the so-called 
ed(fcs or heads of the hands. 'Fhe name “band spectra ’* is due to the fact 
that when the dispersion of the resolving apparatus is small they give the 
impression of continuously tinted bands. The hands are shaded off some 
at the red end and some at the violet end, that is some have edges on the 

iMr. Krat/.or vt-rv kimlly cf)-opcratcd in the aeeounl given in tliis chapter, 
t Nernst-Kestschrift, JUlii, p. 110. 

Ucurliiigor, Untcrsnchmigen itber die Struktur der Bandensj^ktren. Dis- 
sertalion Uiiul, 10 is, and also Arkiv. for Alatemat’k. Aslron. oeh Fysik, 12(1010) ; 
LMiysikal Zoitacdir., 188 ^1019) ; Zoitschr. f. wisseuschaftl ; Photographic, 18, *241 
(1019). 

§ W. Lenz, Verh. d. D. Phys. Ges., 31, 032 (1010). 
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rod side and others on the violet side (cf. in this eoniifxioi^ tiu‘. hei.:inuin^ 
of S ^ in Cha]). I V.). 

Hand lines that seem to start out from the same edL;e ar(‘, re'^arded as 
belonging together to one or more partial hands (single haials). The faet 
that such partial bands mutually overlap increases the dilliculty of unhn- 
ing and interpreting the band-spectra. The edges of the bands recur in 
more or less I'egular sequence. Among the totality of edges of the bands 
there may he distinguished, at least in the clearer cases, several groups of 
hands. Thus each group unites a series of heads of bands to a higher 
single form. Fig. 106 on page 429 exhibits such a group with five heads 
of bands and partial bands that start out from them towards the violet 
and overlap mutually. The various gi’oups of bands, too, follow in regular 
sequence and form a system of banAs, The complete band emission of a 
carrying agent consists not of one but in general of several band systems. 
It was already emphasised on page 202 that the carrier of band sptictia 
is not the atom but the molecule. 

But the appearance of the bands is by no means always such as here 
described. There are tj'pes of band spectra that have hitherto resisted 
all attempts to find order in their structure and that do not allow' them- 
selves to he ai ranged into groups and systems. To these there belong, 
among others, the so-called vianydines spectra (cf. 0). The bands that 
lie in the infra-red ai'e distinguished by their particular simplicity ; in their 
case a single band is o))served alone and the overla])ping of groups of bands 
does not occur. We shall, therefore, deal principally (j; 2) w ith these spectra. 

Our first concern is to arrive theoretically at the ground-element of 
band-emissio!i, Deslaridres’ term, and to bring it into relationship with the 
ground-element of series-emission, Balmer’s term. 

We start from the Bjerruin-Hchw^arzschild idea of tlie rotator, but in 
doing so we do not think, as on page J98, of each individual point-mass 
rotating at a fixed distance from a centre, but rnoie generally, of a rigid 
body rotating about a principal axis w^hich wo may regard as repi’esenting 
a molecule schematically. Let its moment of inei tia about the principal 
axis be J, its angular velocity to or <^. Then the moment of momentum 
and kinetic energy are, respectively, as we know'. 


M = Joi, Yjkhi 


Jo)“ 

“2 


%] • 


Since the angle of rotation is a cyclical co-ordinate of the motion, 
the (quantum condition for this rotator is, analogously to e(pi. (18) on page 
199, 

27rM — mh {m is an integer). 

Fj om this it follows that 


Jtu 


mh 

27r * 


F 


'^kin 


Stt-'J 


7/r 
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\V(^ now distinguish between two cases: 

I. 1’h(5 moment of inertia has a principal component indep(indent 
of tlie rotation and is only unappreciahly affected hy the rotation (Ex- 
am j)le . the earth and its ilatteninj^). 

I I, d'he moment of inertia is produced hy the rotation itself and 
vanishes when the rotation vanishes (Example ; a centrifugal governor, 
or Bohi 's model of the hydrogen atom). 

In Case I we have for the mth quantum state 

J =» Jo + AJ)>i (a J„ i much less than . . (2) 

In Case II we get in particular for the hydrogen model 

= fJLaii == .... ( 3 ) 

where /x is the electronic mass, a,n and a, the radius of the wth and the 
1st Bohr circle. 

If we insert the values (2) and (3) in (1), we get in Case I a value for 
the energy that is a])proxiniately (i.e. neglecting AJ„.) proportional to m- : 


whereas in Case II tlie 7n- of the numerator cancels with the denominator 
and we get a result that is proportional to l/m - : 

y Ji 

STT-fia'i ni- 

Hy dividing by k we get from the energy to the “ term,” that is, to the 
contribution which the energy-step in question makes to a possible spectral 
emission of our rotator. In this way we get in Case 1 the Deslandroi term 

Bw-’B, = -V. . . ■ (i) 

Htt-M ’ 

and in Ckse II the Balmer term 


K= . ... (5) 

7)1^ STr'fia'^ h'^ 

The equality of the two values given in (5) for the Rydberg frequency 
actually follows from the following value for (cf. p. 212) : 


(q - 


4:7r^fJie^ 


Concerning the Balmer term we have j'et to add that in the above we 
have taken account only of the kinetic energy of the rotator ; if we now 
add the potential energy, only the sign of the term becomes changed (cf. 
l^ote 5). 

Accordingly we may regard the Deslandres’ term as just as funda- 
mental as Balmer’s, the former for systems u'itli an initial moment of 
inertia (molecules) the latter for systems withoict a moment of inertia 
originally (atoms). 
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^ 2. The Infra-Red Absorption Bands. Rotation and 
Rotation-Vibration Spectra 

Suppose the rigid system considered in the preceding section to be a 
diatomic 'molecule, for example, IL, IICl, and so forth. Let it consist 
of two nuclear points surrounded by electronic systems that are negligible 
as regards distribution of mass. The line which connects the nuclei is a 
principal axis of the system (“ axis of figure ”), and so is, indeed, every 
axis perpendicular to the latter (“ ecpiatorial axis ’'). It was an axis of 
tlie latter type that we meant when we spoke in the previous section about 
rotations about a principal axis of the rigid system. The moment of 
inertia J refers to it. On the other hand the axis of figure has a moment 
of inertia that is practically zero ; rotations about this axis do not come 
into consideration as regards quanta (cf. 55 b). 

When we called the system rigid this was only implied in an ap- 
proximate sense. The nuclei have, indeed, a position of ecpiihbrium, 
undei’ the indnence of their mutual repulsions and the electronic attrac- 
tions, but can move out of it if disturbances of equilibrium, collisions or 
energy-absorption or -emission occur. They then execute vibrations about 
the position of eciuilibiium. We assume that these “ nuclear vibrations 
occur in the direclUni of the axis of fi( fare, in this sense every mole- 
cule represents not only a rotator but also an oscdlalor. if the vilnutions 
are infinitely small, we have a harmonic oscillator ; let its frequency ])e 
1 /,). Jf the vibrations ai-e regarded as finite, that is, if the nuclei move 
away from the immediate viciiiity of their position of equilil)riinn to 
neigbouri ng parts of the field, then their mutual bond varies with the 
magnitude of the amplitude. The oscillator is then non-harmonic and, 
indeed, perceptibly so, because the true quantum state already entails 
lather considerabh} amplitudes and thus in no wise allows itself to be 
described as a harmonic vibration. 

From the behaviour of the specific heats of gases we know that the 
rotational degrees of freedom (just as the translational degrees of freedom) 
ai’e in full action at normal temperatures but that the vibrational degrees 
of freedom do not make themselves observed in the specific heat in the 
case of the simpler gases such as 0^, HCl, and so forth. From this 
we conclude that the rotational component of the motion is always 
present and, indeed, to a considerable degree, whereas the component of 
oscillation is often not excited and, when it is, only occurs in the process 
of rotation. 

For the present we assume our oscillator to be harmonic. Further- 
more, we heie make the general observation that the important point for 
spectral questions is not the ])i’esenco of an oscillation but rather the 
change in the state of oscillation, and not the presence of a rotation, but 
rather the change in the state of rotation. In the theoretical treatment 
we take the standpoint of the process of emissmi. The application of 
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this to the j^rocess of absorption which chiefly comes under observation is 
directly evident. 

Tjet m' be any arbitrary rotational quantum-number, and m one that 
is fixed. Let ni characterise the initial state and m the final state of the 
rotation in the process of emission. If for the present we take into 
account only the energy of rotation, that is, if we assume that any oscilla- 
tion that may be present at the same time does not alter its state then we 
should get from Bohr’s hypothesis (hv = energy difference) and from the 
calculation of the Deslandres’ term, eqn. (4) of the preceding section : 

V = B(m'2 - m^) (1) 

We call the wave-numbers thus represented a pure rotation spectrum. 

We shall assume with Schwarzschild more generally that the change 
of the rotational energy is connected with a change of configuration of the 
molecule, whether this consists in a re-shuffling of the electrons, as 
Schwarzschild assumes in describing visible spectra, or whether it con- 
sists in a sudden change in the nuclear vibration, as we shall now assume 
for the purposes of the infra-red spectrum, or whether finally it is due to 
both phenomena simultaneously, as we shall have to assume later. 

The nuclear vibrations, just like the rotations, are divided up into 
quanta. As we are calculating for the present with a harmonic oscillator, 
the nuclear vibrations are quantised according to energy elements 
After what has just been said about the thermodynamic behaviour of 
gases, only the smallest values 0 or 1 come into consideration for the 
oscillation quantum n at normal temperatures, but any arbitrary values 
for the rotation quantum number m. Let n' be the quantum number of 
the initial oscillation, n that of the final oscillation. The change of 
energy then amounts to 

li{n - n)vQ 

and the contribution of this energy-leap to the wave- number is 

(n' ~ n)y„. 

Through the superposition of this contribution on the contribution (1) of 
the rotation we get 

,/ = (n - 7^)ro + - m^) . . • (2) 

We call the sum total of the possible waves given in this expression a 
rotation vibration spectriim. 

But the transition m assumed by Schwarzschild (quantum leap of 
several units) contradicts the selection principle, not yet known in 
Schwarzschild’s lifetime, according to which the jump in the rotational 
quantum number must be equal to ± 1 ; we shall later take into con- 
sideration the fact that under certain circumstances the quantum jump 0 
must also be allowed. In the same way the transition n in which 
the oscillation quantum number jumps by several units is contmry to 
the principle of correspondence, which in the case of the harmonic 
27 
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oscillator likewise (cf. Note 10, d) only allows quantum juin])s of oik^. unit. 
Thus we set 

‘t}i = m + 1 and n ~ ii, ± 1 . . • ('!) 

and get from (1), when vi = ?/6 + 1, 

= B(2m + 1) (4) 

and from (2) vrhen = m ± ly n - 7i = +1 

V = Vo + B(± 2m + 1) . . . • (S) 

Concerning this we have to remark that in the rotation spectrum (4) 
the assumption m' = m -> 1 would lead to negative wave-numbers ; such 
belong to absorption processes and thus drop out here, where we have 
taken the point of vie>v of emission. Consequently in (4) we had only 
to take into consideration the possibility m = + I for the jump in the 

rotational quantum-number. Likewise in the rotation -vibration sjiectrurn 
(5) the assumption n' — n ~ - 1 would lead to negative wave-numbers. 
For we have to notice that in general the value of predominates con- 
siderably over that of B. That is why the formula 

V = - V,, -f B(2?/i. + 1) . . . . (i)) 

which would result if we assumed ii - = — 1, 7)0 — 7ii -f 1, can never 

lead to a i^ositive r; but the formula 

V = v„ -f J3(- 2?;i -}- 1), 

contained in (5), which corresponds to the assumption 71 ' - n — -f 1, 
m' = m ~ repi’esents positive wave-numbers. 

It is remarkable that as early as 19 IG Bohr postulated in an essay* 
(which, howevei*, appeared in print only in 1921) the resti’iction (3) for 
rotation quanta in just the case of infra-red band sjjectra siqj^JOrting his 
argument on the general correspondence between classical and quantum 
radiation, this l)eing a iirst suggestion of the coi’res})ondence principle 
which he later foimiulated. 

What is common in the content of eqns. (4) and (5) is that they re- 
present equidistant sequences of lines with the constant difference in wave- 
number 

® - 45<J 

In the rotation spectra (4) we have 07ie such system, in the rotation- 
vibration spectra (5) kco systems, according to the choice of the sign, a 
positive branch and a negative branch which, however, continue in one 
another beyond the “ zero point m = 0. As wo shall see presently in 
Fig. 102, this zero point is not itself represented in the sequence of lines. 

We have examples of both kinds of bands in the infra-red absorption 
spectra (which have also been observed by Paschen t as emission spectra). 

* Appeeirs iu his Gesanunelte Ahhandlungen (Vieweg, Braunschweig, 1921), p. 198. 
f Ann. d. Phys., 53, (1894). 
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Piira rotatinn apcctra have been observed in the case of water vapour by 
Rubens* and Kva von Bahr.t liotation-vibration sped ra^ resolwed into 
lines, were first obsei'ved in the case of HCl and II 2 O by the same experi- 
ineritei s, and were recently measured with great precision by Sleator J in 
the case of water-vapour and by lines § in that of JIF, HCI, HBr. The 
hetei opolar nature of the molecules, that is, the circumstance that they are 
composed of one positive and one negative ion is essential || for the occur- 
rence of infra-red absorption. The rotation spectra lie in the more distant 
infra-red at lOO/x in round numbers (the latest measurements of Eubens 
extend as far as 132/a), the rotation-vibration spectra lie in the nearer 
infra-red involving wave-lengths of several ps. 

An interesting relationship, already anticipated by Bjerrum and proved 
by Eucken, exists between the rotation-spectra and the rotation-vibration 
spectra: the frequency-differences Av of successive lines are essentially 
equal in both spectra. ]3y eqn. (7) this denotes theoretically that the 
moments of inertia of the molecules in both states do not essentially differ 
from one another. 

The original interpretation of infra-red bands by Bjerrum, which was 
antecedent to Bohr’s theory, was of course, different. Bjerrum did not 
quantise the moment of momentum, but the energy of the rotating mole- 
cule ; moreover, he assumed the absorption frequencies to be equal to the 
mechanical frequencies, that is, he did not determine them from Bohr’s 
fi'e(|uency condition. He thus obtained from the frequency difference of 
neighbouring rotational states 


Av 


k 

27r"J 


(8) 


that is, twice our value (7). We have already met with this difference 
denoted by the factor 2 before, on page 199, w^iere \ve compared the 
quantising of the rotator with that of the oscillator. 

It would be possible to decide experimentally between formuhe (7) and 
(8) only if the moment of inertia J of the molecules were accurately known 
from another quarter, and this is not the case. Nevertheless, there can 
be no doubt nowadays that 13jerrum’s view" is to be given up in favour of 
Bohr’s. 

To pass on to the liner questions, such as, firstly, the jwsition of the 
mill or zero-line within the rotation-vibration bands we consider Fig. 102, 
due to lines {loc. cit.) as w"ell as the sketch. Fig. 103, that belongs to it. 
The gap in the sequence of the saw-edge immediately strikes us in Fig. 102. 
Not only is a tooth-edge missing here, but the intensity of the continuous 


Berliner Ber., 1913, p. 513. 

t Vorh. d. Deiifcsch. Phys. Ges., 15, 731 and 11^0 (1913). 

^ Slcator, Astrophys. Jourri., 48, 124 (1918). 
lines, ibid., 50, 251 (1919). 

11 Cf. W. Burmeister, Verb. d. Deutsch. Phys. Ges., 15, 689 (1913) ; Rubens and v. 
Wartonborg, ibid.^ 13, 796 (1911). 
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background and the size of the tooth-edges clearly group themselves about 
this gap. We take this to mean the following: under all circumstances 
the frequency with which the various states of rotation occur depepds on 
the quantum number m according to some law of distribution, and like- 
wise under all circumstances the intensity of the absorption lines is pro- 
portional to the frequency of occurrence of the initial state in question. 
Equal intervals in the spectrum to the right and left of the null-line cor- 
respond say to equal values of m and accordingly exhibit absorption lines 
of approximately equal intensity. The course of the intensity here agrees 
well with the Maxwell-Boltzmann la.w of distribution, which, as in the 
classical theory of gases, we should expect first of all. The d ependence 
of the intensity on the temperature (displacement of the two laxima of 
intensity outwards in proportion to the root of the absorbed tci iperature, 
a relation that emerges directly out of the work of Paschen {lor . cit,) agrees, 
so it seems, fully with this law. 


3,8 3,7 3,6 3,6 3,4 3,3 /i 



Fig. 102. — ^notation vibration spcctnim of HCl, photographed by Imes by rnoai)s 
of a reflexion grating of great dispersive power. Thci absorption per cent is plotted as 
the ordinate, and an angle of deflexion is plotted as the abscissa ; the scale added above 
gives the corresponding wave-lengths in terms of jn. The middle of the band (see the 
gap in the row of teeth) corresponds to A = 8 * 46 ;i 4 . 

On account of their minimum of intensity in the middle the rotation 
vibration spectra, before they had been successfully resolved, used to be 
called “ double bands ” in contradistinction to the simple bands of the 
rotation-spectra, which exhibit no such gap. 

According to (5) the position of the zero-point is given by 

1 / = v„ + B (9) 

It does not thus coincide with the position of the nuclear vibration vq, but 
differs from it by B, that is, by half the distance betw^een tw^o teeth, Av in 
eqn. (7). Consequently tw^o dotted lines have been inserted in Fig. 103 ; 
the one corresponds to the zero position m = 0, the other to the nuclear 
vibration vq. In accordance with eqn. (9) the latter bisects the distance 
between the lines 1 —> 0 and 0-^1. 

Now, what does the omission of the zero-line signify theoretically ? 
It is a little easier to give the answer from the point of view of absorption 
than from that of emission. Thus we now take m (the final state in emis- 
sion) as standing for the initial state in absorption. The dropping out of 
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the zero-linei in absorption means that the transition 0 1 does not occur. 

From this we conclude that the unexcited molecule is in the rotationless 
state rrfk ^ 0 either not at all, or rarely, or only for a very short time. This 
deduction is surprising at first sight and is excellently confirmed by the 
behaviour of the specific heat of rotation in the case of water according to 
calculations of Reiche * and Bohr.t We remark on the other hand that 
the reversed process of absorption 1 0, which corresponds in Fig. 102, 

to the first tooth-edge, marked 1, of the positive branch, is by no means 
forbidden, that is, that the rotationless state is certainly possible as the 
final state of absorption. This seems quite compatible with the assumed 
instability of the state m = 0. 

According to Kirchhoffs’ law we must assume for the process of emis- 
sion, if it is excited as temperature radiation, that in its case likewise, the 
zero line drops out. But now, this signifies that the transition 1 0 does 

not occur, that is, that the rotationless state m = 0 is not the final state 



3->4 2->3 1-^2 0-^1 l->0 2->l 3-»2 4->3 


Fia. 103. 

aimed at by emission. This is difficult to picture physically, the more so 
as in the case of absorption the state m = 0 is certainly possi])le, as one 
remarked, as the final state. It is equally difficult to understand that the 
emissive process 0 1 is certainly not, according to Kirchhoff’s law and 

according to observation in the case of absorption spectra, forbidden, that 
is that the rotationless state, in spite of its assumed instability must be 
possible as the initial state of the emission, A direct observation of infra- 
red emission spectra, in particular in the neighbourhood of the zero-line 
would accordingly, in view of the confidence that we must repose in 
Kirchhoff's law, be highly desirable. 

Earlier, in considering the atom, in particular in interpreting the Zee- 
man and the Stark effects (cf. p. 282), we excluded the orbits of vanish- 
ingly small azimuthal quantum-number, that correspond in a certain 
sense to the rotationless state m ^ 0 oi the molecule, as being unreal, by 
means of a supplementary condition of selection. But in that case the 
position was much simpler than at present. The state m = 0 occurred 
neither as an initial nor as a final state, and could thus be regarded 
straightway as forbidden, whereas now the decree forbidding this state is 
only conditional and apparently different for emission and absoi’ption. 

* Ann. d. Phys., 58, 682 (1919). 
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We revert to the selective conditions (3), including both those for the 
rotation quantum as well as those for the oscillation quantum in Note 
10, and consider them from the point of view of the principle of coire- 
spondence. This principle in itself asserts nothing about the rotationless 
state m 0. But if we adduce the observed fact that* the nuclear fie- 
quency v — dotted in Fig. 103, does not belong to the system of band- 
lities, it likewise allows us to infer that the rotationless state is improbable. 

The equality of the distances between successive lines of the band, 
asserted in eqn. (7) is very imperfect, as may be seen directly in Fig. 102 ; 
actually, a definite retrotjression, namely, a decrease of the distance Av 
between the teeth towards the side of short waves, is clearly shown. 
According to Kratzer,* the explanation is as follows : whereas hitherto 
we have simply superposed rotation and oscillation on each other, a 
muhial action, between both actually occurs. There are two causes for 
this : on account of the oscillation the moment of inertia J of the molecule 
is no longer constant but variable. Its mean value is different trom its 
original value J when there was no oscillation. In consequence of the 
rotation, on the other hand, the position of equilibrium of the nuclei, and 
hence also — in the case cf an non-harmonic oscillator — the strength of 
the bond is changed. 

In the formula (11) that follows the member due to the mutual action 
is represented by - m-aji. To a first approximation the coefficient a„ is 
proportional to the oscillation (quantum n, and contains, for the rest, the 
moleculai’ constants (moment of inertia, the law of foi*ce between the 
nuclei). Thus to a first approximation the member due to the mutual 
action is ]jroportional to the square of the rotation quantum and to the 
first power of the oscillation quantum. In the harmonic case, too, the 
coefficient a„ does not vanish (on account of the lirst of the two above- 
mentioned causes of the mutual action) ; here it carries a negative sign. 
Increasingly non-harmonic connection between the nuclei gradually 
makes the sign of a,i positive. 

fjet WiJi denote the energy of the molecule that is associated with 
the rotation (piantum m and the oscillation (|uantum n, and W// corre- 
spondingly the energy of the rotationless molecule for the oscillation 
quantum n, for which we set nhv^) in tlie harmonic case. In the non- 
harmonic case there stands in place of this a development of the form 

- X}i + , , . . . ( 10 ) 

which advances in powers of xn ; the little constant x depends on the 
law govei ning tlie non-harmonic connexion. 

On the other hand, the formula for is : 

w;* = w;: - m%,h + {m'^ • (11) 

* A. Kratzer, Zeitschrift f. Pliys., 3, 2H9 (1920). 
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§ 2. The Infra-lied Absorption Hands 

The last term is the rotational energy, and corresponds to the Deslandres' 
term. The bi ackets denote that when we take into consideration the centri- 
fugal effects a supplementary member involving m** becomes added to 
and apparently changes the moment of inertia J [cf. 1, eqn. (2), 
wheie the coi responding change was denoted by The formulae 

(10) and (11) are derived in Note 17. 

Arguing from eqn. (11) we now find it easy to account for the gradual 
change in the distance between the tooth-edges of the absorption bands. 
It is to be noted that according to page 416 the initial value of n must 
be assumed equal to zero in the process of absorption, If, as before, we 
represent this same process as a process of emission, we have to insert in 
the former the final value 0 for 7i, and set the initial value equal to 
1, 2, . . . But for the initial value n — 0 the first tw’o terms in (11) 
drop out, not, however, foi* the initial value == 1, 2, . . . In the ex- 
pression for Lhe difference the first two terms due to the initial state re- 
main standing, and furnish a member quadratic in m to the formula for 
the band. This explains the gradual change in question of the interval 
between the lines. Brom (11) we easily get for the distance betw^een suc- 
cessive peaks : 

Av(l + .,.)- (2w - l)a,i . . . (12) 

Thus the constant interval calculated in (7), on the one hand, becomes 
slightly altered by the centrifugal effects of the rotation, as was fii'st showm 
experimentally by F. Eucken, and as is indicated by the brackets (1 -f . . .), 
and, oil the other hand, and more markedly, it becomes systcviadically 
reduced as m increases owing to the mutual action between the oscillation 
and the rotation when is positive (non-harmonic oscillator). It is just 
the latter that is shown in Fig. 102. 

Whereas only jumps of the oscillation quantum by 1 were possible for 
the hai’inonic oscillator, eqn. (4), any arbitrary jumps > 1 are now^ ad- 
missible for the 110 a- harmonic oscillator now' under consideration, cor- 
responding to its overtones. From this it follows that the first member 
on tlie right in eqn. (5) is generally to be replaced by 

• • • • • (^ 3 ) 

We infer this dii’ectly from eqn. (10) by assuming = 0 for the final 
state of the process of emission (initial state of the absorption), and 
= 1, 2, 3 . . . for its final state. Tw’^o conclusions of a difterent kind 
may be drawn from (13). 1. In addition to the “ground band” hitherto 

considered, which also occurs in the harmonic oscillator, there are 
“overtone bands” of approximately tw^o, three times the w'ave-number 
of the middle of the band. 2. These wave-numhers are not in the exact 
ratio 1 : 2 : 3 : . . ., but are out of tune with one another according to 
the measure of the quantity x. 

Mandersloot (Diss., Amsterdam, 1914) appears to have been the first 
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to moot with success in looking lor such overtone-ha i ids (in the ease ol 
('O). Idien we have to mention Urinsmade and l\o!nl>l(\'^ wlio csljd)- 
lishod the presence of an overtone-hand in measuremenis which th(*\ had 
carried out, themselves. Hettnerf ‘jjives a eomprehensi\e resume ot their 
own and otlier measurements of infra-red hands tiiat have ])artly been 
resolved into lines. The following numbers sij.^nify tla observed wavt;- 
lengths of the “centres of tlic hands” (that is, essentially, of the /<n*o 
lines) in terms of fi : - - 




Table 40. 




i 

i ‘ 


HCl . 


. ! 3-46 1 

1-76 

HBr 


. ■ 3-91 ! 

1-93 

CO . 


4-67 

2-35 


I 


In the case of H.,0 Hettner derived from the frequencies Vp of two 
ground-bands no less than 12 over-tone bands and combination-lmnds 
approximately of the form ; 

According to Kratzer, loc. cit,, the second and third overtone-hands may 
be recognised besides the first in obsorvatiotis of HCN noted by i3iir- 
meister. 

The hand at A -= in the case of IICA quoted in Table 4() was 

shown in Fig. 102. The corresponding overtone-band A = L*70/x, like- 
wise measured by lines, is added in Fig. 104. It exhibits not only the 


Percent 1.825 1-8U0 1 775 1-750 l-72:)/i 



Fig. 104. 


same Ar, but also, as Kratzer remarks, a double (twice as rajiid a 
change in the Ar), and by both of these circumstances ])roves itself to he 
atti il)utahle to the ground-hand .‘j’lO as an ovei tone-hand. iiut particular 
interest attaches to the subsidiary maxima that occur in this liand. Accord- 
ing to IjOGmisj and Kiutzer, § they are to be explained by the existence 
of the isotopes, and C!l,^~. For since the nuclear viiiration r,, depends 

P>. Prirjsinade and E. (!. Keiiibk*, Proc. Nat. Ac., 3, 420 (1917). 
f Hcttncr, Zoitschr. f. I*hys.,l, 351 (1920). 

:|:F. W. Looiniw, Astro])hyH. Jouru., 52, 248 (J920). 

§ A. Kratzer, Zeilsclir. f. Phys., 3, 400 (1920). 
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oil tho ifiutual connexion and the inaHsen of tlie vibrating iniclei, and 
since, in the case of two isotopes, the connexions aie the same, and the 
masses aie diHei’ent, so we get two somew'hat different r./s for Cl-.r, and 
(1^^, and hence two rotation-vibration hands that are a little disjdaced 
relative!). The su)>sidiary maxima denote the band of f’l^^, and are 
small (Kiinpared with the ])rincipal maxima of the hand Ch.,, coriesjiond- 
ing to tlie relative amounts 1 ; 3 of (3^, and Cl.jr, (cf. ]). 8Gj. 

'fhe dilTerence betw^een the two nuclear vibrations is derived theoreti- 
cally as follows : 

If fi denotes, as on page 220, the “ resulting ” mass, that is 


JL 

fht, 



Hi 



then, by Note 17, this enters into the ordinary formula for calculating the 
chamcteristic frequencies 



If we designate the relative distance betw'een the vibmtion-frequencies of 
HClj^ and by - and the relative difference of wave-lengths by 


dK 

A’ 


we get 


that is, 



1 

1295 


8A = - cins. = - 13-54A 

I' 129o 


( 11 ) 


The negative sign denotes that the lines of have the shorter wave- 
lengths, that is that superposed on their loiuj-wave. side they have the 
small tooth-edges corresponding toCl.^-;.; cf. Fig. 104. ,The value of 
in (14) likewise agrees with experiment; according to lines, its experi- 
mental value is 14 ± lA. We referred earlier, on page S6, to this 
beautiful confirmation of Aston’s observations on isotop^es. 


^ 3. Visible Bands. Meaning of the Head of the Band 

To carry our considerations over into the visible region, we have to 
add to the tw'o partial phenomena of rotation and oscillation as a third 
phenomenon a change in the structiu'e of the atoms or ions constituting 
the molecules. The simultaneous occurrence of these three partial 
phenomena is postulated, at least for a homoeopolar molecule like by 
the principle of correspondence (cf. Note 10 d). 

We ai‘o thus now^ dealing in a certain sense in the initial and the 
final state wdth tw^o different molecules, that differ by just the required 
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mi 


change of con tijjfu ration of their constituents. The result of this is tliat 
all constants that deptnul on the details of the molecular structure, in 
particular tlie moment of inertia J and the ground freipiency of the 
nuclear viI)ration, become dilltu*ent in the initial and final state. We 
designate them (in analogy with m\ w, and 7i\ ;/ on ]). 417) hy ,l\ .1, v, 
and so forth. 

Wo first consider the rotational constituent, so as to he able to under- 
stand afterwards the structure of a })artial hand in the visible region, W(i 
thus form the ditlerence of the Deslandres’ t(n*m, ecjn. (4) in >5 I for tlu^ 
initial state {ni ~ fti ± 1, J ) and for the final state (?;/, J) : 

Jim'- Jnu- __ }if)r ' i _ ^ \ ^ /|\ 

Htt'-M' Htt-M Stt- ^.. r .1' 47r-M' Htt-M' 


and, owing to the frequency jump and the changes of configuration in th(‘. 
electronic structure, we also add th(^ memhi'r u- + iv ; the iiuli i»*s k and 
e refer to the nuclei and the electrons; r^. takes the ])lace of the nuclear 
vibration that we designated by under the sim])ler conditions of tin* 
])i‘eceding paragraph. In this way we get the general band formula 

v — A ± 2Bm 4- . . . • (‘-2) 


The constants A, 11, (\ have the following 
in g 1 ) : 


A 4- r, 


h 

Stt-M ' ’ 



meaning (cf. also e(jn. (4) 



(d) 


In i*'ig. lOo we hav(‘. drawn the ))arahola r -- A -f 211/// + ('///-con- 
tained in eqn. (2;; /// is ])lotted as the ordinate, and r as the ah-^ci^sa. 
Thi^ typ(^ uf gra]jhieal r<q)resentation isjaohahlx i(» lx* coMliied to i^'orlrat/' 
The })arahola lias Ijcen drawn as a continuous curve a^^ far as tlu* axis (»f 
tin? abscissa*, /// — 0, and thence onwards it is <lott(*d. ddiat ai’c <»f tlie 
parabola r = A • 2J1/// -f (’'/?/- (that is, tlie liottom sign in (‘(pi. (2||, which 
coi*r(*sponds to ];o>iti\'(f oidinates m has also l)(‘i*n drawn continuously, tlu' 
oth(*r part lieing dotted. Holh parabolas are cut hy the s\ stem of hori- 
zontal straight lin(*s of which tlie onlinatt^s ?// ar(‘. int(‘gers, a,nd tlu' ])oinls 
of intei's^'Ction liave been ])roj(;cted ])er}>(‘ndiculaily on to the axis of flu^ 
ahscissje. This gives hs(* in th(‘ lower strip of tla* ligur(‘ tinlu^ ohst'rx a-hh* 
arrangement of llu* haiid-lirats r and their characten istic. aecumulation at 
tlie head of tkc ha.nd. The rate ])art of the lin(*s eont'sponds to th(‘ aie of 
the parabola with a posit iv(i sign for 11, and is to lx* calk'd the posifire 
hranrh, the other owes its oilgin to the ])araholic ani with tlu^ negaiivt^ 
sign and is calhal the m'f/atirc hrnnrh. 

From tliis figure, we may get a s])l(‘ndid surv(‘y of the posifam. of the 
head of the hand iu tlie. system of the hatid-lines. I’lu^ analytical con- 


U. Kortrat, Thisft (f*aris, lUM), p. lOD. 
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(lition for the position of th(5 head of the band is, according to (2) (if we 
treat vi for the tiinci being as a continuous variable) : 

= 0 *= ± + Cm . . . • (■^) 

2 dm ^ ^ 

m or, res])ectively, the nearest integer. 

iv> 

in 



V 2' i' 0 1 : \ 

Fig. 10/). 

'riiti lic.ad of llic hand is net. like the ed^je of a line series, a nattiml point 
of aecmnidiUion, hnt in a certain sense, an accidental one. The lines do 
not crowd toj;ether infinitely densely, hut only to a finite niaxiinuni of 
density. The circumstance that the lines of the hand partly tend towards 
the head of the Itaiid and inutly tend away fi* in it, apparently disturbs 
the re<tularity of the course of the lines. Hut the regularity becomes 
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pert’t'ct if, as in 10<'), wo inuigino tliu two-tlinuMisi >fKti paniholir I;i\s of 
(///, r) tt) l)o lakoii ill conjiinoLion with tho Dno. iliiiu I'-ioual soah* ol tlu* 
r’s. \\\‘ are iiuloiitoil to rJ. N. ThioU^ ’^' (or ha\iiijj; on I In* oxpl.niation 
of this view t)f tho haml-hoiui as hoin^ a iirciifn iiUit kui 

of liftrs conditioned bn the scale of the i'’s. 

To he able to draw inforoncos ooncerninj^ the jiropoi ties of the einittin^ 
molecule from the representation of bands ‘^dven in (2), it is essential that 
the number m giving the position of tlie band-linos be correctly counted. 
If we displace the zero-point of the enumeration, we thereby alter the 
signilicance of the constants A and B in (3). The position number n may 
not, as in the case of Deslandres, be counted from the head of the band ; 
Hither, in approaching the head and then moving away from it, it advances 
continuously, corresponding to the circumstance that tho head of the band 
denotes no real singularity of the band law\ 

To arrive at a natural method of coimting m and at a correct choice of 
the zero-line {ni = Oj when a partial band is empirically given, we revert 
to Fio. 102 for the infra-red bands. Here the immediately evident saddle- 
shaped hollow' in the couise of the intensity curve formed the boundary 
between the positive and the negative branch and served as the zero- line 
of the enumeration. In the case of the visible bands, loo, an analogous 
cut in the disiribulion of intensity may be proveil to occur: it, likewise, 
has to serve to deiine the zero-line. The intensitn ::ero is then to he as- 
cribed to this line itself. On both sides of it the intensity of the band 
lines iirst increases, then decreases, likewise in agreement with Fig. 102 
and with tlio e.\planati(;i» there given according to the Maxwell-Boltzmann 
law. In the scale of the vis, the intensity is symmetrical on each side of 
the zero-line and is eijual for corresponding points on the ]>ositive ami 
negative liraiiches. But in the scale of the r’s the symmetry of the course 
of the inleiisiiy becomes unrecognisible on account of the folding hack and 
the distortion of scale cau^^ed hy projection. In Fig. 105 the thickness of 
the strokes in the strip at the bottom denotes the increase and decrease 
of the intensity of the lines both in the positive hiunch (to the right of the 
zero-line) as well as m the negative branch (fi oin the zero-line to the liead 
of the hand and beyond it). The fact that in our diagrammatic representa- 
tion as well as in many real cases one of the two maxima of intensity 
happens to lie near the head of the hand produces the result that the 
latter often appears to he brought out as a strong fluting in the spectrum 
as a wliole. This circumstance is, however, essentially accidental and 
depends, moreover, on the temperature. To this it is to he further re- 
marked that ill the case of infra-red hand spectra the symmetry seems 
only to be slightly disturbed in the scale of the i^s, too (Fig. 102). 

The criterion of intensity for the positiori of tlio zero line wliich is here 
developed is due to lleurlinger {loc, cit.). Another criterion w'as set iij) 


Astropliys. Journ., 6, 1897 ; KopenViagema* Akad., p. 14.8. 
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])y ForlrnL (lor. cAt.) a little (jarlior. Fn the ref(ular progress of the hand- 
lines (list urhances Hom(3tirnes occur, abnormalities of frequency, and indeed, 
tlu^y ocrnir in pair,^. Fortrat suggests that the zero-point of the enumera- 
tion he ] (laced in tlio middle, of th(5 abnormal pair, that is, so that opposite 
order-nnmhors ± m (more exactly + m, and ~ m - 1) become allocated 
to the flisturhed lines, lleurlingcr then succeeded in showing that this 
<iriterion suggested by Fortrat is practically identical with his own 
criterion of intensity. The theoretical significance of the disturbances 
hereby indeed remains unexplained (just like the coiTesponding occur- 
rences in the series spectra) but is of no account for the practical 
application of the criterion. 

The classical instance of the theory of bands is furnished by the so- 
called cyanogen bands. We follow Runge and Grotrian* in ascribing 
them, contrary to their name, to the No-molecule. Their lines consist of 
very narrow doublets, separated only for higher values of 7n. Their 



Fig. 106. 


Tlio cyanogtui baud \ = 3S8i out of the carbon arc. .\t the edges the lines that 
arc no longer resolved, appear as continuous black strips. Taken in the 
second order of a large concave grating. 

cfmtres of gravity follow the band law (2) considerably closely. Ileur- 
linger has subjected them to a new exact treatment and partial rc- 
moasurement. In several of these hands there are several hundred lines. 
For example, in a partial band of the group X = 4216 the lines from 
m = - 77 to m = ~ 15 and m = ~ 30 are all present with the ex- 
ception of 7)1 « 0, even if they are of course not separable in the vicinity 
of the head of the band (between in = - 15 and in = - 30 for the 
partial band just quoted) ; the whole complex of lines is arranged in 
regular sequence. 

Oui- Fig. lOG represents the group of five band heads already mentioned 
on page 414. The one which has the longest wave-length among them 
has the wave-length X == 3884. The second head lies at X == 3872, the 
third at X == 3862, and so forth. The partial band belonging to each head 
is subdivided into a positive and a negative branch. Heurlinger has 
determined tlie zero-lines for each of the three heads mentioned and has 


Physikal Zeitschrift, 15 , 645 (1914). 
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worked out the constants of formula (2). For oxainpl(‘, he finds for the 
lirst of them, A = 8884 : 

2B « 3-84 cm.-i, C « 6*8 .10“- cm.“i 


that is, he gets an essentially smaller value for C than for B. According 
to our eqn. (3) this was to l)e expected. For B is proportional to 


1 

r 


whereas C is proportional to 


1 

r 


1 

r 


that is, a quantity small compared ivith B since it is tlie dilVereiice be- 
tween two quantities that presumably dilTor only sb^ditlv. Mxaetly 
similar conditions concerning the values of B and C also Jollov. fioni 
the remaining partial bauds of Fig. 106. We shall levert to the numerical 
lelationships between the constants of tlie various ])artial ])ands in ; L 
A fiuther test is furnished by the absolute value of lb To be al)le to 
compare it with our tht'orelical formula (8) we }iav(‘ to lu'ai* in mind that 
Heurliuger calculates in wave-numbers (cm." •) whenais the theory u>es 
frequencies (se(n"^). To reduce th(i former to the latter we have to 
multiply by c — 8 . and so have also to re})lace B by clb On this 
basis we then calculate by (3) : 


h _ 6-54. 10--' 

HttVB " 1277-. 8-84. 


T44 . 10* grm. cm-. 




If we set this equal to 2T4 . //in . where / dtmotes half tlu' distane.e 
between the two nitrogen molecules, and 14?// 1 , denotes tlui mass of the 
individual nitrogen atom, we get 




1-44. 10-=^'‘ 
2T4 . ido . 10 


0*32. 10- 2/ - 1-13. lO-'^cms. 


We thus arrive quitt.* unmistakably at the well-known order of molecular 
size. 

W. Lenz * has /ecognised a l/rilliant confirmation of the theory of 
bands in photographs of the fluorescence of iodine taken hy K. W. Wood t 
Wood illuminates iodine vapour at a low pressure hy means of the 
Ilg-Une 5461 (ground-member of the shaq) subsidiary series). The iodine 
molecules, in absorbing the corresponding energy (juantum liv, is brought 
into an excit(id (“ ayufcrcfft ”) state. This state is ass< (dated with a 
peifectly definite value of the ?-otatioii quantum vi. The iodine molecule 
re-ernits the energy that is taken u]), j/assing from the excitcid shite to 
one of less energy. But the principle of selection allows only tlui transi- 
tions ?7i— >m - i and + 1 (when the oscillation quantum and 

* Thysikal. Zcitschr., 21, 001 (1020). t Phil. Mag., 36, (1018). 
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th(3 electronic configuration change simultaneously;. Hence the re- 
(unission occui-s as a doublet or, with due consideration to the circum- 
stance that in the case of the non-harmonic oscillator, the oscillation 
quantum is capable of arbitrary jumps, it occurs in a syntem of doublets 
scattered over the spectrum. Wood has observed about twenty such 
doublets. Each of them proclaims, as Lenz points out, in a verj^ attractive 
way the 'sovereignty of the principle of selection over the rotation 
quantum ; each shows us the process of birth of a partial band by two 
of its members. If, howevfer, during the moment of absorption and that 
of re-emission* we make the iodine molecules collide more frequently 
with each other (at higher pressure) or with foreign atoms (by adding 
inert gases), then other values of the rotation quantum are thereby 
produced. Each doublet then becomes multiplied to form a complete 
partial Imnd : under these circumstances Wood’s fluorescence photogi'aphs 
a])])!‘oach the ordinary hand type. 

Hitherto in describing the ])}irtial bands we have spoken only of a 
positive and a negative branch, lu complicated ca^es a third branch 
becomes added, svhich we call the .rent hnui^'h ; Ileurlinger calls it 
Q-seri#‘s and the positive and negative branches E- and S-series. 

W(i shall not here consider the circumstances that there are even cases 
in which more than three branches emerge from the same head. 

The mutual relationship l)etween the positive, the negative, and the 
zero branch may be described in general outline if in the principle of 
selection of the rotation quantum, e<pi. (3) on p. 41 H, we allow the 
transition ni. -> m besides the transitions m ± 1 m. In eqn. (1) at the 
beginning of this section we have then to set m' = m and we get in place 
of (2) and (3) : 

r = A + Cmr (2a) 

E(pi. (2a) now again represents a parabola; in the diagi'am of Fig. 105 it 
would lie symmetrically to the axis of abscissie ; its ow n axis falls along 
the latter axis and is at the same, time the zero line from which 7U is 
counted. 

Fig. 107 is founded on the measurements by Grebe and Holtz + of 
w^ater-vapour in the vicinity of tlie edge A. = 3064A ; it w*as sketched by 
Hetirlinger and kindly placed at the disposal of the author. Between the 
positive and the negative branches we see the zero branch in an appioxi- 
matoly symmetrical position relatively to the axis of abscissiC. Each of the 
branches has been placed in the middle of the doublets, which are here 

* In this view of the phonomeuon Lenz soes a po.s^^bility of estimating the ‘‘time 
of sUiy *’ of tlio I.j-moltKjulo in its cxcitod state. (Cf. also p. 858, footnote *2.) 

fAnn. d. Phys., 39, 12^1^ (P8P2); arranged in the manner hero depicted n 
llonrlingor, Dissertation, Tab. Ill, p. xxx. 
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in part widely separated and of which the intei*pretation in terms of the 
model is as yet wrapt in obscurity. As we ace, the general course of the 
curves and their images at any rate agrees qualitatively with theory. 
But quantitatively the following dilViculty of combination exists. If, 
quite apart from the special formulie (2) and (2a) :we represent the 



initial and the final state of the rotation by the general functions /(m) 
and g{m)y we first get for our three branches : — 

Zero branch . . . m r == f(ni) — gi7u)j 

Positive branch . . w + 1 r ~ /{m + 1) - gi'Ui), 

Negative branch . . - 1 ?7i, r ^ f{vi - 1) - g{vi). 

If we now write down the zero branch twice, for m and for m 4- 1, and 
exchange 7ii + 1 for m in the negative branch, we get the following three 
equations : — 

Zero bl anch . . . v f{7n 4- 1) - gi^m + 1)| 

n M . . . r =- j\m) g(m) j 

Positive branch , . r = /{m 4- 1) g(7fi>) \ 

Negative branch . . v « /(w) + I)i 
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Accordingly the bracketed sums of i/- values should be equal to one 
anothei*. In reality they exhibit small systematic differences, “combina- 
tion defects/' Just as in the case of the Kdntgen spectra (Chap. VIII, 
S 1) we must conclude from this that it is not the theory in general, nor 
the combination principle that is faulty, but rather that the allocation of 
the combined lines is not yet exactly correct. 

^ 4. Law of the Edge of the Band. Band Systems. 

Hitherto we have spokcjn only of the coeflicients B and C of the band 
formula, which contain the influence of the rotations. To explain, 
further, the general arrangement of band systems we must deal with the 
coellicient A which contains the influence of the nuclear and electronic 
vibrations. 

Firstly, our interest is directed at the “ nuclear vibration ” Vj., which 
must be analysed according to eqn. (lOj, 2; let the “electronic vibra- 
tion ” be summarised as before in the symbol iv nnd remain unanalysed. 
Til us we assume that thci oscillation quantum of the nuclear vibration 
jumps from n to n. In this jump the coeflicients r„ and x of eqn. (10) 
also change, say from r,/, x' to r,„ x. The application of Bohr's frequency 
condition (10) then gives us: 

i/|. = - xn!) - \ 

== in - u)*\/ + ~ ry) - n‘\\'x' 4- ii^xl 

We have to insert this value of v^. in the coellicient A, eqn. (3) of the 
previous section. According to the values of n and n we thus get a 
double manifold of A-values which deline the zero lines (v == A) of a 
doubly injinita system of partial bauds, of the so-called “band system." 

We now consider the second row of eqn. (1) in greater detail. Its in- 
dividual inemhei’S are arranged in order of magnitude. The lirst member 
is the ])i*incipal one. It depends only on the tjuantum jum]) n - }i. The 
second membei’ is small com}}ared with the lirst as the change is a 

small quantity and depends on the absolute value of the quantuiii-niunber 
a. The third member is in general still smaller as the coeflicients x and 
x' are each small (cf. }). 422). 

The ])vincipal member has dillerent values for the quantum-jump 0 
and the quantum-jump 1 (ground-vibration) or 2 (“ lirst overtone"), and 
so forth. By keeping fixed the principal member, that is the quantum 
jum}), and varying the value of n, we get a sinyly iujinite series of partial 
bauds, or zero-lines, respectively, that are more closely related together 
and are neighbours within the same band system ; we call them a hand 
yroup. The separate individuals of the band group differ in the second 
and third member of eqn. (1) and are numbered according to the value 
of n (or, what is the same of n). 

Fig. 108 deals with the system of cyanogen bands. It exhibits four 
grou},)s that correspond, from left to right, to the quantum jumps Sn 
28 
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« - 2, 1, 0, + 1. The ^roiip A?i = 0 at A « 3884 is already <jnite 
familiar to us from Fig. 106. It comprises five band heads foi* which n 
is, respectively, from left to right, equal to 0, 1, 2, 3, 4. Thus these five 
band heads successively correspond (on account of = 0) to the quantum 
jumps 

0^0, 1->1, 2->2, 3-»3, 4->4. 

If we add to the right and left side of ecpi. (1) the quantity vc + B, 
then on the left we get, according to eqn. (3) of page 426, the quantity A, 
that is, the wave-number of one of the null-lines of our l)and system, 
namely : 

A == IV 4- B -f H i',/ (I - .r n) - ?M'„ (1 - xn) . (2) 

In this equation we have already essentially deduced Deslandres’ “ Law 
of the Edges of Bands.” Concerning its name we must remark that the 

4600 4400 4200 4000 3600 3600 



4606 4663 4616 
4578 4532 

> , / 

J D = — 2 

law][does not exactly represent the position of the band heads, but that of 
the corresjionding zero-lines, whose importance foi’ F systematising band- 
spectra had escaped Deslandres himself. The law is ordy approximately 
true for the band edges r — that are more or less close to tlie zei’o- 
lines V — A. Deslandi’es writes his law of band edges in the form 

= an 4 - 1) 11 - — {an 4- hii') -I- K . . (2a) 

It clearly coincides with (2j if we set 

a = b =: - r„.r, a' = r,/, 6' = - K = iv 4- B. 

Table 47 * shows how exactly eqn. (2) gives the position of the zero-lines 
in the “ cyanogen hands.” In it the horizontal rows denote ecjual initial 
quanta, the vertical columns equal final quanta. Thus the diagonal row 
corresponds to the quantum jump n -> n and represents the group 
A?i ^ 0 on Fig. 108; the ])ai-allels to the diagonal correspond, in the 
U2^ward direction towards the right, to the groiqis i\n ==> ~ 1, Ah ~ - 2, 
and to the left downwards, to A?i *=4-1. The five constants a, b, a\ h\ 

* This table has been calculated by A Kratzer ; a i)rovisioiial communication ap- 
jxjars in Physikal. Zoitsehr., 22, 552 (1921) ; it is given in greater detail in Ann. d. Phys., 
1922. 
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K of law (2) have been chosen so that the connexion with the measured 
zero-lines is perfect in particular in the first horizontal row of the table 

Tablk 47 



n - 0 

1 

i 

2 


4 5^ 

6 1 

j 

w' ~o| 

(3884) 

(421C) 

(4600) 


i 1 ' 1 

: ! 


25,797-88 

23,755--ll 

21,739-54 

— 



26,797 -83 

23,755-44 

21.739-55 


! ! 

i 

f 

(3690) 

(3872) 

(4197) 

. (4578) 



i] 

1 27,921-3 

25,879-0 

23,803-0 

21,873-4 


— ; 

1 

27,92X-38 

25,878-99 

23,86:)-10 

21,873-71 

i 


J 


(3540) 

(3802) 

(4181) 

(4553) ■ 


— 

27,902-7 

25,946-5 

23,956-5 

— — 

— 

1 

I 

27,902*04 

25,940-15 

23.956-76 

21,993-87 ; 
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(3584) 

(3855) 

(4168) ^ (4532) 

i 

1 ~ 


27,989-70 

: 26,000-31 

24,037-42 22,101-03 

i 

j 

i 




1 (3850) (4153) 

(4515) ; 

li 

1 




1 26,040-47 24,104-08 

22,194-19 1 

i 


1st line Wave length of the edge. 

2nd „ Wave-length of the empirical zero-line. 
3rd ,, Wave-leiigtli of the calculated zero-line. 


whore the empirical data are most exact. The deviation then remains 
very small in the other rows, too. At the lower end of the table the 
empirical determination of the zero-lines is wanting (instead of it only 
the edges are at our disposal) ; so that here comparison with theory cannot 
he carried out directly. 

Whereas in Table 47 we considered the values A of the system of 
cyanogen bands, in Table 48 we set out the values of B and C of the same 
system, so far as they have been determined by Heurlinger (cf. p. 430). 
The arrangement is the same as in the preceding table. Thus, numbers 
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. 0 

1 
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2 li 

100 c 

2B 

100 C 

2 11 

100 0 

2 B 

100 C 

)t' - 0 

3-84 

6-8 

3-83 

' 8-5 

3-85 

10-1 



1 

3-88 

4-5 

3-81 

6-4 

3-80 

8-2 

3-82 

9-7 

2 

— 

— 

3-80 

4-1 

3-as 

5*6 

S‘7S 

7-6 


that belong to the same group lie in an oblique column which goes from 
the top left corner to the bottom right corner. For example, the numbei's 
that correspond to the group A7i == 0 of Fig. 108 are : 

2 B = 3-84, 3*81, 3 88, 

100 C « 6*8, 0*4, 5 G. 
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What was said on pa^o 430 about the relative size of B : C] appliiis to 
all members of this and the remainin^^ groups. 13ut still more : the size 
fo B is appreciably the same in the whole system, that of C varies mucli 
more. This, too, is intelligible from ecjn. (3) on page 42G, B is ])}opoi- 
tional to 1/J', so that it sensibly retaiiis its value so long as the shape of 
the molecule does not alter appreciably. On the other hand 0 d (‘pends 
on the difference of the reciprocal moments of inei’tia, 3' and 3 and is thus 
much more sensitive to changes of shape than B. 

But the expressions (3) for 33 and (- on page 42(3 are not exact enough. 
For, according to S 2, there has to he added to the rotation that was alone 
taken into account in (3), also Uie mninal action heticren rotation a^id os- 
cillation. As may he gathered from the factor of m- in ecpn (11) on page 
422, the latter is taken into consideration (juite simply by replacing 


k . ^ k 
Btt-J Stt-J 




We therefore now get instead of the value of B in ecpi. (3) on ])age 42(3 
the value expressed as a function of n : 


Here the proportionality of a^ with n em))hasised on page 422 receiv(*.s 
expression and the new constant a = is correspondingly introduced. 

If we correspondingly write 


Bin) 


It 

Htt-J 


■ — 


h 


~ an 


(3a) 


with the further constant a, we get instead of (3 in e(pi. (3) on page 42G 
more exactly 

C(/?, n) “ Bin) - 13(/?) . . . . (4) 


Thus in B as well as in C we have to expect linear j)rogress with )i or n 
respectively. This shows itself most clearly in Table 48 in the case of C' 
(it is obscured by the inexactness of the last decimal in the cas(^ of the 
quantity B, which varies hut slightly). For example, in the middle verti- 
cal column we have the numbers, depending on n \ H*o, (3*4, 4*1; in the 
middle horizontal row, that is, depending on n we have : 4-5, (3*4, 8*2, 9*7. 
The fact that the one column decreases and the other (row) increases is 
in agreement with eqns. (4) and (3). 

In eqn. (2) we wrote down the law for the zero-lines of a hand system. 
We have only to comhirie this law with the law for the individual })artial 
hand, eqn. (2j of the jneceding section, to get from it to the complete law 
of iines for the ivhole band system : 

V = A(n, n) ± 2B(n)m + Ciiiy n)m^ 4- . . . . . (5) 

Let us again set out the significance of the coefficients according to eqns. 
(2) and (4) : 
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A(w, 11 ) = i/« + + nv^^(l - nx) - nv^^d - nx) + . . . 

*5a’ [ '®> 

(>(a, n) = B(n') - B(?i). ) 

Thus our law (5) contains three quantum numbers and nine disposable 
constants : 

Vey v</, X, x\ J, J', a, a. 

With their help we may in principle represent, for example, over 1000 
lines in the system of cyanogen hands; in the case of <(reater values of m 
w(i must indeed, to obtain numerical agreement, also take into consider- 
ation the higher powers of m, indicated in (oj by . . . (concerning, in the 
main, the change of the moment of inertia with the rotation ; cf. p. 423j. 

But we have still not finally achieved our object of setting up the 
general law of band systems (5). For one and the same molecule may 
])Ossoss several band systems, in that it is capable of sevei’al values of the 
(4tictronic frequency iv ; these band systems, like the violet and red cya- 
nogen bauds may lie in quite distinct and separate regions of the spectrum, 
ft will he surmised that the various values of r,. will airange themselves 
similarly to the various electronic jumps in line-series of the atoms, 
although we are here dealing not with atoms but with the complicated 
electronic systems of the molecules. We may well call band systems 
arratiged togetlier in series in this way “ systein-series.” We have still 
t(^ solve the ])roblem, then, of extending the system law (o) to the “ law 
(if sijateni-^icriesy We shall get to know examples of this at the end of 
the next section. 

If it is true that two electronic jumps iv, that is, two transitions that 
give rise to two different hand systems, have either the initial or the final 
state in common, then the representation of the common term obtained 
for the one hand system may be applied to the other. Conversely, we 
may conclude from the fact that the violet and the red cyanogen hands 
haA'e the same terms in the final state, as Heurlinger has shown, that here 
the molecular constitution and the chemical nature of the carrier must be 
the same. Furthermore, from the fact that the initial term of the red 
(jyanogen baiids also occui*s in the first positive group of nitrogen as the 
final term, it is to be concluded that both the cyanogen bands and also the 
positive nitrogen group must have the same carrier, that is that they all 
h(ilong to the nitrogen molecule or, according to circumstances, to one and 
th(j same nitrogen -compound, ditfering from N^. 

From this example we see that the exact analysis of band systems 
will lead to illuminating disclosures about the molecular nature of their 
carriers. 

5- Many Lines Spectra. 

The general character of the many lines spectrum of hydrogen has 
already been described on page 209, and has been illusti'ated by a figure 



438 


Chapter VII. Band Spectra 

on page 210. Only the quantity but not the arrangement of the lines 
reminds us of the character of band-spectra. Band-heads are entirely 
wanting. The few partial bands that have hitherto been arranged to- 
gether (cf. p. 209) are poor in lines ; the two discovered by Fulcher com- 
prise only five or six lines, the tour discovered by Croze each about 12 
lines. The sequence of linos in the partial bands is hereby so widely 
scattered that it is no longer evident that they belong together. 

We shall show that this general character follows naturally from the 
smallness of the moment of inertia of the hydrogen molecule, and ar- 
ranges itself as a limiting case into the general theory of band-spectra. 

In eqn. (7), § 2, we obtained as the distance between neighbouring 
band-lines * 

• ( 1 ) 

The same value also follows for lines near the zero-line from the general 
eqn. (2), 3, if we neglect the quadratic member. 

In the case of the cyanogen bands we^ had (cf. Table 48) 2B — Ar = 
3*8 cm.~b corresponding to a value 0*6A for AX. In Fulcher’s partial 
bands of the many lines spectrum, however, Ar = lOOA, which corre- 
sponds at X = 6000a to the value Av ^280 cm.~b Thus in the many 
lines spectrum the line-interval Ar is about 74 times as great as in the 

cyanogen bands. From this it follows by eqn. (I) that the moment of 

inertia of hydrogen is 74 times as small as that of the carrier of the 
cyanogen bands. Whereas we found in the former case 

J ~ 1*44 , grm. cm.‘^, 2/ = 1*13 . 10"^ eras. . (2) 

we now get 

J = 1*9 . 10"‘^‘ grm. cm.-, 2/ = 0*5 . 10“'^ cms. . (3) 

The moment of inertia of the hydrogen molecule found in this way 
need not be that of the normal state. In the normal unexcited state it 
is not the visible many lines spectrum, but (cf. j). 344) a band spectrum 
situated in the extreme xiltra- violet that is emitted. This already follows 
from the fact that hydrogen gas is quite transparent in the visible region. 
Indeed, we must accept the idea that the Il^-molocule is capable of very 
different states with perhaps other values for the moment of inertia, which 
give rise to other sequences of lines of the spectrum. The lines hitherto 
associated together form only a very small fraction of the sum-total of 
lines. 

The value (3) of I is of importance for the question of the model of 
the Il^-molecule. From Bohr’s model on page 76 it follows that 

i = 2*9 . 10-^1 grm. cin.‘^ ... (4) 

It is obvious that the moment of inertia cannot be greater in the unexcited 
state than in a possible excited state on which the value (3^ is based. 
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Contrary to this, (4) is perceptibly greater than (3). Thus Bohr's model 
does not, at any rate, represent the normal state of the H. 2 -molecule, 
We have here touched on one of the objections that were already raised 
against this 'model on page 78. On the other hand, the value 
.T ^ 2’ 10“^^ deduced by Eeiche* from the behaviour of the specific heat 
agrees almost exactly with our value (3). 

The small vailue of J explains immediately in the sense of eqn. (1) 
why the successive lines belonging to a partial band are so far apart in 
the many lines spectrum. But it also explains why there are only so few^ 
lines ot observable intensity in each pai'tial band. 

Let us first call to mind the fact discovered by Nernst and Bucken 
that at very low temperatures (below 200° abs.) the rotation of the 
molecule dies away more and more, and that hydrogen approaches more 
and more to the monatomic gases in its thermal behaviour. In general 
language the reason is to bo found in Boltzmann’s probability factor 

(k Boltzmann’s constant the gas constant divided by Loschmidt’s or 
Avogradro’s number). If we here insert for the kinetic energy of the ro- 
tator its value out of eqn. (1), S 1, we get 

/l2 

jr (5) 

The decisive quantity is the product JT. The smaller it is, the less is the 
probability of a definite rotation quantum m. At very low temperatures 
all values t > 1 become statistically suppressed ; that is what Nernst 
and Eucken have shown. But even at moderate and higher tempera- 
tures the product JT is much smaller in the case of hydrogen, owing to 
its small J, than for other gases. For this reason greater values of vi 
are statistically suppressed in the case of hydrogen at higher temperatures 
also. 

Concerning the distribution of intensity in the band-spectra it follows 
from this that within a partial band of the many lines spectrum the in- 
tensity decreases much more quickly as m increases than, for example, in 
an N^-band. The ratio of the moment of inertia of N.^ to that of Ho is, 
by eqns. (2) and (3), about equal to 100 : 1. Accordingly, by eqn. (5), 
the same temperature being assumed, the number of lines of observable 
intensity in an Ng-band will be about ten times as great as in an Ho- 
band. Whereas the cyanogen bands possessed partial bands of about 100 
lines, the partial bands in the many lines spectrum of Ho will consist of 
only 10 lines. 

♦ Ann. cl. Phys., 58 , 082 (1919). ' 

\m=^ 0 also drops out here, Cf. Keiche, loc. cit.^ and Bohr, Gesammeltc Ab- 
handl., p. 14C. 
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This accounts for the particular .character of hydrogen bands, namely, 
that they are sequences of small numbers of lines widely separated ; in a 
certain sense they are torsi of normally developed bands. There can be no 
question under these circumstances of accumulations of these lines to form 
band-heads. If many such short sequences of lines are thrust within 
each other, we get the appearance of the many lines spectrum, a confusion 
of lines without flutings (“ Kannelierungev ”) or i-egularities obvious to 
the eye. 

The many lines spectrum of helium forms an instructive intermediary 
between the many lines spectrum of hydrogen and the ordinary hand- 
spectra. It was discovered by Goldstein"*^ (1913) ; Fowler hai- measured 
it out, but has only partly communicated his esults.l When is in the 
case of the many lines spectrum of liydrogen the band charactc had (ui- 
tirely vanished, it is still recognisable in the spectrum just mentioned, but 
is far from being as pronounced as, for example, in the case of the cvano- 
gen bands. The sequences of lines are partly head-less, and pai*tly fur- 
nished with a band-head. The number of lines of the negative braneli 
amount to 11 in the partial band measured ))y Fowler; the interval be- 
tween the lines is of the order of magnitude \v = 30 in the vicinity of 
the zero-line. From this, by eqn. (1). the moment of iiun-tia 

J = 1-7 . 10-i'» 

would follow, that is a value ten times greater than for 11., and ton times 
smaller than for N.,. Tliese numbers give ex])ression to the intermediate 
position of our present spectrum as conq)ared with the many lines spec- 
trum of hydi’Ogen on the one hand, and the true band spectra on the other. 

But what are we to think of the “ moment of inertia ” of helium ? 
The moment of inertia of the helium ato7)i is practically equal to nothing: 
so that we can only be dealing with the moment of inertia of an “ Tle- 
rnolecule ” of transitory existence. We may ])icture its mode of origin 
more clearly as follows. Suppose two He-atoms are in an excited state 
such that one of each of the two Ile-electrons of each atom ai*e slightly 
more distant from the nucleus than usual. Two such lie-atoms resemble 
two hydrogen atoms, for they each consist of an outer electron and an 
atomic residue bearing a single positive charge. Thus they are able to 
enter into a bond similar to that of two hydrogen atoms, and may, tlune- 
fore, combine to form an He., -molecule. 

Hereby the excitation conditions for H and He are opposite. In the 
case of H the many lines spectrum arises more readily (at lower ])oten- 
tials) than the Baliner s})ectrum ; in that of He, however, the many lines 
spectrum requires greater excitation than the oi dinary seiies spectra. 
This seems quite compatible with the preceding view, according to which 

* Verb. d. D. Phys. Gfts., 15, 402 (10 U3). rndepeiidontly and a little later, Curtis, 
Proc. liny. Boo., 89, 140 (1014). 
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a preliminary condition for the genesis of the He-molecule *’ is a con- 
siderable loosening of the He-atoms. 

The rule on page 202, according to which band-spectra are to be 
attributed to molecules, line-spectra to atoms, is here strikingly illustrated ; 
the spectral character of the band-spectrum compels us, as it were, to 
assume the transitory existence of an He.^- molecule. As this is assumed 
only for the case of electric excitation, it by no means contradicts other 
chemical observations that have to do with unexcited molecules. 

The many lines spectrum of He consists of numerous partial bands 
and exhibits many heads. To the eye they seem to arrange themselves 
into greater units, groups, and systems. But Fowler has gone a step 
further. He has succeeded in extracting from within these greater units 
such sequences as satisfy a quantitative series formula of the nature of 
Rydberg’s, a formula in which Rydberg’s number R actually occurs. 
Although nothing more exact with regard to measurement can be gathered 
fi’om the matter at present published, yet we feel disposed to see in this an 
indication of the “system series,” of which we spoke at the end of the 
preceding section. Thus we should })e dealing with the energy-levels 
of the electronic configuration in the He^-molecule and their quantum 
juni])s; in our general formula of systems, (o) and (6) of the preceding 
section, they would receive expression in the member y,,. 

On the other hand our Fig. 06 on page 210 discloses a peculiar rela- 
tionshi]) between the many lines spectrum of hydrogen and the Balmer 
series. We are inclined to interpret this relationship in the same sense. 
Even if it is not necessarily apparent that the changes of conliguratiori in 
the II^,- molecule follow the same laws quantitatively as in the case of the 
H-atom, yet a certain qualitative relationship between the molecular 
and the atomic contigurations and hence also between the many lines 
sjiectrum and the Balmer spectrum is comprehensible. AN'e can, of 
course, pass sound judgment on this point only when the analysis of the 
many lines spectrum of hydrogen has been cai’ried much further than at 
present. 

^ 6* Gyroscopic Motion of Molecules. Zeeman Effect of Band-Spectra. 

The assumption hitherto made that the molecule rotates about a fixed 
axis is very special and admissible only when the axis of rotation coin- 
cides with a principal axis of the mass-distribution. The general motion 
of the molecule is not rotation but (jyroscopic motion. We distinguish, as 
is known, between the symmetrical and the unsymrnetrical top, according 
as the moment of inertia of the mass-distribution is an ellipsoid of re- 
volution or a tri-axial ellipsoid. Diatomic molecules (Ho, HCl, etc.) 
represent symmetrical tops, tri- and poly-atomic molecules as a rule (cf. 
under H^O below) unsymrnetrical tops. Wliei’eas the general motion of 
a symmetrical top under no forces is regular precession, the general 
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motion of ail unsymmetrical top is designated Pobisof motion ; th(i latter 
cannot, like regular precession, be represented by ( leinentary fornuiIa>, 
but only by elliptic integrals, and may be made cIcmi* by the rolling of 
the momental ellipsoid of inertia on the lixed invariable piano. Only in 
the case of the “ spherical top,” which, however, is scarcely likely to come 
into consideration as a picture of molecular motions, does the general 
motion under no forces pass over into simple rotation. 

Even the diatomic molecule already represents a symmetrical top of 
special mass-distribution. The moment of inertia K about the line con- 
necting the nuclei (the “ axis of figure,” cf. the beginning of § 2) is very 
small compared with the moment of inertia J about the axes (** scquatorial 
axes ”) perpendicular to it, the ratio of the former to the latter being 


K : J ^ m : M, 

where m denotes the electronic mass, M the sum of the nuclear masses. 
The treatment of di-atomic molecules as symmetrical tops is justified 
only to the extent to which \ve neglect m in comparison with M. In 
view of the varying position of the electrons in the molecular structure, 
in respect to both space and time, differences in the equatorial moment 
of inertia J would otherwise arise, which we neglect when we speak of a 
uniform J, that is, of a symmetrical top. The same holds generally ; only 
if we are permitted to neglect the motions of the electrons, may \ve treat 
the molecule approximately as a top, that is, as a rigid body. 

So far our description of the motion of di-atomic molecules as pure 
rotation is helped by the very smallness of the ratio K/J. If we denote 
the moment of momentum about the axis of iigui*e by N, the total moment 
of momentum by M, then the moment of momentum about the equatorial 
axis becomes \/M- - N-, and the corresponding amounts of kinetic 


energy are 
N- 
2K 


W - N- 
2J 


for the axis of figure and the equatorial axis, respectively. 

Now, by the theory of quanta w^e have under all circumstances 

N = ... (3) M = f ' ... (4) 

^TT ^TT 


where 7JL^^ and -m are integers. Hence to excite rotation about the axis of 
figure or the equatorial axis, respectively, the follownng amounts of energy 
are necessary : — 


m\Jir 


( 5 ) 


{ 7 ) 1 ^ - 


( 6 ) 


On account of the ratio K/J the former is far greater than the latter, if 
we assume and m to be of the same order of magnitude. Simul- 
taneously with the energy the angular velocity about the axis of figure, if 



§ 6. ( gyroscopic Motion of Molecules 


US 


])i(‘.s(‘nt M,f. all, also becomes very j/reat. Only when the excitation is very 
intense, that is at a veiy hi^^h temperature, is it possible for a rotation to 
take ])lace about the axis of figure and then, too, only with relatively 
small values of ; at modern temperatures no rotation about the axis of 
iigui'e takes place. The nudocidp. dop,s not then function an a top, but as a 
simple rotator about an equatorial axis, such as we have hitherto assumed 
it to Ixj. 

The conclusion is just the same as for the hydrogen molecule in the 
preceding section. There it was the small value of J in the expression 
(4) for the probability, which caused the rotations of the hydrogen 
molecule to die away ; here it is the small value of K which particularly 
suppresses the rotations about the axis of figure or restricts it to small 
values of In both cases the essential feature is the discrete nature of 
the quantum number and the finite height of the first quantum step ; in 
the case of a continuous distribution of the possibilities of state or phase, 
the axis of figure of di-atomic molecules would also, as is well known, 
receive its share of the rotational (uiergy. 

In refusing to admit that a moment of momentum about the axis of 
figure can be excited at modern temperatures, we do not wish to imply 
that such a moment of momentum cannot in principle exist. It might — 
in the case of paramagnetic molecules — belong to the inner molecular 
constitution. We must, indeed, go as far as demanding that even at the 
absolute zero of temperature paramagnetic molecules are endowed by their 
veiy nature with a resultant moment of momentum of their inner elec- 
tronic motions, and we cannot outright exclude the possibility that this 
moment of momentum may also have a component along the axis of 
figure. 

J^y (5) and (fi) the total kinetic energy of the molecule becomes 


m-Zt- villi- / 1 1\ 

8^- Vk " j) 


( 7 ) 


For = 0 it naturally passes over into the expression for ]}ni‘e jotation, 
expi. (1) of 1. If, on the other hand, we represent the kinetic energy, as 
in general mechanics, by using the Eulerian angles <j!), i//, ^ (<^ = angle 
about the axis of figure, xj/ ~ angle about the axis of precession, that is, 
about the direction of the total moment of momentum, 0 = the angle 
between both axes) and the corresponding velocities 0, 0, then we see 

that 0 and \J/ are cyclic co-ordinates of the rotational problem. This con- 
tains the subsequent justification of our quantum hypothesis (3) and (4) 
in the sense of the method of separation (cf. Note 7a) as well as the 
possibility of integrating the problem by elementary methods in the 
symmetrical case. Obviously, in virtue of the meaning of the Eulerian 
angle 0, there exists between the total moment of momentum M and the 
partial moment of momentum N the relatiofi 

N - M cos (9 (8) 
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From this the corresponding relation for the quantum numbers and m 
follows by (3) and (4) : — 

Wq = m cos ^ (9) 

From this we draw two conclusions : (1) the precessional angle 6 is re- 
stricted to certain rational values determined by (9) (directional or spatial 
quantising). (2) For a given the quantum number m can only assume 
values 

(10) 

We now come to the unsym metrical top. In its case, too, the 
quantising may be carried out exactly,* but, corresponding to the com- 
plicated nature of the Poinsot motion, the formulae are cumbersome and 
have so far not been made use of for band-spectra. We must, therefore, 
endeavour to link up its treatment with that of the symmetrical top. In 
the case of water-vapour H^O, which is of chief interest to us, this seems 
fully justilied. We follow Kossel in imagining that the structure of the 
hydrogen molecule is, if not completely, at least ap])roxiinat(*ly sym- 
metrical, that is, the 0-nucleus apjjroximately lies on the same axis as 
the two Il-niiclei. The moment of inertia K about this unique axis of 
the moleciiilar structure is then considerably smaller than about th(^ other 
principal axis. If a rotation about the unique axis occurs, its angulai* 
velocity (stic above) is very great. This suggests to us to use in our 
calculations, instead of the momentary configuration, the mean conligura- 
tion of the HoO-molecule that arises through rotation about the unique 
principal axis. This averaged H.,0- molecule is of course a symmetrical 
top, so that in its case we may speak of a uniform value ^ of the equa- 
torial moment of inertia, and may use the expression (7) for the kinetic 
eneigy in our calculations. 

To pass on to band formulye v/e follow i^ohr by forming the dilfei’ence 
between the initial and the linal state. In doing this we must, of course, 
take into account the change of oscillation and of the electronic con- 
figuration besides the change in rotation. The state of oscillation is now 
considerably more manifold than in the case of di-atom ic molecules lie- 
cause now not one but two or more free vilirations of the nucleus are 
possible (cf. what was said about H^O on p. 424). In addition to the 
change in the rotational quantum number m we must now take into 
account the change of the jiroper rotation which (on account of 
K J) causes considerably greater differences of energy than the foi-rner 
differences which are of the same order of magnitude as for the change 
dn the quantum number of oscillation. Whereas the change in 7 ii pro- 
duces the individual pai-tial band, the change in takes us on a con- 
siderable distance in the spectrum, into another region of the band 

* P. Kpstein discusses the various ways of doing this in Pliysikal. Zcitsclir., 20, 
(1019), where detailed references are given. 
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speeLruin. Through this newly added degree of freedom corresponding 
to the (juantum number as well as through the greater manifold of 
possibilities of oscillation the structure of the whole band-system is, as is 
easy to understand, considerably more complicated than before. This 
shows itself in the case of H 2 O even in the infra-red spectrum, which 
distinguished itself among the di-atomic molecules by its particular sim- 
plicity of design, but which in the case of H 2 O consists of a whole array 
of partial bands that partly overlap. 

We here restrict ourselves to the law of the individual partial band, 
and thus consider only changes of m, whereas we sum up the action of 
the simultaneous change of m^^ with that of the oscillation state and elec- 
tronic state in a constant term that we shall not analyse further. If, 
for the moment, we here also take into consideration the transition 
m ± 1 -> m, we get as the component of rotation of the band formula, 
and, at the same time (disregarding the constant term), as the law of the 
partial band, from (7) : — 

= B' ± 2B'm + (B' - B)m^ 

exactly as in ecpi. (2), S 3, and with the rotation of ecpi. (6), ^ 4. But, 
compared with the earlier expression, there is the following characteristic 
difference : Whereas m was formerly able to assume all values except 
xei’o, wo may now, by (10), use only the values m (The correspond- 

ing condition as for the final state viy would also have to be imposed 
for the initial condition m ± 1, m^', and would here require that 
7/i ± I ^ 7/i^/ ; but this only leads to a further definite restriction for 7ti 
if W(} make definite assumptions about the quantum jump 

The resti’iction m > 0 denotes that in the hand spectrum of 
atomic molecules still more 7ieujhhouring lines mast drop out on both sides 
of the zero {nail) line. Lenz * first enunciated this conclusion. From the 
essay (quoted on page 418, but which was only published in 1921, wo see 
that Bohr conceived the same idea, particularly as applied to infra-red 
specti a, some years earlier. This conclusion is confirmed in a convincing 
fashion in our Fig. 107. Here there is missing in the band spectrum of 
11^(3 not only the zero line m = 0, but also the lines m = 1 in the posi- 
tive and negative branch. Thus Fig. 107 proclaims that the molecule 
of water vapour when emitting the band spectrum in question with the 
quantum number m^ = 1 rotates about its unique axis, which is ap- 
proximately the line connecting the nuclei. We here briefly mention in 
passing that peculiarities also occur in the infra-red of water vapour in 
the vicinity of the band 6*24 p. Over and above this, Heurlinger has 
established in his dissertation that in the case of several band-spectra 
produced by complicated carriers (MgH.^, etc.) various band lines that 


111 the essay quoted in § 1 . 
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are neighbouring to the ;^ero line are tlro])])e(l out. liungt‘ ^ a})peavs 
to have ascertained the same in the case ot‘ CX, hands. 

But there is a still more striking consequence of molt'cular gyroscopic 
motion, mamely the occurrence of the zero branch in addition to the posi- 
tive and negative branches (which are alone present in the cyanogen 
bands), for example, in the case of H^jO (Fig. 107) and of the above- 
mentioned complicated carriers, for which Heurlinger established the 
absence of certain lines. To be able to decide when a zero branch will 
appear and when it will be absent, we must refer to the principle of 
correspondence (cf. Note lOg). This states that if the molecule executes 
a regular precession, the transition m m which was forbidden in the 
case of pure rotation, becomes admissible; here m denotes the quantum 
number of the total moment of momentum. Now, as we have to expect 
pure rotation only in the case of diatomic molecules of an axially sym- 
metrical structure, but more or less regular precession in the case of 
polyatomic molecules, which are partly or wholly uiisymrnetrical, the 
transition m w, and hence eqn. (2a) on page 431 is in fact shown to 
be valid for molecules of this type. 

T/im 7ve briwj the evidence of the zero bramfi into relationship with 
the fact that the molecule can, on account of a certain lack of syvunetrfj in 
its strnciivre, perform a ]) recessional motion. 

The fact that there was no zero branch in the case of the cyanogen 
bands is a further coniirmation of this view of the zero branch, in so far 
as we deny that the carrier of the cyanogen bauds in the excited state, 
too, has no paramagnetic properties (electronic motion with a resultant 
moment about the axis of figure). 

The surest criterion for the existence or non-existence of a moment 
of momentum resulting from electronic motions is, however, furnished — 
in the case of molecules as well as of atoms — l^y the Zeeman effect. Un- 
fortunately we are still far from having a systematic survey of tlie Zee- 
man phenomena that are possible for band-specti-a. It has already been 
mentioned in the previous section that in the case of the lines of It, -bands 
that have been grouped together into partial bauds, of the many-liues- 
spectrum, no Zeeman effect occurs. In the case of the cyanogen bands 
only a decidedly small magnetic effect, that varies with the square of 
the field, has been shown to take place.t In the case of other band- 
spectra there are cases of anomalous resolution and of negative polarisa- 
tion, that is polarisation in a reverse sense to that in the normal effect. 
Ill view of the many possibilities of the arrangement of the electronic 
revolutions in the molecule there is no reason for surprise in this. Lenz 
finds (loc. cit.) that, even in the simple case of a di-atomic molecule which 
is furnished with a moment about the axis of figure due to electronic 
revolution involving the quantum number Wq, it is possible for a Zeeman 

* Zc(3man-Jubilaumslieft, Pliysica, 1 , 254 (1921). 

t A. J3aclicm, Zeitsebr. f. Pbys., 3, ^72 (1920). 
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elTect with reversed sign to 0 (*>cur. But this assumption, which is 
founded on schematic grounds, docs not seem to suffice for the quanti- 
tative ex}»lanation of the observations in question, and, indeed, the data 
of observation are far from being sufficient to allow a final judgment. 

§ 7* Continuous Spectra. 

Besides band-spectra which appear discontinuous if the dispersion 
is insufficient, there are beyond doubt also really continuous spectra both 
in emission and in absorption. 

The continuous character seems to have been established most 
securely in the case of those absorption bands that link up with the limit 
of the H.S. of the alkalies. After having first been observed by Wood in 
the case of Na they were investigated in detail by Holtzmark.* Our 
Fig. G4 exhibits the sequence of Na- vapour absorption lines continually 
increasing in density as far as the series limit, where the figure is cut off. 
Actually, the absorption region extends further, and, indeed, becomes 
gradually and continuously darker. Corresponding emission and al>sorp- 
tion bands that must l)e due to hydrofjen, and, indeed, to dissociated 
hydrogen, have been observed in star spectra at the VimVt ot the Ba\- 
mer series; they have been worked out and plotted by Hartmann.* 
The continuous emission spectrum of hydrogen, mentioned on page 203 
that was produced by Stark by means of excitation by canal rays is ob- 
viously of the same origin as these star-spectra ; it begins at \ = 360 /jl/ul 
(limit of the Balmer series) and extends to at least \ = 200 /x/jl with a 
maximum of darkening at X = 250 /x/x. 

The occurrence of continuous spectra in the Kontgen region is well 
known. The absorption spectra shown in Figs. 58, 59, G1 are analogous 
to the visible spectra just discussed. They link up with the K- or the 
L-limits on the side of short waves, that is, they are sharply limited on 
the side of long waves. In addition to this there is the continuous emis- 
sion spectrum of Eontgen rays, which we called impulse spectrum on 
page 25, and which is sharply cut off on the side of short waves. 

The theory of the continuous bands that link up with the series 
limits has been sketched by Bohr.t The exact validity of the frequency 
hypothesis 

= ( 1 ) 

is retained in it. If a continuous spectrum is to come about, then either 
the initial or the final states (or both) must form a continuous manifold. 
The states in question must not then be quantized or, expressed in 
other words, the electron involved may not, in the initial or the final 
state, belong to the atomic configuration but must be a free electron. A 
continuous emission spectrum arises if an origii^lly free electron is .taken 

*Physikal. Zeitsclir., 18, 429 (1917). 
t Kopenhageuer Akademie, Part II., § 6. 
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up into the configuration of an originally ionised atom and thus neutralises 
the latter. A continuous absoqition spcctmm arises if, stiy, an originally 
neutral atom becomes ionised and thereby sets an electron free. 

Let us consider the process of emission more closely. The originally 
free electron is, so to speak, at an infinite distance from the atom. Its 
energy 

W^ = E,;„ (2) 

is therefore able to assume all positive values. If the electron becomes 
attached to the atom, it passes over into a definite quantum oi bit. The 
energy that it possesses in this orbit is negative, being 

W, = - AG (3) 

where G is the limit of the series for which the quantum orbit :n question 
is the final orbit. From (1), (2), and (3) it follows that 

e - G + .... (4) 

The continuous spectrum represented by (4) thus links up continuously 
with the series limit G on the side of short waves, v = G occurs when 
an electron with vanishingly small kinetic energy enters into the atomic 
configuration ; v G occurs if the electron had an initial velocity. The 
released electron leaves with the energy We also see immediately 

why we said in connexion with lloltzmark’s photograi)hs that the inten- 
sity of the continuous spectrum must link up continuously with the inten- 
sity of the line spectrum that accumulates at the limit G. As a matter 
of fact the transition to a quantum orbit of very high order is, physically, 
no longer different from the transition to infinity; consequently the pro- 
bability of these transitions will also merge into each othei’, that is, the 
intensity of the contimious spectrum will follow on that of the absorption 
series continuously. 

Instead of absorption process we may also say, process of ionisation 
01 ’ photo-electric effect. As we know [cf. eqn. (3a) on p. 342J, AG denotes 
at the same time the work of ionisation, that is, the least amount of work 
necessary to release an electron from the quantum orbit in question. If 
this minimum amount is exceeded, the ^jhoto-electric energy ¥ijc;n asserts 
itself. Only when the origin of the photo-electric electron is at the peri- 
X)hery (“ surface ”) of the atom, does G have the ordinary significance of 
work of ionisation. In general a greater or less amount AG has to be 
deducted from the exciting energy hv according to the depth from which 
the electron is released. In addition to this “ work of escape out of the 
atom ” there comes into consideration in the visible region the “ work of 
escape out of the surface of the metal ” (surface work, cf. p. 38), which 
is of the order of the contact differences of potential. On the other hand, 
in the Rontgen region the latter amount may be neglected. The K-limit 
of the excited atom or one of the L-limits, and so forth, here plays the 
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part of the G-liniit above. De Broglie * by photogi’aphing the magnetic 
spectrum (or “ velocity ** spectrum) of the electrons released photo-electric- 
ally by a characteristic Eontgen radiation was able to show that the 
kinetic energy of the released electrons comes put to be less than the Iw 
of the exciting Eontgen radiation by exactly the amount of energy corre- 
sponding to the nearest Eontgen limit. Ellis + showed the same for y-rays, 
where it appeared that for the limit G that is to be subtracted only the 
K-limit of the element receiving the radiation appears to come into account. 
The otherwise unknown hv of the exciting y-rays may here be calculated 
from the known K-limit, and the observed energy of the released elec- 
trons. In this case it is noteworthy that the primary y-rays have shown 
themselves to be strictly discontinuous, that is they form a line-spectrum ; 
thus a continuous background (cf. p. 34), did not show itself. The con- 
jecture, already expressed on page 172, that the hardness of true y-lines 
is probably considerably greater than the lines claimed as y-radiation by 
Rutherford and Andrade is thus confirmed here. 

After this digression we must revert to continuous spectra. In the 
case of iodine an emission spectrum has been photogi’aphed by Stenbing J 
which apjiears as a continuous band even at dispersions that completely 
resolve the (very narrow) band spectrum of iodine. Franck § connects 
this in a very interesting manner, with the electronegative behaviour of 
the iodine atom, with its tendency to perfect itself into an 8-shell by 
taking up a foreign electron (cf. p. 103). The difference between this 
and the continuous emission spectra considered above consists in the 
circumstance that the iodine atom need not be ionised to attract an elec- 
tron to itself, but that rather even in the case of the neutral iodine atom, too, 
the electron affinity suffices to effect the assimilation of the foreign elec- 
tron. Here, too, the continuous character of the spectrum corresponds 
to the continuous distribution of the initial kinetic energy of the adopted 
electron ; e(|n. (4) continues to stand, with the difference that the quantity 
G, that is the long wave limit of the continuous spectrum now directly 
measures the electron affinity of the iodine atom. From his measurements 
of the ionisation potential of HCl, HBr, HI, KnippingH calculates the 
electron affinity of the halogens, in particular that of I, and finds that 
they agree excellently with the values obtained by Franck and Steuhing. 
In the case of Br, too, the agreement is perfect ; the corresponding con- 
tinuous band has here been recognised by Steubing in older photographs 
by Kder and Valenta. In the case of Cl the continuous spectrum is as . 
yet unknown. 

According to the principle of correspondence (Note 10). the contrast 
between line-spectra and continuous spectra is, as Bohr mentions {loc, cit.)j 
the same as that between Fourier s series and Fourier's integral. The 

* Address at the Third Solvay Congress, Brussels? 1921. 

t Proc. Roy. Soc., 99a, 261 (1921). X Zeitschrift f. Phys., 5, 428 (1921). 

Ann. d, Phys., 64, 693 (1921). II Zeitschr. f. Phys., 7, 328 (1921). 
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electronic motions belonging to the atomic configunitions allow them- 
selves, as long as they are conditionally periodic, to be developed in a 
Fourier series with respect to time ; in general several “ libration periods 
(rjfe l/vf. in the nomenclature of Note 10) serve as the intervals of the 
development. The motions of a free electron that comes from infinity or 
is ejected to infinity possess no finite libration periods. They do not 
allow themselves to be represented by a Fourier series but only by a 
Fourier integral. According to the principle of correspondence there arise 
out of the discontinuous frequencies of the members of the Fourier series 
the discontinuous frequencies of a line-spectrum. But in the same way 
there arise out of the continuous frequencies of the Fourier integral the 
infinitely close frequencies of a continuous spectrum. 

We must not fail to remark that this indirect mode of inference is 
totally different from the direct mode at the beginning of this parag'a])h. 
Now we are concerned with the course in time of the motion and with its 
I'epresentation according to the classical theory of vibration ; before, we 
were concerned only with the energetic aspect of the possi])ilities of 
motion and its interpretation on the quantum theory. 

Finally we turn to the continuous spectm of the Kbntgen region. We 
have already remarked above that the absorption bands that link up on 
the hard side with the K- or L-limits correspond exactly to the absorption 
bands that link up with the series limits in the visible region. The fact 
that emission bands have not also been observed at the same points in 
the Eontgen region is obviously due to the circumstance that gaps in the 
atomic structure that have come about in the interior through ionisation 
are filled in much more easily by electrons from the outer shells than by 
free electrons. 

But we have yet to deal briefly with the emission spectrum forced into 
existence by the impact of the cathode- ray particles {hnjmlse spectrum). 
This is emitted by electrons that do not belong to the atomic configuration 
in either the initial or the final state. We have to j)icture to ourselves 
that the cathode-ray particle that is originally free penetrates only mo- 
mentarily into the atomic configuration, shoots past the neucleus, is 
deflected out of its orbit, and then again leaves the atomic configuration 
along a hyperbolic orbit. In this process, it is immaterial whether the 
atom as a whole is neutral or ionised. The deflexion of the electron is 
caused by the whole nuclear charge, not only by an excess charge due to 
the ionisation. The fact that the electron was^ also able to exist as a free 
electron after having passed through the atom is shown at the short-wave 
limit of the spectrum (p. 178), This corresponds exactly, as we know, 
to the exciting potential of the cathode-ray. But if the electron were to 
remain poised in an inner orbit of the atom, the energy of this shell [the 
quantity JiG in the nomenclature of eqn. (4)] would become added to the 
original energy of the cathode-rays and would produce a harder limit 
than is observed. It is, however, too arbitrary to assume that the elec- 
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tron sliould remain poised exclusively at the periphery (“ surface "') of the 
atom. 

After this there can scarcely be a doubt about the general view of 
this most important example of continuous spectra, especially about 
the quantum interpretation of its short wave limit : it is produced by 
such electrons as possess the full initial energy of the cathode gradient 
of potential and lose this energy completely in their passage through the 
atom. Thus, in this case, the process of retardation leads to complete 
rest, the remaining spectrum corresponds to processes in which the 
retarded electron retains a part of its initial energy and escapes out of 
the atom with it. 

Nevertheless everything still remains to be done for the proper theory 
of this impulse (or “retardation”) spectrum. We are not there dealing 
with questions of frequency (these are already decided in the case of a 
continuous spectrum when the limiting frequency is given), hut with 
questions of intensity. How is this frequency distributed over the 
various parts of the spectrum ? How does it increase after leaving the 
short wave limit? Where is the maximum? How does it decrease in 
the direction of long wave-lengths? How does the maximum in- 
tensity depend on the potential and, in particular, how does it depend 
on the atomic number of the retarding atom ? These questions have for 
the most part already been exactly answered experimentally (cf. p. 179), 
but are still quite unexplained theoretically. As in all (questions of in- 
tensity, at present only the principle of correspondence seems available 
for formulating an answer ; but a satisfactory treatment has not yet been 
given along these lines. 
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§ 1. Preliminaries Concerning the Theory of Relativity. Variability of 
Mass and Inertia of Energy * 

T hat mechanics is concerned only with relative motion is a fact 
that has been known from earliest times. The statement that a 
body is in motion has a meaning only if a body of reference is 
given with respect to which the motion is measured. Whether this body 
of reference is itself at rest or in uniform motion is indifterent and can 
never be decided by mechanical observations. Irregular motions of the 
body of reference or motions in which the direction alters may, on the 
other hand, be established by observation. Accordingly the principle of 
relativity states : it is impossMo to prove by mechanical means that the 
world of material bodies accessible to our senses has a common uniform 
rectilinear motion. If we were unable to see the starry firmament, there 
would be no sense in talking of a progressive motion of the solar system 
in space. We may also briefly express this as follows : Mechanics denies 
absolute .space, as it has no means of detecting signs of its existence. 

As our body of reference is only something to which and by means of 
which we refer our measurements of the changes of position of points 
under observation, we may appropriately rei)lace it by a mere co- 
ordinate system of reference. Thus in the sequel we shall use the 
expresssion co-ordinate system instead of body of reference, for example, 
we shall speak of a rectangular system x, ?y, z. But not every co-ordinate 
system is of use to mechanics. For example, in the case of two systems 
that are rotating with respect to each other, only one can be a correct 
system. The criterion for the correctness of a co-ordinate system may he 
stated only in rather indirect terms : in it the principles of mechanics 
must be fulfilled; in particular, a point-mass which is shown to be 
subject to no external forces must, in accordance with the law of inertia 
(Newton’s First Law of Motion) be at rest with respect to the system or 
must move uniformly in a straight line. If a system .r, z has been 
found correct on this criterion, then so is every other “ accented ” system 
Oif y\ z' which moves uniformly and rectilinearly with respect to the 

* Cf. the popular account by Einstein, “ Tiie Theory of Relativity ” (Messrs. 
Methuen & Co., Ltd.). A list of translations published by the same firm will be found 
at the end and on the cover of the present volume : it includes Einstein’s original 
l^apers and Weyl’s “ Space — Time — Matter.” 
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loi’inor ir we take the direction of relative motion of the two systems 
as th(‘ or .'c'-axis respectively, then (Pig. 109 a or b) the following 
relations hold for the momentary position of each point P and its co- 
ordinates in space and time ; 

x' X - vt, y' = y, z = Zy i’ = t . . (1) 

The special feature in the above way of writing the transformation 
formulae is the addition of time as a fourth co-ordinate of the moving 
mass-point. The time does not become transformed when we pass from 
one correct or allowable” system to another such system. Mechanics, 
deals indeed with space that is relative but with time that is absolute. 




What is the position with respect to the rest of physics, electro- 
dynamics and its sub-section optics which is distinguished by the 
accuracy of its observations? Does the relativity of space hold here 
too? We shall first recall two experiments which appear to give 
evidence against the relativity of space, that is which make absolute space 
appear as the carrier of physical phenomena. One experiment taken 
from the realm of optics (Fizeau’s experiment), the other from electro- 
dynamics propel’ (Rowland’s experiment). Light propagates itself 
through space with the characteristic velocity c ; it is carried along 
either not at all or not to the full extent by the body of reference in 
which it is propagated, if the latter is in motion. We are familiar with 
the fundamental experiment of Fizeau, in which he directed light 
through flowing water and determined by interference measurements 
the difference of path that occurred when the light traversed the water 
partly in the direction of its motion and partly in the opposite direction. 
The velocity of light in water was found in this way to be equal, not to 
c ± Vj but to 

^ ± v( I - ^ 


where n is the refractive index of water.^ ejn is the velocity of light in 
water which is at rest, and v{l - l/iir) is the ‘"convection” effect of 
the .moving water. Both quantities may be completely accounted for by 
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the action of the electrons present in the water on the liglit ; this action 
is expr(‘ssed in the ina^itiide of the refraction ind(;x //. Apart fronj this 
action, that is, for n --= 1, the velocity of li^ht would, hy the aljove 
formula, also be ecpial to c in flowing water. ]t is concliuh'd from the 
non-convection of the light for n = 1 and the only partial convection for 
1, which, as it is, may he explained on the ground of the electronic 
fields, that light is propagated, not like sound thiough matter, hut 
(apparently) through absolute s])ace. The space that is postulated for 
the purposes of the motion of light is conceived as being something 
material and is called the ether {lAchUither). 

Something similar is shown in the region of true electrodynamics hy 
the proof, carried out in Helmholtz’s laboratory by Howland, that moving 
electric charges exert a magnetic action. This action is similar to that of 
an electric current that transports the same quantity thiough the cross- 
section of the conductor as is conducted as a result of the motion. Tiius 
the magnitude of this magnetic effect appeared to depend on the absolute 
velocity of the electric charge. Absolute velocity was affirmed to be 
velocity with respect to the universal ether. 

When scientists made an earnest endeavour to draw final consequences 
from the idea of the absolute system of reference, the ether contradictions 
manifested themselves. In this connexion we shall also quote two ex- 
periments, as above, one that is optical and one that is purely electro- 
dynamic. 

The final decision rested with the experiment, conceived by Maxwell 
and carried out by Michelson and Morley with great refinement of 
technique, directed at proving the progressive motion of the earth in 
its orbit about the sun. What was impossible mechanically was to 
succeed optically. If light really propagates itself in the absolute ether 
it should travel relatively to the earth more slowly in the earth’s 
direction than in the reverse diiection. The difference of path would 
have been manifested by the interference experiments with sufficient 
accuracy. But they disclosed no difference of path ; the Michelson- 
Morley experiment gave a negative result. 

The same occurred in the case of an electrodynamical experiment 
which, elaborated from an older arrangment by Hcintgen-, was carried 
out by Trouton and Noble. A delicately suspended electric condenser 
represents, on account of the earth’s motion, a convection current in the 
sense implied in Howland’s experiment, and should exhibit magnetic 
forces that tend to turn the condenser. Or, expressed in other words, 
the ether wind that blows through the condenser should be made 
apparent by deflexions of the galvanometer. Here, too, no vestige of 
the existence of an absolute ether showed itself. 

It was inevitable to conclude that the absolute body of reference 
“ether” was only a fabrication of man and that, in reality, optical 
and electro-dynamical events take place on the moving earth just as if 
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th(‘ earth wtiro at rest. Generalising this, we had to assume the same 
result lor every body of reference (that is not accelerated). Thus the 
principle of relativity also holds for optics and electro-dynamics : it is 
htLjKjss/hle to 'prove a uniform motion of the s'ljstem of reference hy means 
of upitoal or clectrodynamic measurements carried out within the system 
of nfri ence itself. 

In this negative form the principle of relativity of optics and electro- 
dynamics is the same as that of mechanics. From the following intro- 
ductory reflexion we recognise that, in spite of this, it leads to quite 
different results and that it makes a much deeper incision into our 
customary ideas. 

l^et us again consider Figs. 109 a and h together and let us assume, 
as an example, that there is a source of light at rest in this system at O’. 
Cet it emit at the time = 0 a spherical wave; this is indicated in 
Fig. 109 h. We may imagine the accented system as the earth and the 
system at rest as the sun, with respect to which the earth moves per- 
ceptibly uniformly. The fact that we have a spherical wave in the ac- 
cented system, that is a uniform transmission in all directions is a direct 
result of the Michelson-Morley experiment. But in the unaccented 
system, too, we have according to our form of enunciation of the principle 
of relativity the same transmission in spherical waves. That is, the same 
event that appears to the “ accented ” observer as a spherical wave about 
O' is to be regarded by the “ unaccented ” observer as a spherical wave 
about 0. Those points of the accented system that are affected by the 
light disturbance at a definite accented time and which here lie on a 
sphei e about O' are to appear to an unaccented observer at a definite un- 
accented time to fill a sphere described about 0. Our ordinary ideas 
rebel against this way of thinking ; we have accordingly to reform our 
views of space and time to bring them into agreement with the principle 
of relativity of optics and electrodynamics. 

Fii’stly, we wish to meet an objection that has perhaps already thrust 
itself on the reader. The source of light was, for example, to be at rest in 
the accented system ; it then advances uniformly in the unaccented 
system during the emission of light. Is it not possible for this circum- 
stance to stand in the way of the equivalence of these two systems of 
reference ? Might not the light- wave in the unaccented system, which 
starts from the moving source of light move differently from the source of 
light which rests in this system, in such a way that we should have a 
spherical wave in the unaccented system but not in the accented one, or that 
both spherical waves might correspond to different values of cl We over- 
come this objection by setting up alongside the principle of relativity the 
Principle of the Constancy of the Velocity of Light, which has been 
amply confirmed by observation.* This principle states that when once 

* Since there is, in acoustics, no similar principle of the constancy of the velocity 
of sound, the following arguments cannot be applied to acoustic or other effects, but 
only to optical ones. 
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the light has loft its source, it propagates itself, withoul auy riic-olloction 
of its origin, in accordance with the laws of the optical iicld, that is in all 
directions with the same velocity c. The event is at every instant deter- 
mined by the field distribution at this instant, not by the previous history 
of the optical excitation, and thus not by the accidental state of motion of 
the source of light at the moment of emission. The propagation of light 
is a process due to the action of the field and not an action at a distance 
over an inteiwal of time. This state of aifairs is expressed most directly 
by the idea of the ether : the transmission is determined by the mechanism of 
the ether ; the source of light, once it has excited the ether, has no influence 
on the further process. Even if, after the observations of Michelson and 
Morley and others quoted above, we may no longer recognise the ether, 
yet we must take over the advantageous features of ether into the realm 
of etherless optics. We do this by setting up the principle of the con- 
stancy of the velocity of light in the above sense, which is thus to be 
regarded as a condensate and an indispensable l emainder of ether physics. 

Aftei’ having sketched in general outline the consequences of the 
principle of relativity of optics and electrodynamics by the above remarks 
we must now proceed to a quantitative discussion. We shall set up the 
transformation formulaj which eflect the transition from one optical 
system of reference to another. These transformation formulai will he 
diffe]’ent from the coiresponding transformation formulai of mechanics, 
eqiis. (J). As before, we imagine a light signal to start out from the point 
0 of Fig. 109 a at the time t = 0, It propagates itself accoi’ding to the 
principle of the constanc} of the velocity of light with the velocity c in all 
directions, and thus at the timti t it fills a sphere of light of radius ct whose 
equation is 

X’ q- ;//“ -f - cH- = 0 . . . . (2j 

We assume that at the time ^ = 0 the point O' of the accented 
system coincides with the point O of the unaccented system. The light- 
signal is perceived in the unaccented system, too. For an obsei vor in 
this system it starts out from O' (cf. Fig. 109 b) and, as we know, also 
propagates itself in this system in all directions with ther velocity c, 
independently of whether the light-signal is considered at rest or in 
motion, as O or O'. At the time t' it fills the surface of the sphere of 
light 

;r'^ + y- + = 0 . . . • (^) 

liquations (2) and (3) describe the same event. The desired trans- 
formation formula? are contained implicitly in this identity. 

We assume — without proof, for the sake of brevity — that the follow- 
ing relations as in (1) hold for the co-ordinates that aie perpendicular 
to the direction of the relative nfot’ori 

y' 


z z , 


( 4 ) 
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and, also, the transformation formulae are linear. It then follows from the 
identity of (2) and (3) that 

ic'- — cH*'^ = - c^t'^ . . . • (^) 

Finally we must have 

X* = h(x - vt), X = h'{x + vt') . . • (6) 


where k and k' are constants yet to be determined that can depend only 
on c and t^e relative velocity v of both systems. The first eqn. (6) 
expresses that the point O' (x' — 0) in the unaccented system has the 
position X — vt and is the general statement of the first of eqns. (1). The 
second eqn. (6) states that, corresponding to the complete equivalence of 
both systems in Figs. 109 a and h the point 0 in the accented system has 
the position x' — ~ vt' at the time t\ This equation follows from the 
first by exchanging the accented and the unaccented co-ordinates and 
simultaneously -f- v with - v. We now calculate from the second 
eqn. of (6), taking into account the first, that 



and set the values (6) and (7) for x and t' in (5). By comparing the 
corresponding coefficients of and xty we get the following values 


that agree 


h = k' 


_ 1 

J'r~ p- 


where ^ is an abbreviation for vjc. Hence our transformation formulye 
assume the final form, in accordance with (4), (6), and (7) 


X - vt 

7i' - 


y = y. 


z = z, 


t' = 


Vi - p- 


( 8 ) 


By resolving these etjuations we get 

•■f;' +_^ _ , _ ^ 

Vr - p‘ V V’ ~ 


t’ + 


. (8a) 


that is, the same system of equations as (8) if + v and - v are ex- 
changed. 

These equations w.ere first set up by H. A. Lorentz and are called the 
“ Lorentz transformation.’' It is the memorable service of Einstein to 
have derived them from the principle of relativity, to have applied them 
in many directions, and later to have elaborated them still further. Ac- 
cording to eqns. (8) the change in the space co-ordinates also entails a 
change in the time co-ordinate ; space- and time-transformation are in- 
dissolubly connected with each other. Electrodynamics, in giving up 
absolute space (ether), is simultaneously compelled to give up tfie\^ea of 
absolute time. We follow Minkowski in calling the four-fold synthesis of 
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space- and time-co-ordinates the four-dimensional world. If we allow c to 
assume an infinite value in (8), we get back to the transformation formula) 
(1) of ordinary mechanics for i = 0. 

In reality, however, we may not take 6* == oo even in the case of 
mechanics. There can only be om principle of relativity, which per- 
meates mechanics in the same way as electrodynamics. The older 
mechanical principle of relativity must and can subject itself to that of 
optics and electrodynamics. Thus we shall claim ecjns. (8) for mechanics, 
too, and shall regard eqns. (1) only as a first approximation to the exact 
transformation, one that just suffices fo]- mechanics. Actually, the 
velocities of ponderable bodies are always so small compared with c tliat 
tonus of the order [eqns. (8) and (1) differ only l)y such terms] do not 
become noticeable here. This, strictly speaking, also banishes the con- 
ception of absolute time out of mechanics. In reality th*^ world of 
physical events is an indivisible four-dimensional manifold. It is only the 
large value of the velocity of light which b]*ings it about that, for the 
piu’poses of mechanics, this four-dimensional world resolves practically 
into three-dimensional space and one-dimensional, appareiitly absolute y 
time [f = /). 

We shall now call attention to several immediate consequencesarising 
out of the rich content of eqns. (8). In the interests of brevity we shall 
refrain from giving the ingenious fictitious experiments by means of which 
Einstein made these consequences more intelligible physically, and like- 
wise from giving a full descrijjtion of the four-dimensional picture which 
expresses most fully the fundamental remodelling of our space- and time- 
ideas as demanded by the theory of relativity. The popularity which this 
theory gained in wide circles after having been elaborated to the “ general 
theory of relativity ” (see below) rests largely on its philosophic content, and 
this content receives full expression only when clothed in four-dimensional 
language. On the other hand, here we aim at giving an account of the 
physical content of the “ special theory of relativity ” sucli as is sulficient 
to etiable us to understand the questions of fine structure. 

1. Lorentz Contraction. Let us consider a rod of length I at lest in 
the accented system and lying along the oi'-axis. Let the co-ordinates 
of its end points be x = 0 and x == L We inquire what is its length in 
the unaccented system with respect to which the accented system moves 
along the positive ;r-axis with the velocity v. For the purpose of measur- 
ing the length the observer in the unaccehted system has to seek the 
a;-co-ordinates of the end points of the rod, and, indeed, such ;r-co- 
ordinates as correspond to siumltaueous positions of the end points in his 
time scale. Simultaneous positions in the unaccented time scale are not, 
however, simultaneous 2)ositions in the accented time scale. For example, 
it follows from tlie last of eqns, (8) that 
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and so with x' = 0 and a;' = Z we get the two different values 


Z' = 0 and t' 


J. 


If we substitute (9) in the first of eqns. (8a) we get 

1 — V^Jc" 

-=713^.-'= s/1- 

Thus, for X = 0 and x' ~ I, it follows that 

i;; - 0 and X Jl - /iH . . , . (10) 

The length of the rod in the unaccented system is equal to the differ- 
ence of these two values, that is, equal to The rod aj)2Jears 

ahortened in comimrison with itn “ static length ” L The contraction is 
ineasuied hy ~ y8-. It is greater in proportion as ^ approaches 1. 
For v — c the length becomes zero. From this we already conjecture 
that c re}) resents an up'per limit for all velocities of matter. 

The method of derivation shows that the ground of the liorentz- 
contiaction is contained in the I'elative character of the conception 
“ simultaneous.” Whether two events are simultaneous, whether the 
one is perceived earlier or later than the other, depends (to a certain 
extent) on the i’elative state of motion of the observer. 

2. Addition Theorem of Velocities. Let a point be moving in the 
accented system with the velocity 

, dx’ , , . , 

d7 

What is its velocity in the unaccented system ? 


parallel to the /r'-axis. 
E(jns. (8a) state that 


dx 


dx' + rdt' 


. dx 


dt 


di' -r (•- 

- •" - 

From this it follows, hy (11) — ^after division — that 


dx 

(it 


I + 


±J 

rr 

c- 


(12) 


This is Einstein’s Addition Theorem of Velocities. It asserts that 
two velocities that are measured in different systems (r' refers to the 
accented, v to the unaccented, system) are not compounded addiiively hut 
hi-linearly. 

From (12) we see immediately that we can never exceed the velocity c 
hy superposing two velocities v and v\ both of which are smaller than c, 
v’ being measured in the system of reference that is moving with the 
velocity v. To prove this, let 


^^<land 
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Then we have, urxlov all circumstances, 

o<(i - /j)(i - A _ 

that is, /3 + ^' < 1 + A ov ^ ^ 

and, after multiplying by c, 


which was to be proved. The same result holds, of course, in the case 
of repeated addition of velocities. If one of the velocities to be com- 
pounded were already to equal c then it \vould not be increased l)y the 
addition of a second velocity, for 


V + c 

c- 


dx 


Conversely, it follows from (12) that if we now write and i for 


dx 

v' and respectively, then 

Cl't 

dx 

dt' 


X - V 


1 - 


XV 


(12a) 


3. Einstein’s Time Dilatation. Let us suppose that at a fixed point 
of the accented system time-signals are sent out at regular intervals 
They will also be perceived in the unaccented system as a regular succes- 
sion, but the intervals Ai will appear longer. For, from the last of e([ns. 
(8a), it follows, if x' is constant, that 




At' 


( 13 ) 


We may take as our time-signals the second beats of a clock at rest 
in the accented system. Observed from a system that is moving with 
respect to the accented system, the clock does not beat seconds. It 
appears to lose time as compared with an exactly similar clock that is at 
rest in the unaccented system. It is common to both the accented and 
the unaccented system that the time-signals are perceived at ditlerent 
times according to the position of the j)lace of observation, and this cir- 
cumstarica concerns a much simpler fact ’than the Einstein-d latation 
which is included in the time-definition from the very outset. 

Or we may take as our time-signals the vibrations of an atom which 
is at rest in the accented system. Viewed from the unaccented system 
the vibrations are slower. The spectral line observed in the spectroscope 
is displaced towards the red compared with the line emitted by the same 
atom when it is at rest in the unaccented system. (This is the so-called 
transverse Doppler effect, or Doppler effect of the second order, which is 
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not to l)(i (jonfiised with the ordinary Doppler effect which is of the first 
ordcn- \n and depends on the sense of the direction of motion.) 

This hiinstein tirne-dilation is the reciprocal of the Lorentz space- 
contraction. Roth together lead to the equality of two corresponding 
events in the accented and the unaccented “world.** The contraction in 
the ir-direction (the direction of the relative motion of the two systems) 
is exactly counter-balanced by the dilatation in the ^-direction. The 
relation 

dx dy dz dt ~ dx dy dz' dt' . . . (14) 

holds. 

This also follows analytically from the fact that the transformation 
eqns. (8) have the determinant 1. 

4. Variability of Mass. Let us consider the motion of a point-mass 
P in the plane xy. At the time ^ = 0 let it have the velocity v and let 
its direction bo along the a;-axis. At the same moment w^e attach to it a 
co-oi dinate system x'yt' uniformly with the velocity v. When i = 0, 
P is at rest in this system and has the “ static mass ** in it. Let the 
force that acts on P be X'Y' in the accented system, and XY in the un- 
accented system. Since the ])oint-mass also gains speed relatively to the 
accented system in the course of its motion, its mass in this system 
need no longer be the statical mass ; let its mass be denoted by m ' ; 
then VI = only at the beginning. The equations of motion (change of 
impulse = force, cf. p. 194) are for the accented system : 


A 

dt' 





(15) 


1 f we carry out the differentiation in (15) and restrict our attention to 
the beginning of the motion 

(‘■-‘-O' 


thoa we get for this initial instant : 

(Px 




X'. 


m, 


dt' 

dhf 


dt' 

- T 


(16) 


d'^x' d'^v' • 

We translate the accelerations - ^ and into terms referring to 

(to ** do 

the unaccented system. 

According to the elementary formula of the law cf falling bodies 



<2 


we write down the following expressions for the accented and unaccented 
systems, and for a sufficiently short time Ai' and A^, respectively, during 
which the motion may be regarded as a uniform acceleration : 


1 drx' 


2 f/r-* 




(17) 


s 


1 fx 

Kd¥ 


{Mf 


(17a) 
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According to eqn. (10) (Lorentz contraction) and (13) (Einstein 
dilatation), we have 

. - J1-- i - (m 


By substituting these values in (17a) we get 

s' = i ^ fl7c^ 

2 ' dV^' (1 - ^ > 

Comparison with (17) shows that 

d^x' ^ d^x 1 /^gx 

df^ ~ dP ‘ (1 - ‘ ' * ' ^ ^ 

If we do the same for the 7 /- and the 7y-direction, then the eqns. (17) 
and (17a) hold unchanged if x be replaced by y. But in place of the 
first eqn. (17b) we get .s = s\ since no Lorentz-contraction takes place 
in the 7 /-direction which is perpendicular to the dii-ection of motion. 
Hence we now have in place of (17c) 

If we compare this with the equation 

which is analogous to (17), it follows that 

=; ^ noi 

dP * i - ^ ' ' ' * ^ ^ 

On account of (18) and (19) eqns. (16) pass over into 

mo_ d^x y-, d^y ^ Y' (9(\\ 

(1 J • dP ’ 1 - 0“ ' dP ‘ * * ^ ^ 


7/i^ d^X / 

(1 P ' dP " ' 


But we must further ask how the accented forces X'Y' transform, that 
is, what quantities XY the unaccented observer perceives as forces. For 
this iiuiq^ose we must borrow from electrodynamics (our question would 
remain unanswered in mechanics). If X'Y' denote electric forces that 
acu on a charge e at rest in the accented system, then for the same forces 
in the unaccented system we should have (the charge e' in the accented 
system is the same as the charge e) : 

X = X', Y=Vl-y8^Y'.' . . . (21) 

We can now at any rate regard the forces X'Y' that occur in eqns. 
(16) as forces of electrical origin if we endow our point-mass with a 
charge (which may, for the rest, be arbitrary) and we may thei’efore 
apply eqns. (21) to them. Then eqns. (20) may be written, without 
reference to the accented system in the form : 


(! >. yjaja/iJ ‘ dP 
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In place of the static mass in eqn. (16) we here have a “ moving 
mass,” and indeed we have a different one for the o^-direction than for 
the 7 y-direction. The .^-direction is the direction of the instantaneous 
motion, the longitudinal direction ; the 7/-direction is transversal ” or 
perpendicular to the motion. The coefficients of longitudinal and trans- 
versal acceleration in eqns. (22), namely. 




(1 ->)r 


UK 


(1 - 


(23) 


is (or was) therefore called the longitudinal and the transverse mass. 
But in Chapter IV., 1 (cf. p. ) we have already emphasised that the 
fundamental law of mechanics is wrongly called a law of acceleration, 
and that its correct name is the law of momentum or impulse. Not the 
kinematic acceleration but the dynamic momentum in the sense of 
Newton and in that of a natural system of mechanical conceptions 
defines mass. Accordingly, we re-write eqns. (22) in the form of the law 
of ‘momentnm for the u'lmccented system in the manner of eqns. (15) which 
eixprcssed the law of momentum for the accented system. They then 
simply become 

d / dx\ _ V d / ^;//\ _ y jc)i\ 

(it \ ’ ^t\ Ji dt) ’ ” ^ 


Here fi now denotes the velocity of our point-mass, which varies during 
the motion, divided by c ; so that in carrying out the differentiation with 
respect to t in (24) we must now also take into account the variability of 
/?. As a matter of fact we may easily convince ourselves that the eqns. 
(24) and (25) become identical for ^ = 0. For 




Wn 


dx 


ix\ __ w,)/? d^ dx 

dtVjl - ^ ' ^t) * di'^ ' dt ' dt 

d 
df 


(i ( mj, dy\^ ^ 

dtKJl ^ p' dt) Vl - ^ (1 - ‘ dt 


If we now notice that, on the one hand, for t = 0, -= cB and 

dt 

t= ^ and that, on the other hand, = 0, it follows, firstly, that 
dt dt^ dt ’ J ’ 

d ( m,, ^ w,, d'fv 

dt\ ~J\ - ‘ dt ) (1 - ' 

and, secondly, that 
(i 

dA 


Vdt^ (1 ~ * dv^ 


/ __ ^ 


d"y 
‘ dt-‘ 


But, by this, our eqn. (24) becomes identical wdth (22) and this was 
what was to be proved. Kquations (24) show that if the mechanical 
principles are interpreted correctly the vwvincj viass is, under all 
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droumstances, given by the formula which was set up by Lorentz as 
early as 1904, namely: 


m 


j\ - 


(25) 


It increases according to a uniform and very simple law as the velocity 
approaches that of light. There is no longer any question of a longi- 
tudinal and a transverse mass. This distinction is purely a diflBiculty 
created by ourselves and due to an inappropriate view of the fundamental 
mechanical law. The experimental proof of eqn. (25) is regarded as the. 
GX'pey'imentum cA'ucis of the theory of relativity. The direct proof for the 
realm of electricity (by means of cathode rays or ^-rays) was attempted 
long ago by Kaufmann (cf. Chap. I, 4), but was only accomplished by 
hisisuccessors at a much later date by means of refined methods.* It 
is com2)aratively easy to prove it indirectly by spectroscopic means, as 
we shall see at the end of this chapter. In both methods the subject of 
the experiment is the electron. But our mode of derivation shows that 


the variability of mass is by no means restricted to the micro-mass of 
the electron. The theory of relativity asserts that this law holds for 
every iDonderable mass. It is true that the prospects of confirming the 
law experimentally on this large scale are very meagre. 

5. Inertia of Energy. We pass on from the laws of motion of the 
point-mass to the equation of energy. For this purpose we follow the 
ordinary procedure of classical mechanics and multiply eqns. (24) by 


and ^ respectively, and add them. 


No essential limitation results 


from our keeping to plane motion, that is to the two co-ordinates x, y. 
We shall, however, drop the special assumption that the ic-axis is to be 
in the direction of motion, so that in future w’c are to take as standing 
for the following : 



( 2 (>) 


We then get for the right-hand side : 

^ d.T . Y 

(it dt dt (it 


as the rate of work (activity) of our force; or, if the latter has a potential, 
it is the negative rate of change of the potential energy with respect to 
time. From this it already follows that the left-hand side must be equal 
to the time change of the part of the energy contained in the motion, 
namely of the kinetic energy. Thus we have 


d\^^lcin 

dr 

d / m„ 

dx\ 

. % 

±( 

' Wo 

1 

dt 

' dt\Ji ~ 

■ di) 

dt 

dO 

dt) 


* Cl. Sohafer and G. Neumann, Ann. d. Phys., 45 » 629 (1914) ; Oh. E. Guyo and 
Oil. Xjavanchy, Arch, de Geneve, 41 > 286 (1916). 
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or, if w(i group the right-hand side appropriately and take into account 
eqn. (2G), we get 


^ d ( »»p_. \ \ -t- — ^~y\ 

dt di \ L\d< / \d< / J jl- ^\dt ' dt^ dt ' dP) 


7l - ^ 


Vl - )8--* 


= m^fi^ 


V(i - (1 - 


dfi 

at' 


If we write the expression in the brackets over a common denominator, 
then 

cit (1 - /^ji^ * clt dt ' 

We thus have 

hV„ - const. 

n/ 1 - yS- 

The integration constant here added is determined by setting the kinetic 
energy equal to zero when the velocity vanishes. Thus const. = - 
and 

E.,. - - 1) . . . (27) 

Perhaps it is not superfluous to point out that the usual expression 
for the kinetic energy emerges out of this when c is made to pass 
to the limit oo . We need only develop our expression in series : 

(1 - /i-) : 1 -f + • • • 


and, after multiplying by c-, to cancel those teiTUS that have c in the 
denominator. Here, too, classical mechanics appears as a degenerate 
or mutilated form of relativistic mechanics. 

In conjunction with eqn. (25), eqn. (27) allows an interesting inter- 
pretation. We write it in the simple form 

= c^{vi - 77io) or m - ■///„ = . . (28) 

c- 


Tliiis the chamje of masfi ‘produced hjj the motion is equal to the kinetic 
energy divided by c-. 

This result is to serve as the simplest example of the general law of 
inertia of energy which Einstein derived from relativistic considei ations 
(conservation of the centre of gravity during radiation) and which he 
regai’ds as the most important result of the special theory of relativity. 
In general, the law states : every quantity of energy of any form ivhatso- 
ever represents a mass ivhich is equal to this same energy divided by c-; 
every quantity of energy in motion represents momentum. W'e have 
already used this law in Chapter II, § 6,' p. 95 as an explanation of the 
30 
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stability of the He-iniclous. Furthermore, in Oliaiiier V, S 1, p. 2r)!), xs,, 
have leduced the pressui'(s ol ludialiou to tlic same lavs, namely, to the 
momentum of the rays of light. 

Our survey of the theory of relativ'ity is, of com >e, very incomploU; 
and adapted in a one-sided way to meet the reijuiremeiits of the applica- 
tions intended in the sequel. Moreover, it was impeded by the necessity 
of giving an elementary account. The full beauty and clearness of the 
. relationships of relativity come into evidence only when we venture to 
take up our view-point in Minkowski’s four-dimensional world. The 
somewhat laborious and lengthy calculations which we had to carry out 
heie in Nos. 4 and 5 to derive the relativistic mass and energy, then be- 
come supei fluous, and allow themselves to be replaced by more appropri- 
ate considerations. An account of the higher Hamiltonian mechanics of 
the theory of relativity will be found in Note 15. Here we merely wish 
to cast a glance at the powerful extension which we nowadays call the 
general theory of relativity ^ and shall contrast it with the special theory of 
relativity. 

After Einstein had set up the special theory of relativity in 1905, he 
straightway proceeded to sketch the structure of the general theory of re- 
iativjty, in which he had to overcome extremely great difficulties. He 
could not rest satisfied with systems of reference in uniform motion that 
occur in the special theory of relativity. What justification was there 
that they should play a distinctive part in the special theory? It would 
be possible to understand why they should be favoured only after the 
course of plienornena had also been investigated in arbitrary “ accelerated ” 
or “ rotating ” systems of reference. It was only by doing this that he 
succeeded in disclosing the philosophical scope of the idea of relativity. 

And yet another question did not cease to exercise Einstein’s mind ; 
although in the special theory of relativity mechanics and electrodynamics 
were represented very completely, yet the most fundamental force of nature, 
that of gravitation found no place in it. As early as in 1907 (in the 
JalirbiicJi dcr liadioahtivitdt), Einstein endeavoured to link it up with an 
extended theory of relativity by pointing out the equivalence of a homo- 
geneous gravitational field with a field in acceleration. But it was only 
in 1915 that he succeeded in fitting gravitation into the general theory of 
relativity in its final form. It was on the 29th May, 1919, the memorable 
day of the general theory of relativity, that the deflexion of the light-rays 
passing near the sun during an eclipse was confirmed in a striking manner 
in the case of seven stars, in conformity with the prediction of Einstein 
(cf. also p. 4(38 of the following section). From the point of view of this 
extended theory of relativity the discovery of Copernicus has also to suffer 
a coi-rectiou. The decision of the general theory is : it is, indeed, con- 
venient and reasonable to say with Copernicus that the earth is revolving 
around the sun, but it is not wrong to say with Ptolemy that the sun is 
. revolving round the earth ! 
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^ 2. Relativistic Kepler Motion. 

closely 6, Chapter IV, we now treat the problem of two 
'ht of relativity. Let the nuclear charge be E, and the 
- e. We disregard the counter-motion of the nucleus. 
\ j nucleus as the origin of a system of polar co-ordinates 

r, V not write down the differential equations of the motion, 

but b- ,<ibncern ourselves with giving a graphical description rather 
than a complete treatment. We may do this, as we shall again take up 
the problem in Note 16, and shall there use the methods of higher me- 
chanics which are remarkably appropriate to. the nature of our problem, 
and lead to a complete solution by the shortest route. 

Relativistic Kepler motion takes place in an ellipse tvhose perihelio7i is 
advancing. This means that if we represent the orbit in our polar co- 
ordinates r, <^, then its equation is : 

^ C| + (>2 cos yc/) .... (1) 


This equation differs from the non-relativistic eqn. (8) of the Kepler 
ellipse on page 234 in having the factor y in the argument of the cosine. 
This factor has the meaning 



( 2 ) 


As before, p is the areal constant of the motion, that is the moment of 
momentum of the electron about the nucleus ; p^^ denotes the abbreviation 



(3) 


and has the same dimensions as p. For c = oo (this denotes the 
passage from relativistic me- 
chanics to the Jiiniting case 


of classical mechanics), = 0, 
y = 1, and hence eqn. (1) 
simply transforms into the 
ordinary Kepler ellipse. As 
a matter of fact, on account 
of the magnitude of c, Pq is 
S7nall compared with and y 
is a little less than 1, in all 
the cases that come under 
consideration. 

The form of the relativistic 
Kepler orbit has been drawn 
in Fig. 110. O is the fixed 
focus, in which the nucleus is 



situated, and P is the initial 


Pia. no. 
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position of tho perihelion. Lot ^ = 0 be the straif^ht lino 01 , them the 
orbit does not attain its next perihelion when <j) = 2jr, but when ye^ = 2ir, 
that is, when 

<A « ~ > Stt. 

y 

The motion of the perihelion occurs in the same sense as that of the orbit, 
and has the angular magnitude 

A.^ = - 27r (4) 

7 

Tf we refer the motion to a polar sssteni of co-ordinates which partici- 
pates in the motion of the perihelion, namely, to the system 

r — r, i/f = y(/> . . • • 

then we have again an ordinary closed ellipse. In 110 we have also 
inserted, as dotted circles, the geometric locus of the successive perihelia 
and aphelia, the outer and inner envelopes of the orbit. 

The motion of the perihelion of the relativistic Keplei’ ellipse invites us 
to make a digi'essioii into the field of astronomy. As we know, Mercury, in 
disobedience to Newton’s law, exhibits an advance of the perihelion, 
which, according to Newcomb,"^ amounts to 43" per century. Can this 
anomaly be explained in the light of the preceding formula (4) ? In the 
first place, it is clear that our relativistic motion of the peiihelion would 
make itself manifest most readily in the case of Mercury, the planet 
nearest the sun. For this motion of the perihelion (4), i no-eases as y de- 
creases, and y deo’eascs as p decreases. ]hit among all planets the one 
nearest the sun has the smallest areal constant p. Calculation, however, 
shows that our relativistic motion of the perihelion is much too small. 
It would amount merely to 7" per century in the case of IMercury (cf. 
Note 16). But it was only the wide generalisation of the relativistic 
standpoint, mentioned just at the end of the preceding section that made 
it possible for Finstein to explain the observed motion of Mercuiy’s peri- 
helion theoretically. In this way he found that, for Mercury, the theo- 
retical value of the motion of thc'perihelion was 48" per century ! 

lieverting to ecpi. (1), we now determine the constants and Cl, of 
eqn. (1) by means of the major axis a and the numerical eccentricity e of 
our ellipse measured in the moving system (5)^ and use exactly the same 
method as in eqns. (9) and (10) on l>age 234. For, when = 0 (peri- 
helion), r = a{i - €), that is 



*A later calculation by Newcomb gave 41". Both mimbors are discussed and 
criticised by E. Grossmami, Zoitschr. f. Pbys., 5, ^^0 (1921). 
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and \vh(3n \j/ 


Accordingly, 


thus 


TT (aphelion), r = a{l + c), that is 

^ = Cl - c,. 

a(i + €) 1 ^ 


Cj = ^ ^ P SB, ^ 

1 


1 1 1 + € cos y<^ 

r a ' 1 - €‘^ 


( 6 ) 


We also take note of the following formula for later reference 

1 dr €y sin y(^ 
r * r + € cos y<^ ’ 

The tmjmlses or momenta corresponding to the co-ordinates r, are : 
2h}> p — p,, = 771 r 


(6a) 

(7) 


They dirter from the coi’responding impulses obtained earlier in the 
non-relativistic trfjatrnent [eqn. (4) on page 233] only in that the mass ui 
is now variable according to the law : 


771 


Ji - 


(B) 


p,f, is also now, as indicated 
We now formulate the 
</) and r. They are : 

./, 2;r 





in (7), identical with the areal constant ]). 
quantum-conditions for our two co-ordinates 


ib — 'Ztt 



^ - 0 


In the second integral ij/ denotes the angle of c(pi. (5). These quantum 
conditions differ from the corresponding ones (G) on page 234 only in the 
mtefjralion limits that occmr m the radial qiia7ita77i condition. We I'ecall 
the general rule on p. 1 99 : the integration is to be taken over the whole 
domain of values of the co-ordinate in question. In the case of the azi- 
muth this domain of values is an angular rotation ; hence we have the 
limits cfy — 0 and = 27r in the first integral. In the case of the radius 
r, however, the total range of values stretches from (perihelion) to 
Ttmx (aphelion), and back again to (perihelion). On account of the 
advance of the perihelion, this range does not corres 2 )ond to an altera- 
tion of <l> by the amount 27r, but to a change of 27r in y(j > ; hence we have 
the limits if/ = 0 and if/ = in the second integral. 

On account of the constancy of p^ the azmmthal (paamtim conditkm 
at once gives 

27rp = 7lh (10) 
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This is the quantum condition of the rotator with which We are 

familiar. In the radial qaantnrn condition we take into account (‘(jn. (7) 

and write, just as in (12) on pa^e 23/) : 

dr ■ p dr , dr . . 

py ^ mr = m </> = dr = f/c/,, p^dr = p ( ) ./</>, 


and hence, in view of eqn. (6a) : 


sin‘^7<i) 7 . 

- 1-^ (ThT, ™ r*)* - '"-I 

Hence our radial condition passes over into 

= 2ir \f/ — 2rr 

j/r = 0 tl/^O 

If we insert the value (10) for p, then we get 


(1 + € cos 


If/ =z zrr \f/ = 

^Prdr = 


7^d\lf ^ nh 


27r J (1 + c cos ij/)- ^ ~ ny ' * ’ * v / 

\\/ ^ 0 

Except for [he w^ay in which the integration variables are designated, the 
integral on the left is identical with the integral on the left-hand side of 
eqn. (13) on page 235. We may therefore use the result there obtained 
in evaluating it and have 

~ j = that is, 1 - c- == . (13) 

s/ - ny {n + ny)- ^ 

But whereas, earlier, certain fundamental objections had to be raised 
against the use of the radial quantum condition, the present radial 
quantising is free from objection. The relativistic problem is not degen- 
erate, and the co-ordinates r, are uniquely defined by the nature of the 
problem. By regarding our earlier problem as the limiting case of the 
relativistic problem we also justified our procedure for the former. 

The size and the form of the orbit are fixed accordimf to quanta by our 
azimuthal and radial quantum condition. In this way a discrete funnily 
of quantised orbits are selected out of the continuous manijold of all the 
possible orbits. 

By using eqns. (2), (3), and (10) wc shall express the quantity ny that 
occurs in (13) as follows : — 

«r ■= - (“i’-y - V”’ - (tT - - (“ 

We have already encountered earlier the abbreviation 

2’^®" nA ^ 

“= /.7 

here used, namely, in eqn. (8) on page 213. It signified the speed of 
rotation of Jhe hydrogen electron in the first Bohr circle divided by c, 
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Its riuinerioal value (a^ = 5*3. 10”^) was also determined on the page 

quoted; it shows that unless the supplementary term a f -1 in 

(14) signifies only a small correction compared with n^. As a result of 
(14), (13) becomes 




1 - € 




Concerning the graphical representation of this family of quantised 
elliptic orbits we may refer to Figs. 71 and 72 on pages 239, 240. Within 
the limits of accuracy of the drawing, these ellipses represent the ratio 
of the major to the minor axis, or, what is the same, the eccentricity, 
with sufficient truth for the relativistic case, too ; as a matter of fact, the 
difference, as we just saw, is small, being of the order a^. We have only 
to imagine the earlier figures modified with respect to the motion of the 
perihelion. Concerning the number of different orbits that belong to the 
same quantum sum n + n we may also refer to Chapter IV (p. 239). 

We now come to the calculation of the energy^ in which, however, for 
the sake of brevity, we shall restrict ourselves to circular orbits. The 
calculation of the energy for elliptic orbits is rather laborious if carried 
out by the method here adopted ; we get at the result much more simply 
by the method of Note 16, in which less elementary means are adopted. 

Let a be the radius of the circular orbit, o) the angular velocity of the 
electron in this orbit. According to eqns. (7) and (10), we then have 

j) = • • . • (16) 

Att 

This is the only quantum condition that comes into consideration in 
circular orbits. Further, we have the classical condition : the centri- 
fugal force is equal to the Coulomb attraction of the nucleus. It gives us 

= cF . . . . . (17) 

It follows by division from (17) and (16) that 

= Tf/r 

This is the velocity of the electron in its orbit. If we divide it by c, then, 
taking into account eqn. (14a), we get 


Further, it follows from the mass, which varies with the velocity, that 


Vi - 

n^\e) 


m = 


(19) 
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According to the law of the inertia of energy |e<]n. i‘JS) on p. 4(15], the 
kinetic energy is 

- m„) = <W- ~ J (20) 

(V' - 

On the other hand, the potential energy of the Coulomb field is 

^pot = 


eE 
a ‘ 


To have the value of l/a in a convenient form we write eqn. (16) 
thus ; — 


1 27r 

- = maoi 
a nh 


and substitute for m and am out of (19) and (18). This gives 
1 __ (27r)-^E 




and hence 




(2^jE)“ 

' I u}^ '7\W 


Or, taking into account (1 4a) we get 

a- /Ex- 


^ a“ / I'j \ 

11- V c , 

E,„,= ^ 


( 21 ) 


V e , 


Erom (20) and (21) there now follows for the total enei'gy 

1 


— ^kfn + h 


I 


;v 


n- V e J 


1 


/ E\‘-* \ 

n‘ \ e/ 


50 


which wo may rvrite more conveniently thus : 

W 


I + - 


00 - 5(0 ■ 


/ 

( 22 ) 


We get, instead of this, foi’ elliptic motion witli its t'VO quantum 
numbers n and n * : 


W [ 

^ + 7//„C“ = ) 


«-+ 


■11 + 




(23) 


Concerning this general energy for' ula we merely remark that for •»/ = 0 
it can easi'y_ be reduced to the simpler formula (22) ; for the proof of 
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eqn. (2^i) we must refeu" to Note IG. For hydrogen (K e) the eqns. (23) 
and (22) assume the sirn])ler forms : 


and 


1 4 - 


W 


1 + 


W_ 



(n + 




i' 


(24) 


respectively. 

We can now at once write down the general relativistic formula of 
the Balmer hydrogen series if we enlist the aid of Bohr’s fundamental 
equation 

hv = - W<, .... (25) 

(W« == the energy of the initial orbit of the hydrogen electron for the 
quantum numliers k, k ' ; = the energy of the final orbit for the 

quantum numbei’s n, n'.) We then get 


K 



( k 4- J k “ 


- a-)' 


*. (a ■ 4- - <4“)“ I 



( 20 ) 


This compact formula includes all the sjjectral phenomena that the 
hydrogen atom is cainihle of exhibiting. 

It only remains to make a remark about the constants that multiply 
the expression in the square bracket in our way of writing eqn. (26). 
From eqns. (25) and (24) we get 

[ ] ( 27 ) 

for which we wrote in (26) : 

r ] . ■ . . ' (27a) 

a“ 

But from the meaning of E and a as defined by 

-o 27rhu.x‘^ 27re^ 


(cf. p. 216 eqn. (16)) we see at once that the two factors in (27) and (27a) 
agree, and so our mode of writing (26) is justified. The fact that we here 
used in our calculation is due to our having disregarded the counter- 
motion of the nucleus in this section. To take this into account subse- 
quently (cf. also footnote 1 on p. 476) we shall in the sequel take R as 
standing for the value Eu (in the case of Pie it is the value Enp) (cf. Chap. 
TV, § 6, p. 240). 

As an analogy to (26) this significance qf E gives us the following 
comprehensive formula for the wave-numbers of the spectta of tl^e hydro- 
gen-type (He"^ etc.) ; 
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The greater part of the present chapter will be devoted to exhausting 
the content of these formulae. In this section we shall merely outline its 
general character and illustrate it by the characteristics of elliptic motion. 

Firstly we are arrested by the fact that our present spectral formulae 
no longer merely depend on the quantum sums n + n and k + h' ; rather, 
the quantum numbers n and k, k' enter into our formiilge unsymmetric- 
ally. From tfiu it follows that, corresjwnding to the same quantum sums, 
the lines that previously coincided are now separated owing to the ini erven- 
tion of relativity. This separation is due to the correction term which is 
associated with the small factor = 5*3 , 10"'’. For this reason the 
separation is only slight and can be detected only by the most refined 
means of spectroscopy. The lines that were previously described as co- 
incident are split up into a configuration of close lines. The individual 
lines of this configuration, its components, determine by their intervals of 
separation and intensities the fine-structure of the line-configuration. 
When we have become acquainted spectroscopically with the fine-struc- 
ture, for example, of the hydrogen lines, we shall have ocular evidence 
not only of the actual occurrence of the elliptic orbits but also of the 
variability of the electronic mass. Consider, for example, the represent- 
ation of the various types of orbits in Fig. 72 on page 240. 

Whfereas the velocity and hence also the electronic mass remains con- 
stant in the circular orbits, it alters greatly in the elliptic orbits, particu- 
larly in those of great eccentricity. The velocity is small at the aphelion 
and increases as the perihelion is approached. When the electron is on 
such an orbit and rushes past in the immediate vicinity of the nucleus, 
it is subject to the strong field of force in the neighbourhood of the nucleus, 
and so its mass also increases with its speed. Thus we understand that 
its energy can he dilferent from that in the circular-orbit, the more different 
the more eccentric the ellipse, and that a somewhat different position in 
the spectrum must result for the line-components corresponding to the 
various orbits. 

The motion of the pei’ihelion of the ellipse is also connected with the 
vaiiability of mass. In particular, the correction term in the expression 
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owes its origin, according to eqn. (14), to the circumstance that yC^l, 
tliat is, to the advance of the perihelion. Thus the observation of the 
jine-stMuctures discloses the whole mechanism of the intra-atomic vwtions as 
far as tJ be motion of the jierihelion of the ellvptic orbits. The complex of 
facts contained in the fine- sir uctu7'es has just the same importafice for the 
special theory of relativity, and for the atomic str'iicture as the motion of 
Mercury* s perihelion for the general theory of relativity. 


§ 3. General Inferences. Fine-Structure and the Belativity Correction. 

To make the final formulae (28) of the last section convenient for cal- 
culation we shall develop them in powers of the small quantity When 
E/c is not a great number (H, He+), it is sufficient to retain the first two 
powers of a^. This is so in the case of the visible and ultra-violet spectra. 
For great values of E/a, however, we have also to take into account the 
third or even the fourth power of a^. This occurs in the case of the 
lUmtgen spectra. For extremely great values of E/a (U, Th, etc.) it may 
even he convenient not to develop at all but to use the complete 
formula (28). 

After this the calculation becomes simple for the visible spectra. If 
we denote by S the quantum sum that occurs in the denominator of eqn. 
(28) of the previous section and that has been modified in conformity 
with the demands of relativity, then 

S = n + + « - 4(“ + • • • 

and we at once get 



Fui ther, we have, to the requisite degree of approximation in each case, 


= 4-71 


{n + n) 

-L. 1 ri 

s* (» + »')• 

Substituted in (2) this gives 


n{n + n ) V e 


EV-i , 

a — ] + 


.,-[1 +,.••] 


1 + ^ ® - f - 1 - ^ , jeZ - 1 L( \ + « A , • m 

[ S'^ J 2(n + ny 2{n + ii'Y\i nj ^ ^ 

We insert this development in eqns. (28) of the previous section, 
in which in part the quantum-numbers n, n! of the final orbit, and in part 
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the quantum -numbers /r, h' of the initial orbit, occiii'. In takiiijj; the 
difterence of the two tei’ins in the square bi*ackets the lirst toi’ni 1 cancels 
out and the factor 2/tt“, which stands before the brackets, may l)e cWvided 
out. The wave-number v then occurs as the difference of a jlrnt positive 
member that depends on the quantum-numbers n, n' of the fiml orbit 
and a second negative member that depends on the quantum-numbers 
ft, ft' of the initial orbit. To indicate this, we write 

V = (n, n') -- (ft, ft') ■ . . . . (5) 


and get, for example, for the first term : 


{n, n) = R 


V e / l(w + «')" 


{n + «yV 






In this expression the first member on the right is identical with the 
representation in terms set up for the hydrogen-like lines in Chapter TV, 
6 ; this member depends only on the quantum sum n -f- n\ The 
second member on the light exhibits the influence of relativity. This 
influence is two-fold. Its first part again depends only on the quantum 
sum n + 7i' and amounts to 


1 a-R 

4 {n + n) ^ \ n ) 


It effects a general raising of the term'*' irliich is equal for circular and 
elliptic orbits. We call this part the general relativity correction or the 
relativity correction for circular orbits. In the lirst term of the Balmer 
series (K = e, ii ■+• n == 2) its ratio to the whole term is 

= 3 . 10 ~^ 

Ifi 


0/7. the other hand, relativity brings about a separate mcreasc of the Lerin 
for the various elliptic orbits ; this increase depends on n and n' indi- 
vidually and increases with the eccentricity of the orbit. Its value is : * 

77 / a-R 
n ‘ {n + ny^ ‘ \ e ) ’ 

We call tin’s part the resolntvm of the tciin ; it is the ground of the fme- 
structiire of the lines. For the first term of the Balmer series (K “ e) 
and the only elliptic orbit that here comes into account ( 71 ' n == 1) the 
ratio of this resolution to the whole term is : 

= l-;3 . 

4 

* G. Darwin fias carried out the calculation as strictly as possible for the case 
wbeii the accompanying motion of the nuck'us is taken into account (Phil. Mag., 39, 
537 (1920). Ho finds that th(3 nuclear motion expresses itself not only in the Rydberg 
(tonstant but also in a small additive coiTection member of the order of magnitud 0 
(m ^ mass of electron, M — mass of atom), which is of no account practically. 
The fiuc-structurc remains quite unaffected by it. 
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two irdluencoH have a cotnTnon cause, namely, the relativistic 
variability of mass. As was described at the conclusion of the last 
section, the increase of mass for the ellipses of great eccentricity, at the 
perihelion of which the electi on rushes past the nucleus with great speed, 
is greater than for the ellipses with small eccentricity or than for the 
circle. But there still remains an influence of the relativistic increase of 
mass for the latter, too, and it is this that expresses itself in our general 
relativity correction. Of course, this general influence may easily be 
determined [from eqn. (22) of the preceding section] and has in fact been 
calculated by Bohr * even before the general theory of quantised elliptic- 
orbits was in existence. 

For the purposes of the Edntgen spectra we must next carry the 
accuracy of our calculations still further and retain the still higher powers 
of a- that follow. In place of (1), (2) and (3), we have then to write 



iTid to the degree of approximation requisite in each case : 


_l _ 1 

()i -I- n'f 


1 + 


n{n n) 

8 a- + + n' 


(%'T 


4.11 + 11 




+ n) 


11 y \ e 1 


4iy(ii + ib) 


“h 


1 


1 


1 + 


3 


S'^ ' n(;h 

1 ^ 1 

8 *’ (ii + ^ ' n(ii + n) 

^ ^ n 4* ^ 


+0"-+ 

n 4- n )\ e ) 2iv\n + a )- \ e J 




(3a) 


{n 

If we substitute {3a) in (2a) we get (if we cancel the 1 and multiply by 
- 2E/a-) as the more complete representation of the term : 

1 

L(« + n')'^ {n + «')•* 

^E^■‘ I 




+ 


/Ey } 

h nf V e / _ S 


{n 4- n) 


1.3 n' 3 
8 ^ 4 w ^2 


a2 /b;:^ /i + 

h 11 y V / \ 4 11 / 

1 /n\'^ 


/Ey r 

4- 11 y \ e ) L 

CT- 


{n 


^ + A q, 2 

64 8 11 


(11 Y 
\a / 

-:y 

n / 


- iO 

23 / 11 \i 


4" 


8 \n 


• •/ 


(6a) 


> N. Bohr, Phil. Mag., 29, 332 (1915). 
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( 1 , 0 ) 


( 2 , 0 ) 


(l.U 




We shall make use of this detailed repiesentation in S 
pression (6) sutlices for the next questions, which concern the visible 
region of the spectrum. We are here dealing with the rcwlulMii of the 

series term (//. //•') for the various 
values of n and ii that come into 
n + Ti’-l account. Fig. LLl gives a survey 
of the various rypes. The symbol 
for each term is written at the top 
of each line. The distances he- 
n+n-2 tween the lines give the differences 
of the term values and hence also 
the frequency differences of the 
spectral lines that are formed from 
n+n=3 these terms. The numbers written 
over the arrow lines (the distances 
between the lines) denote ratios and 
are explained by eqns. (8a), (9a), 
n+n «4 (1^^)* The types that lie verti- 

cally below each other cannot be 
compared directly in magnitude. 
For the sake of clearness they have 
n+a=5; plotted so that the extreme 
components are at an equal dis- 
tance apart, whereas, in reality, 
denominators 2'^ 3*^, 4^, . . . they 


(3,0) (2,1) 

U> 1 <- 


( 1 . 2 ) 


(4,0)(3.D (2,2) 


(1,3) 
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(1,4) 


30 


Fig. 111. 

of the increasing term 


1 . 


on account 
decrease rapidly. 

n + n' 

As we have excluded n = 0 (cf. Chap. LV, g 6, p. 238), the only 
possible values that lead to n + = 1 are n == 1, n — 0. In this case 
the series term is simjjle. It corresponds to one and only one circular 
orbit, 

n + n' = 2. 

Correspondinij to the tiuo 2 )ossible resolutions of 2, namely, 

2 = 2 + 0 and 2 = 1 + 1, 

the series term that belongs to n + = 2 is double. The term (2, 0), the 
circular orbit, is different from the term 1, 1, the elliptic orbit. Their 
difference amounts, by eqn. (6), to 

jRtt" /l^j^ 

2^ 

This difference of the two terms corresponds spectroscopically to a line^ 
doublet of which the frequency dijference is 


(1, 1) - (2. 0) = 


. xio^ /Ex'* 


m 
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/I 4 n' = 3. 

J srrieH term for ir hich n 4 - w' = 3 is triple, correspondimj to the three 
pi) ss Ihle / eso h 1 1 io ns 

3 - 3 4* 0 - 2 4- 1 - I + 2. 


TJir. respectire term values (3, 0) circular orbit, (2, 1) eMijotic orbit of 
smaller excentricity, (I, 2) elliptic orbit of greater erxentricity, increase 
consecutively. The consecutive term -differences are, by eqn. (6j, 


(2, 1) - (3, 0) 

(1. 2) - (2, 1) 


R«‘'* 

Ea2 

•3* 


■u?)* 

/2 _ 1\ fE\i ^ R 
•U V\e) c 


Ra-! 

3*‘ 



To these there correspond the frequency differences 




1 

2 


Ra^ /Fa* 

■3*~Uv ’ 




3 Rg-^ /Fa* 
2 ■ 3* Ve/ 


( 8 ) 


in a triplet of lines. Thus the ratio of the line-intervals in such a triplet 
of the hydrogen type becomes : 

Avi : Ar.j = 1:3. . . . • (8a) 

n + n' = 4. 

A series term with n 4- ti = 4 is fourfold, corresjjonding to the follow- 
ing four possible ways of resolution : 

'Xs=44'(f=®34" l = 24”2 = l4“3. 


The term-value (4, 0) belongs to a circular oi'bit, the tei'm values (3, V), 
(2, 2), (1, 3) correspond to ellijHic paths of increasing eccentricity. The 
consecutive term differences, as calculated by means of eqn. (0), come 
out as : 


(3, 1) - (4, 0) 


Raf 1 /K'A 

4^ '3*U/ 





The fourfold value of the term gives rise to a qicartet of lines with the 
following consecutive frequency differences : 


Ai/i = - 

1 o 


^2 

4* 


(!)* 


Ar., = 


2 Ro^ /E\* 

3 ■ 4* 


(r)‘ 


AVq 


R^/K\^ 
'4^ 


or- <») 


Thus the ratio of the line-intervals in such ^ quartet becomes : 

Avj^ : Ar.j : A1/3 = 1:2:6. 


(9a) 
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Ji + n' =« S. 

J series term with n + n' = 5 is fivefold and gives rise to a quintet of 
lines. The consecutive frequency-differences in this quintet are in the 
proportion : 

Avi : Av., : ; AV4 = j : (H - |) : (;' - H) : 

= 3 : 5 : 10 ; 30 I ' ^ ' 

and so forth for other series terms. 

This enumeration of the various possibilities givesi rise to a series of 
general laws. 

(a) If the multiplicity lies in the first, that is the constant and positive 
term of a series [represented in eqn. (5) by (?>, n)\, then it reneats itself 
without change in all members of the series. \Ve have double triplets^ 
and so forth, ivith constant frequency differences, with whicn we ai‘e 
already familiar in the subsidiary series. The componert with the 
smallest wave-number corresponds to the circular orbit ; those with 
increasing wave-numbers correspond to ellipses of increasing eccentricity. 
The components of the fine -structure follow one another in the sense of 
bhg. Ill, if we allow the wave-numbers as usual to grow from left to 
right. If we assume that the circular orbit occurs more frequently than 
the elliptic orbits and that the elliptic orbits become less probable as the 
eccentricity increases (these two assumptions are not true under all 
circumstances), then we may expect that the most intense component of 
the fine-structure in question will lie on the side of long waves and that the 
intensity decreases stex) by step as we go from the red to tlie violet end. 

(b) If the multixdicity lies in the second term, that is in the variable 

negative tei’in [rexjresented in eqn. (5) by {k, k')], and if the constant 
term of the sciles is simple {n == 1, circular orbit), then the multiplicity of 
tlie varial)le term exx^resses itself without debasement in the line-structure 
under observation. Corrcsxjonding to the denominators k + k' — 2, 3, 4 . . 
the first line of the series becomes a doublet, the second a triplet, the third 
a f on rfoli line, and so forth. The range of the configui’ation, as measured 
in wave-numbers, decreases as the number increases, on account of the 
factor {h 4* k'fi in the denominator of the term. The gradual drawing 
together of the fine structure as the series advances, to which we have 
just called attention, forms an analogy to the decreasiny freqiiency differ- 
ences which were observed in the series of the elements. The 

analogy is certainly not com]jlete, since the elements that exhibit the 
01(1 inary seiieS are not of the hydrogen type. In the case of hydrogen 
itself the “ X)rincipal series here denoted is the ultra-violet series of 
Lyman (cf. the next section). 

On account of the negative sign of the variable term the component 
coiresponding to the circular orbit now lies on the short wave side of the 
line structure. The components follow one another in the reverse sense 
to that in (a) and to that in Fig. 111. The succession of lines in Fig. Ill, 
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as there remarked, gives no picture of the progressive drawing together 
of the configuration. If we make the same assumptions about the 
intensity of the components as was made in (a), then the intensity 
decreases step by step as we go from the violet to the red end, 

(c) If both the constant positive term and the variable negative term 
are multiple, then in the first place (as energy considerations alone show) 
the quantum sum of the negative term must be the greater. If, for 
example, the constant term gives us a doublet, then there corresponds to 
the variable term, taken alone, a triplet in the first series line, a quartet 
in the second, and so forth. We have first to suppose the two multi- 
plicities to he superposed in such a way that the two lines of the doublet 
consist of three components each in the fii-st series number, of four 
components each in the second series number, and so forth. In general 
the line-configuration (n, n) — (A;, k') is composed of {n 4- n') {k + k') 
components, corresponding to the number that was given earlier for the 
possible modes of generation of a Balmer line (cf. p. 241). The viutnal 
distances hetiveen the varions compoyients bear, accordinrj to the above 
enumeration, sbnpic rational numerical ratios to one another ; the order of 
sequence of the k + h' components df the variable term is the reverse {violet 
io red) of that of the components of the constant term {red to violet), A 
diagrammatic view of this superposition and of the complicated con- 
figurations that are hereby involved is given in the figures of the next 
section. 

(d) Whereas we have to compare the hydrogen spectrum with the 
ordinary flame- or arc-spectra, we have in the case of ionised helium the 
simplest case of a spark- sjyectr urn of the hydrogen type. The preceding 
conclusions are fully applicable in this case, with the scale condition that 
the distance hetiveen the components, rneasured in uave-numhers, are 
magnified as compared with the hydrogen spectrum by the factor (E/t')'^ = 16. 

{e) Bohr has already conceived the possibility of the existence of 
spectra of higher orders (in the case of lii+ cf. p. 224). The factor of 
magnification of the fine-structures would amount in this case, and 
altogether in that of double ionisation to 3^ = 81 in wave- numbers. The 
extreme limiting case of these spectra occurs with the Rontgen lines, in 
particular with those of the heavy metals. Here fine-structures of macro- 
scopic size would manifest themselves : § 5 of the present chapter is 
devoted to such “ coarse structures.’' 

§ 4. Comparison with Experiment. 

The constant term 1/2^ of the Balmer series of hydrogen gives rise to 
a doublet of constant difference of wave-numbers. The magnitude of 
this difference will serve us as unit measure in what follows. According 
to eqn. (7) of the previous section, and since ^ = e, it amounts to 

= 0-365 cm -• . . . . (1) 


31 
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Here we have set a“ = 5*32 . lO"*'* and R = 1*097 . In calculating 
we used the numbers : 

e = 4*77 . 10-10, h = 6*55 . 

Among the results of direct observation we quote those in footnote h 

The ditference between the results of observation and the theoretical 
value (1) is partly explained by the influence of the variable term (see 
below). Concerning the intensitj*^ of the two doublet components obser- 
vation discloses almost without exception that the minx intense component 
has the longer wave-length, which agrees with our expectations stated 
under (a) in the preceding section. 

Direct observation is rendered diflicult owing to the blurred aj^pear- 
ance of the H-lines (cf. p. 208). This blurred appearance is due to the 
heat motion of the emitting H-atoms. As is known from a'^trophysics, 
the spectrum of a star is displaced a little towards the violet or the red, 
according as the star is moving towards or from the observer, whereby 
the amount of the displacement depends on the ratio of the velocity in 
the line of sight to that of light (Doppler effect). What is ti*ue of stars 
and their spectra also holds of luminescent gases and their spectral lines. 
Tn the latter case, however, we are dealing not with a one-sided displace- 
ment towards the violet or the red, but with a broadening of the lines in 
both directions since velocities in all directions, both towards as well as 
away from the observer, occur in a luminescent gas. The magnitude of 
those velocities clearly depends on the temperature and the atomic weight 
of the gas ; the higher the tejnperaturc the lower the velocities due to 
heat motion, and the greater the atomic weight, the smaller those velo- 
cities. Thus in the case of the hydrogen atom the heat motion is particu- 
larly marked, so that, for it, we must descend to very low temperatures 
(liquid air) to get tolerably sharp lines. The Sta)*k effect (Chap. Y, ^ 4) 
becomes added to this. as a fuither reason for the blurring of the lines. 
Tn the case of hydrogen this causes much stronger resolutions than in 
that of other atoms. It is not only pi*oduced in artificially imposed fields 
but also under the electric influence of neighbouring atoms which distort 
the electronic orbits of the emitting atom. 

But there is an indirect method of observation that has been pursued 
by Paschen (see below). In it the value of is deduced from the fine- 

* These .mcasurciricnts and others quoted are from Gelirc-ke and Laii, Physikal. 
Zeitschr., 21, h34 (1920). Coiiceruing the results of measurement, cf. also Aim. d. 
Phys., 65, 564 (1921). 

AA. Ai/ 


Michelson 



Ha 

0*14 A 

0*32 cm. - 1 

» , • • 

Fabry and Biiisson 




0-08 ,. 

0*33 



Ha 

0*132 „ 

0*306 

Meissner and I'asclien . 



Ha 

0*124 „ 

0*288 

(febreke and Lau . 



Ha 

0*117 „ 

0*272 „ 

,, . 



H^ 

0*067 „ 

0*283 

M »i )» • 



Hy 

0*051 „ 
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structure of the lines of a more favourable atom (He+). Paschen gets, 
as already quoted on p. 209, 

Ai/„ = 0-3645 ± 0-0045 

This value agrees fully with the theoretical value (1). This clears uj) 
qualitatively and quantitatively what 'previously appeared mysterious in the 
hydrogen doublet. 

In the Balmer series the multiplicity of the second variable term be- 
comes superposed, according to theory, cf. (c), on the doublet due to the 
constant term. Consequently the two doublet components on their part 
consist of a triplet at H^, of a quartet at II| 3 , of a quintet at H.y, and so 
forth. The intensity of this finer and narrower configuration, expressed 
crudely (cf. below), decreases toivards the red^ that is in the reverse 
direction to that of the doublet components, on account of the negative 
sign of the second term [cf. the previous section under (6)]. We may 
call the weaker lines of these triplets, quartets, and so forth, “ satellites ” 
of the doublet lines, provided that we bear in mind that the difierence 
between satellites and true lines is mei*ely arbitrary. It is just our fine 
structures that show that the “satellites'* that result from the second 
term form an organic whole with the “ lines ” of the first term. 



ba c ba e ba c ba 

i^rn. no,, }iV,. 112/;. 


We now proceed to analyse Figs. 112 a and 113 a which are illustrative 
of Ha and H^. The wave-numbers are plotted as increasing towards the 
right. The length of the lines is at the same time to denote their in- 
tensity. We remark at the outset that almost all data that spectro- 
scopists give about intensity are more or less rough estimates. Our 
theoretical rule, too, on page 247, w^hich we derived from the repeated 
occurrence of the same orbit in spatial quantising and which we shall 
apply in what follows, does not claim to be much more. We shall make 
the relative intensities in a doublet decrease ifi the ratio 2 : I , in a triplet 
3 ; 2 : 1, in a quartet 4 : 3 : 2 ; 1, in the order of the circular orbit to the 
increasingly eccentric elliptic orbits. We shall see presently that this 
rule of intensity will have to be modified very considerably on account of 
the Principle of Selection and the Principle of Correspondence, and that 
it claims a certain validity only in the limiting case of electric currents 
of great density. 

The following convention is found to 1)0 useful to denote briefly the 
origin of the individuallines. l^et us call the multiplicities of the first 
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term I, II (or I, II, III, . . . , if the first term is not a doublet as in the 
Balmer series, but gives rise to a higher multiplicity), and the multipli- 
cities of the second term a, &, c . . . , — ^both sequences being numbered 
in the order of decreasing intensities. Thus the I, II, . . . follow one 
another in the direction red to violet, and the a, b, c, . . . follow one 
another, on account of the reverse sign of the second term, in the direction 
violet to red. 

Concerning details, the following is to be remarked. For Ha, Fig. 112 a, 
where 


V = ( 71 , 71) - {ky k') 


(71 + 71 

\k + k: 


2 

3 


the principal line in the line-group I corresponds to the transition from 
the circle (3, 0) to the circle (2, 0) ; its intensity has been set equal to 1. 
The “ satellites ” that immediately link up on the left then correspond to 
the transition from an initial ellipse to the circle 2, 0 and form together 
with the principal line the characteristic triplet with the interval ratio 
Ai'i : Av 2 = 1:3 [cf. eqn. (8a) of the preceding section]. In accordance 
with our above rule the intensities of these satellities have been plotted as 
2/3 and 1/3. In the line group IT the principal line of Fig, 112 a corre- 
sponds to the transition from the circle (3, 0) to the ellipse (1, 1). In 
accordance with our rule of intensity it has been drawn with the length 
1/2. Two lines associate themselves with it on the left ; they corre- 
spond to the transition from one ellipse to another, and their intensities 
decrease from 2/6 to 1/6. 

The hydrogen doublet Av,, occurs in the figure three times, each 
between components bearing the same symbol, namely, aa, 66, cc. The 
line-intervals Af^ and Ai/^, of the hydrogen triplet are expressed by eqns. 
(8) of the previous section in terms of Av„ as follows [cf. also (1) of this 
section] : 


Avi 

_ 1 

Ka“ 

_ 1 

. — ,Ai' , — 


1 

Auo 

2 

3 

’ "3^ 

l\a^ 

" 2 
_ 3 

2 ** 

. — Ar„ = 

81 

^„Ai/. 


2 

’ ’3'^ 

“ 2 ' 

^4 M 

27 ' 



Fig. 113 «. Fig. 113 6. 

Analogous results hold for Fig. 113 a which corresponds to the 
line H /3 


. = - {k,k) . . . 
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The principal line of the line-group I, the transition from the circle 
(4, 0) to the circle (2, 0), has been drawn with the length 1. There is 
linked up with it on the left the characteristic quartet with the interval 
ratios Ai/^ : Av^ : Av.^ — 1:2:6 [cf. eqn, (9a) of the preceding section] the 
hypothetical intensity ratios being 4 : 3 : 2 : 1. The same group gives the 
line-group 11, displaced by an amount Avh to the right as a whole. The 
principal line of the latter corresponds to the transition from the circle 
(4, 0) to the ellipse (1, 1) and has the intensity 1/2 in our figure. The 
frequency differences of the quartet are, by eqn. (9) of the preceding 
section, expressed as follows in terms of Av„: 


. 1 
Av. = ^ 


4^ 


A 2 

= — . 

- 3 4* 

Ea^ 


1 1 

3 ■ 48 

2 2 \ 1 

3 ■ 24 

2^ 


4-* 


4* 




y 


Av, = 2 . ^ 2 . : Av„ ^ . Av„ 


. (4) 


We now apply the prhwiple of selection (cf. Chap. V, § 2) and pass on 
from Figs. 112 a and 113 a to Figs. 112 b and 113 b. In the case in which 
no external field is present the principle of selection limits the transitions 
of the azimuthal quantum number to ± 1, but imposes no restriction on 
the transitions of the radial quantum number. Let us test its action in 
detail for Ha and 11^. 

In the following table the quantum numbers Uy n' of the final orbit, 
which are compatible with the quantum sum + n' = 2, stand on the 
left, and the quantum numbers ky k' of the initial orbit, into which the 
quantum sum k + fc' = 3 may be resolved stand on the right. 


T\BnK 49. 



n' n 


k k' 


I 

0 2 

< 

3 0 

a 

II 

1 1 


2 1 

0 


i 


1 2 



The arrows mark the transitions for which k increases or decreases by 
1, that is those which are alone allowed by the principle of selection. 
These are the transitions I a, I c, and II b. The transitions II a, I by and 
II Cy in which k would jump by two units or would remain unaltered are 
forbidden. Thus, of the six lines of Fig. 112 a only three are left ; the 
omitted lines are dotted in Fig. 112 b. 

For H /3 {k + &' = 4, n + n' == 2) the corresponding scheme is as 
follows : 
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Tvni.K 50. 



, 

n 


k 






4 

0 i <i 1 

1 

0 

'1 \ 

< 

.4 

\ ' h \ 

1 

1' 1 

1 

1 



•2 1 <• i 

1 



1 

hI . j 


Mere the transitions J b, I as well as 11 r, are |)ossil>l(‘. On tiie other 
hand tlie transition I a (circular orhit to circular orl)it, that is, accordin'^ 
to our provisional rule of intensity, the stiong('st liia^ that is to hi* (‘x- 
pected) is foihidden by our principle ol selection ; likewise the liiu*s 
J e, II a, 11 />, and II d, because they would entail a chan^^e of the azimuthal 
(juantum number by two, three, or no units, in I'ig. 113 h the corre- 
sponding lines have been dotted. Thus does not consist of 2 . 4 == 8 
components but, just like 11^, only of 3. The same number of real com- 
ponents is also left, as may easily be counted, in the case of the lines 
Ha, . . . as the number of unreal components, that is those forbidden 
by the principle of selection, increases. 

Hence in advancing along the Balmer series there is no increase in 
the number of components of fine structure, but all members have the 
same number of components, namely 3. On the other hand we know 
that in the Stark effect, that is, under the influence of an electric field, the 
number of components increases rapidly with the order-number of the 
member. It is in agreement with this that our principle of selection, as 
we saw in Chapter V, § 3, page 273, is invalidated. For the first effect of 
an electric field consists in this, that the components that would'have the 
intensity zero according to the principle of selection for “ free fields,'* 
occur with weak intensity ; it is only when the field grows still fui'ther 
that perceptible resolution and superposition of the components occur. 
Our Figs. 112 a and 113 a for and H^ are thus not without physical 
meaning: they rejyresent that ajypeAirance of the pictures of the fine 
structure U'hich appears in a tube of intense electrical excitation (con- 
densed current density), as the first indication of an imdpient Stark effect. 
We shall presently discuss to what extent the intensities marked in the 
figures are trustworthy in the case of the He^-lines, which are more 
readily observed, and how the electric fields that are acting are determined 
in a given case. 

From Fhgs. 112 b and 113 b we also read the i i^ason why the observed 
hydrogen doublet of the Balmer series must lag a little behind the ideal 
hydrogen doublet. The ideal hydrogen doublet denotes the distance 
between lines bearing the same names, as aa, bbj and so forth. In the 
actual measurement, however, the adjustment would be made for the 
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'iHu.ri/nunn^ ])oint of intensity of the line-group I and then we should 
ineasiiic from this point to the individual line to which the line-group IT 
reduc()s itself. The arrow that has been determined in this way (stretch- 
ing from 1 (I to II h in Fig. 112 />, and from 1 6 to TI c in Fig. 113 b) 
luii’ehy (-omes out smaller than Ai/h. 

T/ta ideal kf/drorfeii doublet would he meastired correctly only in the 
linilt i( hen we (jet to ]ii<jli memhera of the Balmer aeries (Hg, . . .), 
wln^i’e the fine-structure due to the second term becomes continually 
nai rower and the line-groups 1 and IT contract more and more into the 
pure doublet of tlui fii'st term. 

In (he cas(i of hydrogen we have also become acquainted with the 
iiltra-r'xdet Luftnan series and the infra-red Paschen series (cf. p. 207), 
nanudy : 

== and V = respectively. 

fn the former, the ultra-violet series, the first term is simple, the 
second is ^'-fold. The scheme of the possible fine-structures of its lines is 
represented by the rows of Fig. Ill from the second onwards, but with 
the right and left sides exchanged, on account of the negative sign of the 
second term, which conditions the fine-structure. But according to the 
principle of selection in the case of free fields, these possible fine-structures 
cannot occur. Bather, only one component of the fine-structure remains 
preserved in each series member, namely that component in which the 
azimuthal quantum number jumps from 2 to 1. As a consequence of the 
principle of selectmi the Lyman series consists of strictly simple lines. 
The possible multiplicity of its lines, as represented by Fig. Ill, can 
become visible only in strong electric fields. In the ground-line of the 
Ijymaii series, \ = 1216A (cf. p. 207) the only component that is possible 
in a free field corresponds, according to the principle of selection, to the 
transition from the second Bohr circle (2, 0) to the first Bohr circle (1, 0). 
In all the other members of the Lyman series, it corresponds to the 
transition from the elliptic orbit with the quantum number 2 to the first 
Bohr circle. 

In the infra-red series, on the other hand, the member would 
consist of 3A; components if no account were taken of the principle of 
selection. The principle of selection reduces this number to 5, as we shall 
presently see in the case of the analogous He+-series. 

Of the two influences of relativistic mechanics on the hydrogen lines, 
the “relativity cori*ectiou for circular orbits” and the “resolution” (cf. 

'I'liis does Liot dilTor perceptibly from tlie centre of gravity of intensity. For in 
the <;aso of tlie long wave group of liydrogen, which consists of two components, tlie 
satellite (or minor line) is extremely weak compared with the principal lino, according 
to calculations hy Kramers (p. 491), if the fields are sulliciciitly weak ; the result is 
that the centre of gravity of both becomes identical with the principal line. The 
conditions have been tested again very carefully m detail by U. T. Birgo, Pins. Kcv., 
17. 581) (19i>l). 
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p. 476), the forrnor is much less accessible oxpennuMitJilly than Uk 
latter which we have just discussed, because it entails v(u*y exact a])so]uti 
measurements. It may therefore sullice to state thai in the .Halinei* stu ic^s 
1. Very slight deviations from the formula 



have already been occasionally observed earlier, and 

2. That these deviations, according to a paper by Paschen, which vvci 
shall presently quote, are of the order of magnitudes of our n^lativity 
correction Ra“/64 required by theory and bear the cori*ect sign (ct 476), 
with E = e, + n' = 2. 

We now arrive at the true test of our theory, the spectra of ionised 
helium. They have been photographed by Paschen* and interpreted 
in close connexion with the theory of the present author, which was 
conceived about the same time and found its certain support in Paschen’s 
discoveries. 

Why are the spectra of He+ more favourable for our purpose than 
those of H ? Both are to the same extent simple and theoretically clear ; 
both are produced by one electron and one nucleus. But the He- 
lines are sharper than the H-lines. The He-atom is foui* times as heavy 
as the H>atom ; hence its lines are much less broadened by the l!)oppler 
eliect of the heat motion. Besides this, the He-nucleus is twice as heavily 
charged as the Il-nucleus, and therefore its lines will be less influenced 
by the Stark effect. Nevertheless the separation of the components is 
only partly successful even in the case of He, and demands spectroscopic 
resolution that is very dilhcult to obtain. 

Our first concern is with the so-called “ principle series of hydrogen ” 
(cf. Chap. IV, S 2, p. 20H), whose formula is (if w^e discard all lelalivistic 
refinements) : 



To them there belong the lines (more exactly the line-groups) : 

A; - I 4 o 6 7 8 

A - 4686 3203 2733 2511 2385 

They constitute series that arise by translating the infra-red series into 
the violet by multiplying by the factor 4. 

The line-group A = 4686 (initial orbit fourfold), final orbit three- 
fold) consists virtually of 4.3= 12 components. The first term of its 
series representation (5) gives rise to a triplet, I, 11, HI with the charac- 
teristic intervals : Ar^ = 1:3; the second produces a quadruplet 
Cl, h, c, fl wuth the sequence of lines reversed and with the intervals 

Avj : Ar.j : Ar.j = 1 : 2 : 6. 

♦ Bohr's Heliumlinien, Ann. d. Phys., 50, 901 (19 IG). 
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1 1 4 a shows in its upper row the mutual theoretical position of the 
\'‘2 components. The component II d of the quartet IT overlaps quartet 
I. All component intervals are expressed rationally in terms of the 



— ^ 7 ^ 



Fig. 114 a . — Spark discharge, k = 4. 


constant of fine-structure a- and are therefore also rational multiples of 
the hydrogen doublet Avji. For example, by eqn. (8) on p. 479 and eqn. 
(1) on p. 481 we get in wave-numbers : 

(II a - I a) ^ {II h - Lh) - . . . 

(III a II a) — (FII - II /q ^ ... = 24(H)'^Arji- 

Further, by eqn. (9) on ]). 479 and eqn. (1) on p. 481 : 

(I c I d)'^ (II c ' Hr/) = , . . = 32{7)*Arii, 

and so forth. 

For the sake of comparison we give in the lowest row of Fig. 114 a 
the experimental picture which is ollered when there is a strong spark 
discharge (great density of current). Starting from the right we see that 
in the group III the neighbouring components ab have fused together 
and the lines c and d appear separate. In this representation the width 
and height of the rectangles indicate the width and intensity of the 
observed lines. The lines a and b are also fused together in the groups 
If and I, but the line I ab comes out more strongly than the line II ab 
just as in our theoretical picture. The weak line II c appears coincident 
with I in the picture. The line I c is not separated from II d. 

Thus we have a striking confirmation ^f the theory. We almost 
have a visual picture of the manifold orbits of the electron circulating 
around the He-nucleus, and we find their twelve combinations represented 
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exactly in the intervals of the observed partial lines. It is, ind(*(;(l, just 
this pictui-e that, on account of its wonderful coni])!eteness, served 
Paschen as a means of calculating the ideal hydrogen (loublet. 

To give an idea of the experimental dilliculty of taking and measuring 
these photographs we call attention to the scale of wave-lengths attached 
to the figures, according to which the interval between the extreme lines 
III a and I d does not even amount to 0*8 A. 

The picture assumed a different appearance when an ordinary direct 
current was used to excite the He-tube instead of the strong spark dis- 
charge ; it is different as regards intensities^ but not as regards the jmi- 
tion of the lines. The position of the lines is unambiguously determined 
by the theory, which, however, made only conditional statements about 
the intensities and possible omission of lines. 

If only a weak discharge passes through the tube then the principle 
of selection holds. This principle allows only those transitions for which 
\k -11 =1. They are denoted by arrows in the following scheme : — 
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Three lines of the (juartet III droj) out. They are those corresponding 
to the transition fi’orn A: — 4, tl, and 1, to — 1. In each of the (juaitets 
IT and 1, two of the lines are suppressed by the principle of selection, 
namely, those that correspond to the transitions from k = 4 and k 
to 11 = 2, and from k = 8, fc = 1 to = 3, respectively. The lines in 
(piestion have been drawn as dotted lines in Fig. 114 h. Thus, of the 
3.4 = 12 components of the line-group, otily 5 real ones remain. 

The lower part of Fig. 1 14 6, which is by Paschen, now shows that 
in actual fact the lines III ah which we have dotted are wanting in the 
picture due to a direct current, but that, on the other hand, the lines 
III d and I d which we were also compelled to dot are actually present, 
even if only as weak lines. According to the above we have actually to 
recognise in this an incipient Stark effect and a transgression of the 
principle of selection. Thus our picture for the direct current shows 
convincing agreement with theory as far as the ijosition of the lines is 
concerned. 

(Concerning the intensities the theory must be considerably deepened 
before we can talk of compailng it with the results of observation. In 
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any cas<; our crude rule of intensity is contradicted by experience. 
Whereas, according to this laile., the component II h should be weaker 
than 1 a, 11 b is in reality tlui strongest component. The necessary 
deepening of the theory, here too, is effected by the Principle of Cor- 
respondence (Note 10). Kramers* iinds perfectly satisfactory agree- 
ment between Paschen’s direct current photographs and the intensities 
calculated according to the principle of correspondence, and explains 
why the components III d and I d do not vanish. He concludes that in 
the case of Paschen’s direct current photographs an (unintended) field of 
about 100 volt/cm. was probably acting, and in that of Paschen’s spark 
photographs one of about 300 volt/cm. 



Vi<i. i M h. — C’t)iiliiuious current, k ~ 4. 


In view of the far-reaching imim’taiice of the fine structure of 
A = 4686, we are happy to be allowed to reproduce for the first time the 
photometric measurements in Fig. 115, which Mr. Paschen has kindly 
placed at our disposal. They are from two original plates taken in the 
third order. We took them into account in Figs. 114 a and h in repre- 
senting the visual impression. Here they are represented objectively by 
the galvanometric deflexions of a thermo-electric photometer. The in- 
dividual photometric observations arc marked by O and x in the case 
of the direct current and the spark, respectively. In place of the rec- 
tangles drawn above we now see continuous curves expressing the 
blackening of the plate with well-defined maxima. The fact that the 
components III a, b are wanting in tfhe dii*ect current curve, in accord- 
ance with the principle of selection, and thiijj fhe components II are pro- 

* lu tlh^ dissertation quoted on page 275, and in particular page 374 and the foot- 
note to page 372. 
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nounced in comparison with the components I com<‘S out particularly 
clearly in this curve representation. In general we si‘e that the (lifter- 
ences between the two diagrams and in what theory le ads us to expect 
are only differences in intensity. 

In series (5) we pass on 
to the line group 

\ « 3203, 

Z - 5^)- 

It consists theoretically of 
a combination of a triplet 
with a quintet, in the first 
place, and has thus 15 com- 
ponents in all. The quintet 
(on account of the denomi- 
nator 5“^) is contracted more 
than the previous quartet. 
That is why the quintets 

I and 1 1 hardly overlap 
any more. If, however, we 
apply our principle of selec- 
tion and di’aw up a table 
analogous to Table 51, we 
see that here, just as in the 
case of A = 4686 (and in 
that of the remaining mem- 
bers of the series), only live 
real components remain. 
In the experimental picture 
(direct current diagram) of 
Fig. 116, Hid and lie are 
measured separately, and 

II c is measured as the 
strongest component ; the other three components II e, 16, Id are 
fused together. Besides this, the components III e and I e occur as 
very weak lines ; they should be wanting, according to the principle of 
selection, and have been produced by the action of an unintended electric 
field. Here, too, our rule of intensity is in conflict with the results of 
observation and has to be deepened by means of the principle of 
correspondence. 

The experimental picture foi* direct currents becomes particularly 
simple in the case of the next group of lines 
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§ 4. C’omparisoii with Experiment 

Her(^ llie sextet of the second term is already so contracted that in 
observation it appears unresolved everywhere. Accordingly, Fig, 117 
exhibits the^^^r^ triplet of the first term with the characteristic interval- 
ratio 1:3. 


I 




Pascheii has also investigated the second of the He+-series mentioned 
on page 207, the “ Pickering series/* erroneously called the ** II sub- 
sidiary series of hydrogen,” namely, 



On account of the first term the fine structure is a quartet with the 
interval-ratios 1:2:6. The much narrower multiplicity due to the 
second term could not be re- 
solved. The first thi-ee lines 
of the quartet also coincided, 
forming a blurred component. 

In addition to the latter, i 
however, the fourth line of ^ 

the quartet, which is not so 



close, could in most cases be 
measured as a weak com- 
poi:ient on the violet side of 
the spectrum. The measure- 
ments yielded values corre- 
sponding fully with the pre- 



FiCr. 117. — Continuous current, k = 0. 

Hi 


diction of theory. The wave-lengths of the principal fines of this 
series have already been noted, as given by Paschen*s measurements, in 
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Table 25 on pa^e 22»‘], and have been placed alon;.^i<lt‘ liiu* nei^^hboui iniLj 
Halmor line's. 

As .Bohr remarks, il was a piece' of ^mod fortiipe for the (l(‘vel()])m(>nti 
of spectral theory that tii(‘ ])rinciple of sel(‘ction di<l not conu' out ac- 
curately valid in Paschen’s direct current photo^raj)lis and (hat it was put 
quite out of action in Paschen’s spark photO| 4 ]*a})lis. It is just the weak 
components forbidden by the principle', of sedi'ction that (‘nal)led Pascheti 
to use his photographs to confirm the ])ostulates ol ilui theory wliich th(‘ 
present author originally set ujj without Ix'ing aware of tlu' ])rincipl(‘ of 
selection. The development of spe'ctral th(*ory would probably have 
been delayed for years if Paschen s photographs had corresponded to the 
ideal conditions of a free field. 

Merely in passing we call attention to the comparison of hydrogen 
spectra with spectra that are not of the hydrogen type in Chapter V f , ^ 2. 
In the accompanying Pig. 86 we have depicted the various energy levels 
of sodium and have compared them with those of hydrogen by attaching 
the letters H„, Hy. Whereas we formerly said that in the transition 
to hydrogen the differences of the energy-levels become straightened out 
within each step, we may now say that indications of these differences 
remain preserved even in the case of hydrogen in the fine structure of its 
lines in such a way that the energy-levels become distinctly diminished 
but that their number remains exactly the same. 

Corresponding to this, the number of times that the Balmer lines 
II, „ il^, My occui-red in the Bcherm^ II on pag(5 dd6 agrees exactly with 
the number 3 of the components of the line sti ucture, which we have 
now derived for the Balmer lines under the conditions of free fields. 
Linking up 11^ with the three-term expressions 2p - 3r/, 2j) - 2.s* - 3p, 

as \ve did earlier, signifies just the same as now drawing the three 
a,rrows for the transitions of the azimuthal quantum number 3 — > 2, 

1 2, 2 1 in Table 49. The same apjjlies to the infra-red hydrogen 

lines labelled “ Paschen-Eitz ’’ in the earlier scheme or to the He ^ - 
lines labelled “Fowler,” of which the most important repi’esentative is 
\ = 4686. In accordance with the earlier scheme we hav(i allocated 
them to the five-term expressions 3d - 46, 3d - 4p, Sp - 4d, 3/) - 4.s, 
3s ~ 4p ; the five arrows in our present Table 51 correspond to them in 
turn. The gi’ound of this complete parallelism is clearly to be found in 
the principle of selection for the azimuthal quantum number that holds 
for the spectra which are not of the hydrogen type in just the same way 
as for the fine structures. 

J^ut we infer, f urtlier, that tlie fine structures of the hydrogen spectra 
do mjt correspond to the doublet or t^H^det structures of tJic spectra which 
are not of the hydrogen iy'pCj hat to their various series. Hydrogen ex- 
hibits no analogy to the doublet structure of the lines of the alkalies or 
the triplet structure of the lines ol the alkaline earths. Convei’sely, the 
existence of the hydrogen doublet in Balmer’s series denotes that in the 



495 


§ 4. Comparison with lixperiment 

lan^iia^n* oj spectra wliicb a)‘(i not of the liydrogcn ty])(^ we may interpret 
the tej ii) R -72 equally well as the term 2;> or the term 2s. 

This luudamerital comparison (uitails important consecpiences aff'ect- 
iji^ the view of the Zomuin efi'oct. The doublet-triplet structures, as we 
know, are caused to contract by a strong magnetic field ; their anomalous 
Zeimian effect beconifis changed through the Paschen-Back transforma- 
tion into the normal effect. Is the same result to be ex] 3 ected in the case 
of the line structures of hydrogen? No; indeed, just as two acci- 
d(mtally neighbouring lines, for (ixample, an H.B. line and a N.S. line, 
in a s])ectrum that is not of the hydi’ogen type do not affect each other 
magn(‘tically, no more do we expect two fine-structure components of 
hydrogen to disturb each other magnetically. Just as the Zeeman 
effects of the former lines simply become superposed and in given cases 
interpenetrate each other, so must the normal triplets of the hydrogen 
components simply become added without interfering with each other. 

When the author investigated the Zeeman effect of hydrogen from 
the point of view of relativity in 1916,* he compressed the result into the 
sentence : “ The Zeeman effect is not influenced by the fine structure," 
and he imagined that he had to regard this as a contradiction to observa- 
tion. For Paschen and Back had found certain polarisation anomalies 
to occur in hydrogen,! which they claimed to be a direct consequence of 
the strong magnetic fields that were applied. But nowadays we are 
convinced that these anomalies are to be ascribed to the influence of the 
electric field in the tube. As a matter of fact, Hansen and Jacobsen J 
have conducted very careful measurements of the Zeeman effect for the 
Ife+-line A == 4686, reducing the subsidiary electrical influences as far as 
possible, and they succeeded in establishing that the Zeeman effect then 
essentially looks normal and, at any rate, manifests no similarity with the 
Paschen-Back effect. This important result gives the final touch to our 
knowledge of the Zeeman effect of hydrogen and allows us to assert the 
following : 

When the Balvier Urns are resolved magnetimlly each of the three com- 
ponents of the fine structure passes over into a normal triplet ; the resultant 
nine components become superposed and interpenetrate without disturbing 
one another. We have already dealt with the position of the correspond- 
ing orbital planes on page 302. Of the four transitions that are not 
bracketed in Table 35 the last two are equal as regards energy and thus 
coincide § in observation. 

The circumstances are somewhat different in the Stark effect for 

^Physikal. Zcitpchr., 17 , «*>02 (1916). The whole iiilliiencc of relativity consists in 
a very miimte increase of the normal resolution of the order of the fine structure 
constant a*’, which we may pass by as being unohserv^ahle here. 

t Ann. (1. Phys., 40 , 960 (1918). Cf. also F. Croze, Compt. mid., 154 , HIO (1912) ; 
155 , 1607 (1912); 157 , 1061 (1918). 

:|: Kopenhagener Akademie, 1921 ; Matliem.-phys. Mittoilungen, IIT, p. II. 

§ Namely the tmnsitions 012 002 and 021 01 1. 
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hinirotjcn. We inav compare the orJinarv Stark with tin' l*as(‘J)f||. 
Back eiYecfc since it re])res(mts a sim])li(ied tvpt* wliicih comes about only 
iindtu* tlie influence of slrontj lields (st‘e }>. 'iSS C 0 !'(*(‘r^un} 4 ‘ the dt'linition 
of “strong” and “weak”). On the other hand, tlu' Starls fltcet lor fcnth 
lields, the tlieory of which has been evolveil by Kramers (cl. tlu' (juoia,- 
tion on p. 2S5), links np with the line stnictiiri* oi llu' hydro^nm lini‘s, 
and i*e]n‘esents, as it were, an anomalous Stark rltcct, the f^nound of 
which lies in the original complicated line structure. I limce when the 
electric held increases no pure super])Osition occurs in this eas(‘, ))iit 
the resolved components of line-structure in Hiuuict' one anotlu'r mutmtlly 
and become simplified to the normal type of the Stark (‘Ifect. The 
reason for this contrary behaviour is clearly the entirely dii'terent tiction 
of magnetic lields and electric lields. In the case of the magnetic field 
there is a mere precession of the original Kepler orbit; in that of the 
electric field these orbits are deformed. 

§ 5. Regular and Irregular Doublets of the X-ray Spectra 

From the minute hydrogen doublet a direct road ' leads, passing 
through the fine-structure lines of ionised helium, to the doublets of the 
X-iay spectra (cf. the conclusion of 3 of this chapt(>r). The hydrogen 
doublet is produced in the field of a singly charged nucleus : the line 
structure of He' is produced in the neighbourhood of a doubly charged 
nucleus. The Rontgen spectia emerge from the interior of the atom/and 
hence originate in the field of a highly chargj^d atomic nucleus. The 
magnification factor of the line structure in the case of Ile^ as compared 
WJth the hydrogen doublet amounts, in wave-numbers, to 2b But in the 
Ccise of X~ray spectiu of an element whoso atomic number is Z it in- 
creases to Z* (we assert this with due iY*servations lor later when we 
giv'e moi’e accurate data). For Z — 92 (Uranium), this giva's 

92' - 7-2 . lOb 

that is, a mcKjnificatunL* of sieventjj miUions uo comjiarison with the 
doublet of 11 ’ 

We become familiar with the detailed data of. observation in Chapter 
III, S fi. Above all, we shall deal with the L-series. The “ L-doublet ” 
occurs between the lines {a fi), ( 78 ). lu the case of the heavier elements 
the line-pairs (€> 7 ), QO), ( ik ) become added. The intei-pretation of this 
constant doublet difference was contained in Table 12 , pa^e 159; all 

* This stat(}ineiit refers to the freq 7 €nicy difference On the other hand, the 7oave- 

length difference A\ is essentially independent oi Z (cf. p. IGl). Since tlie spectiometer 
measures the mtio of the wave-length K to the constant d of the crystal lattice (cf. 
cqn. (3) on p. 12U), the af^mracy of the fino-stmcture measurements is practically the 
same for all the atomic numbers Z. The fact that the fine structures in, the Uuutgen 
region may bo measured witli much greater ease and certainty than those in the visible 
region is not due to tlio greater value of Ay, but to the much smaller value of d, that is 
to the much finer lattice which may now bo used, thanks to the smalluoss of the wave* 
lengths. 
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liruis of Lh(* Ij-sories start from various initial states and are directed to the 
li-shell. Blit the energy level of the latter is double; it consists of an 
uj)])(i)* B, -level and a lower B.^-level situated beneath it. (We shall treat 
of tb(‘ By-level later.) The dil'tereiice of level between B^ and Ij^ 
determines the Ij-doublet. 

We ar(i now able to expose th(i i-eason for the difference of the 
B,- and the B.^-level. The K-shell belongs to the (juantum number J and 
is thiucfore siwjic. The B-shell has the (piantum sum 2 and is therefore 
dotihlr. Tor the present we shall argue as if the Jj-shell were not 
multi])ly occupied, and shall theriiforii talk only of one electron, which 
ilescribf's the “ B-oi-bit.’* Now the fj-orbit is either a circle (2, 0) (azi- 
muthal (|uantum number 2, radial <|uantum number (0) or an ellipse 
(1, i) (azimuthal and radial quantum number I). The energy of the 
elliptic orbit is (jreatcr (if we discard the sign), but less if we take the sign 
into account, than the energy of the circular orbit, by an amount that is 
due to the relativistic increase of mass. Accordingly the lower level 
belongs to the elliptic orbit, and the higher level to the circular orbit. 
If we regard the circular orbit as the more frequent (more probable) one, 
then we have to expect that the lines that end in the higher level Iq, that 
is those of longer wave-length, are more intense ; and this agrees with 
obsei'vation. 

We pass on Irom the energy W of the B-orbit to the “ term - W//t. 
The L-term ” is common to all lines of the B-scries, and, corresponding 
to the levels B^ and L^, occurs in two forms, as the “ Bj^-term ” and as the 
“ B.rtenn.” It is the positive and first term of the li-series. Hence our 
statements about the constancy of the B-doublet and about the relative 
intensities of its components arc therefore particular applications of the 
geneial assertions in 3a. 

The quantitative representation of the L^- and the Bo-term is given 
by eqn. (Ga) on page 477 with all necessary accuracy. We have there 
to set n = 2, n = 0, foi- the L^-term, n — n — 1 for the L.-term and 
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The difference of these two terms gives us the size of the B-doublet in 
wave-numbers, namely. 
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Our representation of the L-doublet is fully determined and expressed 
rationally by the fine-structure constant a- == 5*3 . 10 " ^ by the Kydberg 
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fre(]ut'ncy K — (it is; colour that wo may disoaul tlu* Mcoompanyin^r 
motion ot‘ the niiclons in tlio case ol the heavitM’ (“I(‘monts}, and hy th(‘ 
nuclear charge M. We must now first lu'come clear aJ)out latUa’. 

It would suggest itself to us first to s(it hj/e (‘({ual to tin; ‘‘ tria* 
nuclear number, ” that is, to the atomic niimher '/\ ot ihe atom. \\ (« 
know, however, that then' is a K-shell within the Ij-orhit, and that th(‘ 
tdectrons of this K-shell screen oft the nuclear charge. In addition, the 
L-shell is also multiply occupied and its electrons will also act so as to 
tend to screen off the true nuclear charge, ifence, in plac(‘ ol th<^ “ tru(‘ 
nuclear charge,” we get an “ effective nuclear charge ” which is smaller 
than Z, We set 

•-= Z .V 

As we are not able to calculate the “screen number” .s** from theory, we 
get its value from observations, thus we include it as a parameter which 
is at our disposal. To give us a first general idea we moreover cancel 
the higher relativistic terms in (2) and hence write 

A., = ^(Z-.V .... (4) 


This is the theoretical formula that has been transposed from hydrogen 
(or semi-theoretical, since we introduce the parameter s) to a first rough 
approximation. We compare it with the empirical formula that .we 
evolved at the end of 6; namely, the eqn. (4) of Chapter III, 


Ar _ 5-3. JO--* 

li “ 2 -^“ 


(Z 3-5)^ . 


ir>) 


Thsse two for mulcP. atfree not only in their (jenerat form hut also in their 
numerical value. We recognise in this a first confirmation of the 
quantum and the reilativistic view of the L-doublet by the results of 
observation, and, furthe]', we read from it the empirical value 3*5 for our 
screen nuinhev s, 

Eqn. (5) once again refers us to the law of the approximate constancy 
of A\, which served, as in Chapter III, page 161 to recognise doublet 
lines that belong together. From our present point of view this law is 
clearly proved hy the fact that Ar is proportional to the fourth power of 
the atomic number, that v varies with the square of the atomic number, 
in the manner indicated by Moseley, and that 


The constancy of AA which is not exactly true hut only approximate 
then follows among other things from the fact that the screen constants 
in Av and v need not be equal (cf. p. 509). 

* We have clioscn the letter s in view of Chax). II, p. 74. 
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(4) assumes a still more interesting form, if we introduce into it 
tb(3 value of the hydrogen doublet from eqn. (1) on page 481. : 


(1) then becomes 

Ari,(Z ~ . . . (6) 

W(^ illustrate its content by means of Table 52 and Fig. 1 18. In the 
lirst column of Table 52 we have a selection of the values of Avl/II for steps 





of three units on the average ; they link up with Table 15. In the second, 
column we have the values of Avl itself, in the third those of Arn, as they 
come out by eqn. (6), that is by dividing by (Z - s)^. Whereas the 
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Ai', ’s (*han^(‘ by two [)OW(i]s of 10 in the ooinsi' oi tin' tiihli*, tlu* v;iln(‘s ol 
Ai'ii remain ap])recial)ly const u\t. 'riie sli;:;ht im*i’(‘jise that is still 
inanilest in the last column may he intc'rprettal (luiti* naturally and is 
dii’ectly ])Ostulated hy the higluu* memh(*rs diu* to relativity which \v(^iv 
provided for in eqn. (2) but cancelled in etpi. ((>). This advance* hecomes 
more apparent in i^'ig. 118. Here the values of Arn, (*alcnlat(*d a(;(;ord- 
ing to eqn. (G), have been plotted as ordinates against tlu^ abscissa Z. 
We see how the intei'polated cuive drawn through thesi* ])oint8 a])- 
proaches a corstant limit for small valiit*s of Z ; this agrees excell(*ntl\ 
with our ideal hydrogen doublet 

A]'i, 0‘dG5 cm 


Thus ///c /(wl of tke existence of the jine-sir net lire may be folLiurrd 
ihroiujh the tchole system of elements, from hydroijen to uranium. The 
Ij’doxiblet ajypears as a ffigantic magnification of the hydrogen doublet. 

But we wish to pursue the quantitative statement of the L-doublet to 
its final issue, that is, we shall not stop at the first approximation, but 
shall also take into account the higher corrections due to relativity. 
This will at the same time give us a criterion for the accuracy of our 
value 3‘5 for s, the screen constant, and can convince ourselves that 
for the whole series of elements the L-doublet is accurately represented, 
within the limits of errors of observation, by our relativistic formula. 

Wo may proceed hy calculating the value of Fj/e ^ Z -- s sepaiutedy 
for each element from formula (2). Thus we start from 


Ai/ 

H 


2-i 


r/ 1/1 5 a“ , r, 53 ,, 

(Z ~ sf (1+2 ^2- 8 2* 


sf + , . . 


(7) 


and after multiplying hy 2Vc‘ we get the square root hy using the 
binomial expansion. In this way we get 


81 a' 


olimimile ihc member (Z - s)"* out of (7) and (H) 
2' lAv 

« V li ~ <12 ‘ 2 * 


•) («) 


(9) 


W'e may, without having scru])les, use the first approximation obtained 
in (I) for the corrective member on the right. We then get 


(Z - sf 



Av 

' It 


)(i + 


,Av\ 
32"'*' IV 


( 10 ) 


Th(i formula thus obtained denotes the inveise of eqn. (2) as given by a 
logical approximation. 

It is treated numerically in Table 53. The first column repeats the 
values of Av/K = L/3 - La' contained in Table 15. The second column 
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giv(‘.s ihc valucis of Z - s, as calculated from eqn. (10), whereby the value 
. IQ-'* (cf. 7) was set for a^. In the third column we have the 
r(^sulting values of the screen niimhor s itself. The mean of all the 
values of .s* is, in round luunhers, 

- 3*50. 

As wo se(;, the individual values of a fluctuate without regularity about 
tlio mean value. We cannot avoid concluding from this that the alrvctura 
(\f tfw atom within lha inlmle aaqaenca f rom Z = 41 /o Z == ^2 has a uniform 
desiun in its innarnmst parts and follows the same (jeneral plan. In view 
of the addition of new shells in the outer part of the atom, and, in certain 
cases, their rearrangement at certain points of the periodic system (rare 
earths and so forth, cf. p. 108) this uniformity is by no means an obvious 
necessity. 

Table 53. 


z 
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Z - s 

s 

Z 



AulU 

Z - s 

s 

41 

m . 


0-89 

37-50 

3-50 

63 

Ku 


47-19 

59-48 

3-52 

42 

IMo . 


7*70 

38-53 

3-47 

04 

Cld 


50-66 

00-48 

3-52 

44 

Ihi . 


9-49 

40'54 

3-40 

65 

Tl) 


54-38 

01-49 

3-51 

45 

Kli . 


10-48 

41-53 

3-47 

00 

Ds 


58-30 

62-49 

3-51 

40 

I\1 . 


11-50 

42-52 

3-48 

07 

Ho 


62-40 

03-50 

3-50 

47 

Ag . 


12-G'J 

43-49 

3-51 

08 

Er 

. 

(i6-85 

64-50 

3-50 

48 

Cel . 


i:3-97 

44-52 

3-48 

70 

Ad 


70-1 

06-5 

3-5 

49 

In . 


15-29 

45-50 

3-50 

71 

Cp 


82-5 

67-7 

3-3 

! 50 

Sn . 


10-73 

40-50 

3-50 

73 

Ta 


92-70 

09-52 

3-48 

1 51 

Sb . 


18-29 

47-50 

3-r.o 

74 

W 


98-54 

70-49 

3-51 

! 52 

To . 


19-94 

48-50 

3-50 

70 

Os 


111-08 

72-51 1 

j 3-49 

! 53 

J 


21-71 

49-49 

3-51 

77 

Tr 


118-04 

73-50 ' 

i 3-50 

! 55 

Cs . 


25-00 

51-48 

3-52 

78 

rt 

* - 1 

125-92 

74-49 1 

1 3-51 

i S(i 

l^a . 


27-70 

52-40 

3-e54 

79 

All 

j 

133-80 

75-51 i 

i 3-49 

I 67 

Ija . 


30-01 

1 53-46 

3-54 

81 

Tl 

1 

150-49 

77-50 ; 

; 3-50 

58 

( 'e 


32-33 

I 54-44 

3-50 

82 

PI) 

. i 

160-02 

1 78-50 

3-44 

! 59 

T’r . 


35-03 

1 55-40 

3-54 

83 

Bi 


109-73 

! 79-58 

i 3-42 

1 00 

Nit . 


37-80 

50-40 

3-51 

90 

Tb 


250-80 

: 80-57 

! 3-43 

02 

Sni . 


43-95 

58-50 ! 

3-50 

92 

U 


278-71 

88-51 

3-49 j 


IMuaii : .s 3-192. 


What is more important for us than the constancy of s is the accuracy 
with which the quantum number 2 is confirmed by our calculation and 
the unmistakable appearance of the relativistic law in the progressive 
magnification of the doublet interval. The latter circumstance also 
illuminates a point which remained in obscurity in the remarks of (Chapter 
ni, namely, the increasing curvature of the graph lines of \lvjK in 
r^igs. 51 and 53 of the K- and H-series. If the Koiitgen spectra were 
given with rigorous accuracy by a formula of the Balmer-Moseley type, 
then JvjRy when plotted as a function of (lie atomic number, would be 
represented by a straight line. But the addition of the relativity correc- 
tions of the first and higher order (cf. eqn. (1) at the beginning of this 
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chapter) causes this lino to hecome increasingly cnrvecl upwards as Z 
increases as was actually to be seen in Fi^s. 51 and 5:1. 

Hitherto we have lollowod in the t*ootste])s ol the hvdi*o^’(*n niodel, 
and have pui'posely calculated as if the L-orbits, those that ar(; (dliptic 
as well as tliose that aj-o circular, are each d(‘ scribed by a single 
electron. The accompanying action of the other eh‘cti'ons of the Ij-shell 
that are undoubtedly present was taken into accouni otily by intioducing 
the available screen number .s*. Now, there is no dilUcultv in imagining 
a circidar orbit occupied by sevtral electrons. If q electrons are dis- 
tributed regularly around a circle they exert a muiual radial re])ulsion 
which is tantamount to a screening of the nucleus to the exttmt of 
.sy unit charges. If there are besides these, p electrons within the cii’cle 



and near the nucleus, then the whole screening of the nuclear charge 
amounts to s = ;> + for the singular orbit (cf. Chap. H, p. 74). 

The case is ditferent with elliptic orbits. It is clearly not possible to 
arrange several electrons on one elliptic orbit without thereby destroying 
the Coulomb character of the held of force. But it is certainly possible 
to distribute the electrons among so many ellipses as theie are electrons 
(namely, q). These ellipses are inclined to one another successively at 
the angle "J^ir/q, and a\‘e situated symmetrically about the nucleus. Wo have 
drawn a “ gi oup of ellipses ” * for q — 5 in Fig. 119. These ellipses are 

* 'Pliat siudi an arraugeiiicjit is a possible form of motion of several electrons was 
communicated to the author i^ersonally by Mr. F. Pauer. But it bad already been 
described earlier by J. W. Nicholson, Phil. Mag., 27i (1914), 
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traversr'd })y the q electrons in such a way, the same for each, that all the 
(f elcjcil i ons pass through the cornisjionding aphelia and perihelia at the 
same moment, respectively. If the electrons are joined up by a secjuence 
of sti'Might lines, then the latter will at every moriKint constitute a regular 
polygon (of (f sides) which alternately contracts and expands. It is clear 
that in tiiis ])ulsatijig polygon the repulsions exei’ted on one electron by 
all the remaining electrons must by symmetry give a resultant which 
])asses through the nucleus and which, as in the case of the circle, is re- 
])reseiited by the nuclear defect The circular orbit that is multiply 
occu])ied is distinguished from the ellipses of a group only by the fact 
that the q circular oi’bits a])pear coincident to the eye. The sinqle ellipse 
tjuil U muliljjly occicpu'd wonld be a false qe-neralisation of the oinilliply 
occupied circular orbit ; the true qeneralisatujn is qicen by the group of 
ellipses. 

Tlie conce])tion of grouped ellipses shows that the actual similarity 
of the Jj-doublet to the hydrogen type may be brought into accord with 
the multiple occupation of the L-shell so long as we regard the Jj-shell 
to l)e a multiply occupied circle in one part of the atoms and as a group 
of ellipses in the other part. Yet, a number of weighty objections speak 
against the truth of this picture. We need not, it seems to us, take ex- 
ception to the ingenious interlocking of the q elliptic orbits as being 
something unnatural ; indeed, we may recognise this as an indication of 
the high degree of harmony of motion that holds sway in the interior of 
the atom. But how is this harmony of motion to be preserved in face of 
the many disturbances due to the electrons of the other shells, particularly 
when we consider, as J. M. Burgers * first pointed out, that the grouped 
ellipses intersect the K-shell? In Fig. 119 we have dotted in the 
K-shell as a “ K-ring ” in its correct relative size. The figure shows that 
the ellipses penetrate into the interior of this ring when the whole is 
drawn in one plane. This co-planar arrangement of all the L-electrons 
in the grouped ellipses is a further weighty objection. How are the 
electrons to be made to confer distinction on one plane ? By a natural 
elaboration of the idea of a group of ellipses Lande has indeed extended 
the polygonal symmetry to the polyhedral symmetry of a cubic arrange- 
ment (cf. p. 104). But in the region of Eontgen spectra the difficulty 
at once arises that when the L-series is excited an electron is removed 
from the cubical 8-shell. What picture are we to form of a cube which 
has lost one of its eight corners? But the most serious objection to 
polygonal as well as to polyhedral symmetry is the following: As we 
have already said above, in order not to destroy the symmetry we should 
have to assume that the elliptic and circular modes of motion occur in 
differe)U atoms, and that, accordingly, one part of the atom exemplifies 
the L, -level, another part the L^-level. Now in addition to the L^- and 

111 liis cUssortation for Leyden University : llet Atoommodcl van Untherford-Bohr ^ 
p. 161. Haarlem, 1918. 
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tho L., -level there is also an L-.-level. Mor(‘over, as \v(‘ siiw in Ohaptei* 
in and as we shall show in ^I'eater detail in the nexi s(‘e(ion, (h(M(‘ are 
5 M-lev(*ls and not h'ss than 7 N-levels, (|iiite a])art Iroin the ()- and 
P-levols that have to h(‘. added in tho case of elements v ith atomic 

numbers. But if we distribute and L.j amon^ dill’erent atoms, wo 
must also do the same with IJ 3 , and with the M- and N-levels. Hence 
we should have to postulate not two, but at least 1 . 3 . 5 . 7 = 105 dif- 
ferent species of one and the same atom, corresponding to the possible 
combinations of the various levels with one another. That is already 
absurd in itself. 

Moreover, this standpoint also leads to direct contradictions with 
experiment. Let us, for example, imagine two atoms that only ditTer in 
that the L-shell is developed as an -level in the first and as an I j., -level 
in the second. When an electron is removed from the K-sh(dl and 
raised to the surface of tho atom, the effective nuclear charge of the 
L-sh(‘ll increases by .1 ; accordingly the shell contracts, and since* energy 
is liberated by this pi’ocess of contraction th (5 L-shtdl pcnToi’ins souk* of 
the work of elevation necessary for the K-excitation. Thus tlu* work of 
excitation becomes reduced through tlui ])n‘sence of tin*. L-sluHI and, 
naturally, also through that of the othm* shells. But tlu^ amount of 
energy contributed l)y the L-shell is difh'rent according as it ap})ears in 
the form of the L,- or the L^,-lev(‘l. For if wo apply tin*, nomenclature 
of Chapte.r IV, S 5, then the etuu-gy of the L-sludl before the K-('xcitatioii, 
that is, in the undisturbed atom, is, according to eejn. (G) on page I7G, 



On the othei- hand, its energy aftei* the K-excitation (whereby thtj dis- 
tribution number of the K-shell, that is, the electrons occupying it, has 
decreased from p to p - 1 ) is : 


W 
h, K 


I 


1 / - ip 1 ) - 


/I li \a- 


:z - 1)- 


( 12 ) 


The contribution of the fj-shell to the work used in ('fleeting the K-ex- 
citation is the differ(uic(i of (11) and (1‘2). As n and 11 , the (juantum 
numbers of the respective levels occur sepai'ately in this difference, this 
contribution is, as \so said, different for and L.,. Since 11 jn becomes 
e(jual to 0 for, the L^-level and equal to 1 for the L^-level, the difference 
in the contributions of the L^- and L^-levels becomes 
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W'h(‘i-e ^ ^ by e({ii. (4) denotes the L-doublet - Dj. Hence 

tlui K-liniits of the two atoms would have to diffei’ by the amount* (13). 
Afid, indexed, since the contrihution of the L^-shell is less than that of the 
lio-shell, the K-lirnit would be harder in the presence of an Jj^-shell than 
in that of an H^-shell. Further, it follows from this that the L-doublet 
K(a'a) of the K-series must be greater than the L-doublet of the L-series 
by the same amount (13). But, when calculated, this difference comes 
out, if q be Sit equal to 8, to 6*4 r/R units for Mo atomic number (42), 
8 for Rh (45), 45 for W (74). Contrast with this Table 16 in Chapter 
III, ^ 6, according to which K(aa') agrees with Ij{a/3) to the extent of, 
at most, 0*2 v/R units. 

From all this we must infer that the orbits that give rise to the 
diffei'ent levels must actually all occur in the same atom.t But then there 
can he no such pronounced symmetry as we assumed in the grouped 
elli])ses or in the cul)ic arrangement. The problem of the arrangement of 
the electrons within the atom, iegarded fiom an elementary point 
of view, ))ecomes ho]jeless. It seems equally hopeless to ex])lain the 
defect in the nucleai’ charge namely, s = 3‘50 in an elementary 
and pictoi’ial manner; nor did wc succeed in doing this satisfactorily 
even when using the picture of the group of ellipses. Our formula 
for the L-doublet does not hereby lose any of its practical value. It 
cannot, indeed, be I’Ogarded as an equation tliat has been derived from 
theory, like the formula for the hydrogen doublet, but it stands as an em- 
pirical equation that has been brilliantly confirmed. 

At any rate the general behaviour of the Jj-doublet speaks unmis- 
takably in favour of the correctness of a relativistic and quantum stand- 
point. The fact that the L-doublei deqjeiids on the atomic mmher Z, 
and that it corresponda to the quantnm-mimher 2, leaves little room for 
doubt thui we must regard the L-doublet itself as a ma( rosco2)ic copy 
of the microscopic hydrogen doublet. 

But our relativistic formula of the fine-stj'ucture preserves its validity 
and value, not only in the case of the Tj-doublet, but also in that of the 
M- and N-doublets, and thus furnishes us with a principle of sub-division 
for the multiplicity of M- and N-iiucs. We give the name regular doublet 
to each pair of energy-levels that are connected with each other by such 
a fine structure formula, fjater we shall show that besides these regular 

Just as tlirro wniiUl liavc to l)c two Iv-liinits, so also tlu'ro would bavc to bo two 
K j8-]iuos, s(‘parat(Ml by tbo interval (13). Tlio tlieory of this “ inloriiiodiate doublet” 
[of. /oiisebr. f. IMiys., 5, 1 of course, falls to tbo ground with tbo assumption 

that tbo levels 1 i, and U, an* forinod in diffon'iit atoms, that is, not in tbo same atom. 

t'riiis coiKilnsicm is entirely contradictory to tbc view that tin; autbor held 
formerly, and that was maintained in earlier German editions of tin’s book. But it 
coincides with ilie views of Bobr expressed in bis b'ttor to “ Nature,” cf. page 69. 
According to Bobr, it is an indi.spensiiblc condition for the stability of tbc atom tbal 
tbo orbits of tbo various sbells be interlocked, in a manner similar to that depicted for 
tbo K and Icorbits in Fig. 11‘J, 
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(loul)lets tliere are irregular doublets, wliicli likewise lollow m. iiiiifonii 
characteristic law (and houc(( scarcely deseru* ilieir rather dc'ioeatoiy 
name). 

We know the (loni)lt'ts (at*') ^‘'''hed M-douhk^ts 

(cf. Table 12, p. 159, and ]). IhO) I'roin ihe ations oT lht‘ L-seji(;s; 

we gjive them this mime because they owe tlu‘ir to th(‘- dillerencc's 

of the M-levels. (a'<t) denotes the dirt’ei’enee (</></>) denot(?s the 

difference (MoAtj), coirespondin,^^ to the sclienuv which we taki^ from 
Table 12 : 

I a . . . i\I., I j !</).. M j — > I i.j 

l(^ . . . m“ --> I. lc/> . . M,-^> L,*. 

The M-shell coiresponds to th(‘ (pnudinn numi)i;r ((juantum sum) )1. 
Fj'om the ^^cneral terin-represenhition (ha) on ]);il;(* 177, we j^et for tlu^ 
tliree resolutions -f 0, 2 -h J, 1 -l- 2, the threi' !('rm-r(‘p]'e-‘^{‘nt;Lt ions : 
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Fi’om these the two tei’in-dith'rences follow : 


namely, 
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The ratio of these two — il w^e neglect the higher pow^ers of and if the 
\alues of K/e are equal in both lormiila^ - is equal to 1 : 3, in agreement 
With eqn. (Ha) on page 479. In this case we should have the hydrogen 
tiiplet willj Mhich w a)?e/idv well acquainted. But the assumption 
/Acli E/e IS equal in each case no longer holds. The hydrogen triplet re- 
solves into two doublets of ihe hydrogen type, v\s ah-eady hinted in the 
above representation of the terms Mg, My, we must imagi/ie the terms 
(2 1) to 1)0 double. The one value represents the level Mg, and has the 
same E/e as the term (8, 0), or the level lespectively ; the other 
value Wongs to the level M,,, and has the same K/e as the term (I, 2) 
or the level M,, respectively. Accordingly, Aiq nerves to represent 
(a'a) -- (M,M.,). and Ak> to represent ((/>'</>) = For the rest, as 

we likcAvise indicated in the exjiression for the terms, the term (1, 2) is 
also to be regarded as double, namely, as the level and the level M^j. 
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Tlu^ (talculation of (a a) has been carried out by E. Hjalmar* on the 
basis of his own precision measurements. The question involved is to 
siiow tljat eqn. (11) gives us the same results as observation of (aa) for 
all values of Z, provided that a new screen constant” s be chosen, 
where ;is in the case of the ij-douhlet, we have set 


E 

e 


- Z 




and have found the value of s empirically. The calculation is made after 
the model of eqns. (7) to (10) on page 500, the last of which is here 


(Z - 
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225 AvW ^9 
16 R ) V t024 


t) ^ <«) 


Eo}* all elements between Z = 41 and Z — 74 we get the remarkably 


consta-nt value 

.s - 13-0 


and there is no indication of a systematic increase in the deviations. 
Thus wo are justilied in declaring the difference of level (M^M.^) to be a 
regular doublet, and to apply the formula (11) by extrapolation in given 
cases to elements for which the doublet has not been observed. The 
same doublet-interval occurs, as we know (cf. p. 172) in the M-series be- 
tween the lines Ma and M/?, oi’, more accurately, between Ma and M/?. 

In exactiv the same way the eqn. (12) becomes assigned to the M- 
doublet (<^'</>) in the L-series. The fact that this doublet is essentially 
more widely separated than the doublet (a a) in the L-series, coi responds 
at least qualitatively with the ratio 3 : 1 of the intervals of the components 
in the hydrQgen triplet. On the basis of (12) it is also possible to calcu- 
late a screen number .s- from the observations of (c^'<^). The formula 
analogous to (13) is now 


(Z - sf 
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(14) 


and gives us 


s =: 8*3t . 


(14a) 


Just as the M-shell belongs to the quantum-number 3, so does the 
N-shell to the quantum-number 4. Here there are four terms, after the 
r>r hvdrotreu How they are allocated to the four resolutions 
of the nuJlLt 4, "and to the various levels of the N-shell, is given by the 
following survey : 


* Zeitsclir. f. for the calculation of this screen number and 

d .nd o. w=.«, PLp.. 7, 

86 ( 1921 ). 
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three distinct (loul)lets, whetluM* of N-hnolrt or of liiu's in the I i- or M- 
series. Tlie ground for tins is a^ain the cii’ciunsi.a iu*(^ that th(‘ (‘lleeliva^ 
nuclear nuinhers F/r ai’e, indc'ed, the saine fo)* tlr* lev(‘ls N,N_„ N.jNp 
Nr, N,;, hut different for the levels N ,N.., N ,X-,, and N.-N;. We. d(*si^niale 
the three dou))let intervals hy Ar,, Ar.,, Ar.^ aaid .L(i\(‘. tlunr nuianin^^, as 
well a,s the theoretical and thc'. ein])ii‘i(ial nj(‘ans()f ealeailatini^^ them in the 
following schtmie : 

(X\N,) - Mina) Ch I) (4, 0) 1 

.ur I ‘21] <(r K X- I (Hid 

H ■■ \'(’ ) 4' :i fhl ■ 4- ■ ' <■ / 1944 

(N,N,) = Uy'y) ^ (‘2,2) - (:S, 1) ] 

Ak, _ I 2 r,(i a- /Ijy 5901") «*/F\ ‘lh 

K “ V c y 4 3 27 ■ 4-^ ■ W' / 972 4 ‘ 



Of these three doublets only the “ N-douhlet (xx'j of the L-series ” 
(cf. ]). 1(30) may be obtained to a sutticient extent fiom direct measure- 
ments of the line-intervals. The relativistic doublet-formula hereby 
a^^ain proves its truth. From a formula that is analogous to (Id), (14), 
we ^et foi‘ the defect of thti nuclear charge 

.S' - 17 (15a) 


of course with less accuracy than ])reviousIy, inasnnich as the weak and 
closely jieM^hhom-in^^^ lilies a, a can be measured with ])recision only in 
the case, of few elements. 

We ai-e oblij^^ed by the circumstances to deliver the r(‘.maininf.( two 
X"-doublets ((i.a) and ^( 77 ) indirectly from combinations of several 
line-intervals. According to formube (15) and (lb) there corr(‘spond to 
th(i values of tlie doubhit intervals so obtained thti screen-constants* 

.S' - 54 (Ibal 

and ^ — ^5 . . . (17a) respectively. 

* Tljo screen-constant of cxliibits a systematic decrease below ^ == 74, 
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Ljrowtli ol the sc.i'oen constant .s from »‘j‘5 in tlu? case of the Ij- 
doiihh't U) 25 jukI 54 in that of the N-donhlet is quite satisfactory from 
l.h(‘ point, ol view o) the model since it seems to ])oint to an inciease in 
th(j number ol th(i electrons interposed. ]3ut tliis must not teiu])t us to 
l)eli(*.v(^ that we may a])])i‘oach the process of screening, of the formation 
ol doublets, and, indeed, of the constitution of the shells by n)eans of 
element. uy notions of models. At the v^ery outset, tlu^ great difference 
in the ^creen-quantities within the same shell (1 7, 25, 54 with the N- 
sludl) n mains uninteJligihle on the model. Tluj following j'emark which 
is di If ted against a too literal acce])tation of our calculations on levels 
constit iitfis a still more scuioiis ohj(‘ction. If we wisheid to a])ply our 
screen-constants .s, dfiterniined from the doublets, to calculate the terms 
thfunseUes, we should anive at a totally inadequate agreement with ex- 
periment. The terms do, indeed, in a general way follow Moseley’s 
ifdation, that is, apaid from relativity corrections, they de])end quadrati- 
cally on the atomic niiinbe]*, but the screen-constant that is hereby in- 
volvfid is in each case to be chosen afresh, and differently then in the 
coiTesjionding doublets. We take this into account by introducing in the 
prineijial member of the expansion (6a) on page 477 a screen constant 
((J-) diffei’ont from that contained in the members giving the relativity 
corrections, and hence we write : 



111 order that we may in each case get the above Av/E-values for the 
regular doublets by subtracting two formula} of the type (6h), we have 
simply to give the constants (r as well as the constants s the same v'alue 
for two levels of a regular doublet. 

Finally, we get to the irrefjnlar doiMeU. The law^ governing them 
was only discovered as late as 1920 by C. Hertz in the dissertation quoted on 
page 166. Just as the difference of limits (IqL.,) on the L-doublet which 
is equal to it repi’esents the tvqie of the regular doublet, so the difference 
of limits (liohy) measured by Hertz represents the type of the irregular 
doublet. The measurements of Hertz relate to the elements betw^een 
Cs 55 and Nd 60, inclusively. They are represented in Fig. 120, in 
which also the differences of limits of the elements from W (74) to 
U (92) measured by others have been included. This figure gives ex- 
pression to the following law. If.folhwuuj Moseley, vx plot Jv against 
/i, then the graphs for \i., and h.^run 'perceptibly jnirallel to each other, 
in direct contiast to the grajihs for Ij, and L.„ wliich diverge further and 
further from each other as Z increases, in accordance with the law of 
regular douldets. 
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Thus the law of irregular doublets asserts that the dilTercnce of the 
v/v-values of both doublet components is approximately constant. Table 
54 illustrates this for (L2L3). Here the lirst column gives the r/E- values ob- 
tained from Table 22 . The second column, with the heading VL<3 - Jh.y 
contains the differences of the v/v/E-values for both levels. Within the 
region of observation of Hertz these differences are exactly constant and 
equal to 0*66 ; from then onwards they increase slowly and continuously 
to the value 0 * 76 . 



As Wentzel* shows, the same law, however, govei’us all those differ- 
ences of level of the M- and N-shell, which we have not already recognised 
as regular doublets. Among the M-limits these are the doublets 
and M4M5; among the N-limits, N^Ng, N4N5, Nj;N7. We shall show in 
a table in the next section how the v/K-valu(iS have been obtained (they 
arise out of direct measurements only in the case of the M-limits, and, 
even then, only for a few elements. In spite of the fact that we are 
dealing with differences of quantities that are small, and that have been 
determined indirectly, the approximate constancy of the sequences of 
numbers is unmistakable. 


Dissertation, Munich, 1921. Of. Zoitsclir. f. Phys., 6, 81 (1921). 
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Hertz has already indicated, too, at least in broad outline, how we 
have to interpret the law of the irregular doublets from the view of the 
model. By expressing the wave-number y of the individual limit ap- 
proximately by a formula of Moseley’s type, we get 



where n signilies the (piantum sum for the shell in question, and o- the 
screen number now under considei’ation. 
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Now it became manifest when we explained the regular doublets that 
the screen-number s which occurs in the members giving the relativity 
correction in formula (6b) always assumes different values for two levels 
like (MoMJ, (N^NJ or (N^Njj), which form irregular doublets with each 
other [cf. (13a), (14a), (dSaj, (16a), 17a)]. We shall now also let the 
same be true for the screen-constant a- that occurs in the principal mem- 
ber of the formula (6b), or, respectively, in formula (18 \ which expresses 
this principal member ; the constant a is also to have different values in 
the two levels of an irregular doublet. If we call the two values o-j and 
(To, and take into account that n likewise has the same value n for two 
levels of the same shell, then we get Hertz’s law from the second eqn. 
(18) in the form : 



( 19 ) 



rA2 Cha})ter VIII. Theory of Fine-Structure 

At the Scamc time the followin^^ value for Af itself follows from the fii’st 
ecjn. (IS) : 

Ar - (r,) / ^r^ + 

R = ” 2 

Eqn. (20) allows us to set up the following comparison between 
regular and irregular doublets. In the irmjular douhtets the difference 
Ar of the wave-numbers increases limarly with the atomic number ; in the 
rctjidar doublets it -increases with the fourth power. In the irregular doub- 
lets the difference of ware-length AA decreases as the atomic number in- 
creases, and, indeed, it increases with tiu*, third power of the latter ; in 
the regular doublets it is, as we know, perceptibl-if constant. 

Strictly speaking, the A v/r/K-values in Table 54 were not constant. 
At least in the case of the irregular doublets (fqh^) 
exhibited a small but systematic change. Here, as in the curvature of 
the graph lines in Figs. 51 and 58, we encounter an influence of the rela- 
tivity members which we neglected in (18) and (19). Foi’, on the basis 
of formula (bb), the law of irregular doublets may be delined moi e shar])ly 
by asserting that in the irregular doublets the -values Arr — fr, - (r, are 
exactljf co}Lstant, but the values \ Jv are constant only to a first approxi- 
mation. 

This more sharply defiiwd form of Jferh's laiv is justiliod by numerical 
data in the disseilation (pioted on ])age 507. It proves of ])articular 
value for the doublet (M^M.j), in which all signs of a systematic change 
vanish when the relativity corrections provided for in ecpi. (bb) have been 
inti'oduced into the values of A<r. 

S 6. General System of Rontgen Spectra. 

Whereas in (chapter III, we presented oidy the general classification 
and the principal results of llontgen spe^ctroscopy, we here wish to dis- 
cuss the finer questions of the theory. We arrange them undei* separate 
headings. 

1. The complete scheme of lines and levels. Fig. 121, which antici- 
pates the results of the systematic classification that follows, is to be 
regarded purely as a scheme. For example, within each shell the levels 
are drawn at equal distances, whereas in reality the dillerences of level 
are very great. The decrease in the dilferences of level in passing to the 
higher shells is in reality much greater than it is drawn in the figure. 
In the case of the heavier elements a (three-fold) P-shell would have to 
lie above the 0-shell. Besides the K-, L-, and M-series drawn in the 
figure, we should also have to expect an N-series, but on account of its 
gieat softness, it has not yet been observed. Wherever, as happens par- 
ticiilaily in the case of the M-series, arrows occur without letters, the 
lines in question are to be expected theoretically, but have not yet l)een 
discovered, on account of their too feeble intensity. 
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The scheme of Fig. 121 is built up as follows. The principal lines 
of the K-, L- and M-series are 

Ka = Lij K, L/a ~ Mj ^ lii, Ma = N| — » M^. 

Since wo know the K-limit from direct absorption measurements, by sub- 
tracting the measured wave-numbers from Ka, La, Ma, we get the highest 
or principal levels of the li-, M-, N-shell, namely, L, M, N (which have 
also in part been measured as absorption limits. 
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We get to the levels L^, N.^, by such lines as, for example, 

Ka^ “ Lo K, La' ~ L|, Mtt' = > M^, 

or, more practically, by means of the doublet differences 

K(a, a) == Lo - L^, L(a, a) = - M , M(a, a) = N.^ - N^. 

A test of the levels L.^Mj^, N.^ that are to be determined in this way is 
then furnished, for example, by the lines 

L/J = Mj, -> L^, M/J = Njj Mjj. 


33 



514 


Chapter VIH. Theory of Fine-Structui*e 

If we then take the third L-limit Ljj from the absorption measure- 
ments, wo get two further M-levels, namely, M3 and M^, from the lines 

Lc/> = M3 -> rj3, Ij(I> = M^ IJ3, 

which, according to excitation measurements by Hoyt (cf. p. 180), 
actually have TJ3 as their final level. A test is furnished by the line K^, 
which has been the centre of much controversy (cf. what is said below 
about combination defects), and its weak satellite measured by de 
Broglie.* For we have 

= M3 K, Kfi' = M^ K. 

This interpretation of Kj8, KjS' holds true in the relations arising from 
combining the following terms, which may be read off from Fig. 121, and 
which were first set up by Smekal : f 

= Ka + 14 - (L3 - Til), K /3 - K/S' - 14 

We next get to the levels N3NJ by means of the lines Ly and 1^8. 
For wo have 

Ly - N3-> Li, L8 = N.t->L.. 

Ly', the soft I satellite of Ly, which has been measured only in the case 
of uranium, and which forms the exact L-doublet difference with L8, cor- 
responds to the transition — > L^, and gives us a first test of the difler- 
ence of level NyN^. A check on the position of N3 is furnished by My 
= N3 Mg as a result of the relation § 

My — fjy — L<^ -f (L3 — L^). 

A check on the j^osition of is furnished by Me = N.^ M.j as a result 
of the relation 

Me = My + (L<^ — L<j[>') *- (Ly — Ly'). 

If we here leave out of account the small N-diflerence 

Ly - Ly = N, - Ng, 

then, bearing in mind the origin of and K/S', we get that 

Me - My = L<^ ™ L^' — K/5 - K^', 

that is, a doublet of each of the M-, L-, and K-series is equal to each of 
the others. Both of the following N-levels, Mr, and N,., are to be defined 
as initial levels of and L;^'. Their common final level is Lg, accord- 
ing to the measurements cf the excitation as measured by Hoyt, and 
hence they are represented by 

T'X = N;, -> L3, Lx' = N(; L.,. 

* Compt. rcu(J., 170, 1053, 1245 (1920). t Zeitschr. f. Phys., 5, 91 (1921). 

X Ci. Chapter III, § 6, page 164. § Zeitschr. f. Phys. 5, 121 (1921). 
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is at the same time the initial level of Ky. Hence the combination 
equation that is to be regarded as the test of the position of N,,j becomes 
Ky = Ka + Lx - (Lg - LJ. 

There still remain the lowest M- and N-levels, and N^, and the 
initial levels of Lc, L 77 , and Lt, Kk. As our line-diagram shows, we in- 
terpret the latter thus : 

Lc = Mg — > Lp \jy] = Mg ^ L^, 

L/, = N- Lp L/C = Ny ^ Lo. 

Of the L-lines that were drawn up in the table in Chapter III, only 
Lf, 0, i/r now remain to be interpreted. These have fcheir origin in a 
shell which is still further out than the N-shell, and which we called the 
0-shell. The same is true of two further L-lines LA, L/a, that are neces- 
sary according to theory, and of which the softer line LA of Dauvillier * 
has been established beyond dispute. It becomes possible to allocate 
the lines mentioned to definite 0 -levels only on the basis of the principles 
of selection that are to be discussed under No. 4.+ It has to be assumed 
that the lines ^ and if/ are in reality doublets and of which the 

components are insepambly close. The transitions from the 0-shell into 
the L- shell then appear to be fully analogous to the transitions from the 
M- and the N-shell to the L-shell, as is immediately clear from the follow- 
ing survey : 

j La = Mj^ — > Lj^, La^ = M.^ Lp L^ = M 2 L 2 j 

^L<^ = M3 — > L3, L<^' = M^ -> L.J ; lj€ = Mg — > Lp Lr; = Mg L.^. 

[Ly == N3 Lp Ly' = N4 -> Lp L8 = N4 L2 ; 

\Lx = Ng — > L3, Lx' — ^^3 J Lt = Nj — > Lj, Lk = N^ L2. 

j L^ = Oj^ — > Lj, L^ = O2 Lp IjO = O2 L2 

^Li^ = O3 -> L3, Ijip' = 0 ^ L3 ; LA = Og L^, Lya = Og — > L^. 

Finally, of the M-lines all those that were noted in Chapter III have 
been arranged into our scheme except M 8 . The interpretation of this lino 
given in Table 17, page 173, is made more precise by our Fig. 121 in the 
following wav : 

MS^O^-^Mg 

corresponding to the combination J 

M8 — My = L^ — Ly. 

M 8 , too, has presumably a very close soft neighbouring satellite : 

MS' = O2 -> M3. 

This concludes our account of the line-scheme. It was first set up by 
Smekal (loc. cit) and Coster, § the latter of whom has firmly established 

* Comijfc. rend., 173 , 047 (1921). ■» 

t Cf. G. Wentzel, Zeitschr. f. Phys., 8, 85 (1021). The P-JoveJs are also discussed 
in it. 

to. Wentzel, ibid., 6, 84 (1921). 

§Ibid., 5 , 1S9 (1921). 
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the empirical foundations of the scheme by his precision measurements 
of the L-series of the heavier elements. In our account wo have in- 
cluded several combination bonds, which are in a certain sense inner 
supports of the scheme. 

2. Table of Term Values. The object of optical spectroscopy is not 
the lines, but the atomic states, the terms. They are all that need to be 
tabulated ; the lines may be obtained as combinations of them (cf. p. 322). 

The same holds for the Rontgen spectra. Here we have the advan- 
tage that individual terms may be directly measured as absorption limits ; 
this can never be done sufiSciently accurately in the case of the series 
limits in the visible. Further, we have the advantage that the number 
of terms is small, and that the complete table of terms of all the elements 
can be written down on two pages. For there are only (if we disregard 
the P-levels) 14-3 + 5+ 7 + 5== 21 limits, that is only 21.92 term 
values for the whole 92 elements. These term values are fixed character- 
istic numbers of the atom, and denote the energy that is required to lift 
an electron out of the shell in question into the outer region of the atom. 
The terms are hereby defined uniquely. They would become am- 
biguous only if the various quantum-states of the outer shells were de- 
veloped in different atoms, and this is what we had to reject in the 
preceding paragraph (p. 504). 

Jn drawing up Table 55 we are naturally most concerned about the 
question of accuracy. In general, the accuracy with which the position 
of the emission lines can be determined is greater than that of the ab- 
sorption edges. Further, the absolute accuracy of the softer lines and 
edges is greater than that of the harder lines for the same relative error. 
The absoJute errors become added in the term values. It is, therefore, 
expedient to start from the softest possible absorption limits in calculat- 
ing their values. This is illustrated by Table 56. We there give the 
name “normal levels’* (cf. the lowest row) to those lowest measured 
limits from which the harder limits may be obtained with the smallest 
absolute error by adducing line measurements. It is for this reason that, 
in the case of the heaviest elements, the L-limits are not taken from the 
direct measurements, but are referred to the M-limits, as is indicated in 
Table 56. Our knowledge of the K-limits would' also be deepened in the 
same way if the K omission-lines were accurately known similarly by re- 
ferring them to the L- or the M-limits. Unfortunately, so far this is only 
the case for molybdenum, rhodium, and tungsten, so that as far as the K- 
terms are concerned, we are compelled to fall back directly on the absorp- 
tion measurements. The numbers given in the table denote wave- 
numbers expressed in units of the Eydberg number (v/E- values). The 
accuracy of the calculated terms is determined, on account of the greater 
accuracy of the emission lines, essentially by the accuracy of the absorp- 
tion limit that has been used as a basis in the calculation. That is why 
the terms themselves are less exact than the term combinations from 
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* h<p has not been measured for Z = 79 (-A.u). Here the expres.sion Lj + L<)) + My - Ly was replaced by the limiting frequency L,. In 
the same way in the case of Z = 80 (Hg), L„ ana L„ have been taken from absorption measurements. ' ' 

tin the case of Tl, 81 e has not been measured. Lf was replaced by L - (Lj8 - La'). 
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which tfie absorption limit cancels out in given cases. For this reason 
also it IS important to use a lixcid 'normal level for each element. The 
accuracy of the term-combinations with which we are in practice con- 
cerned then becomes independent of the exact value of this normal level, 
and ecjiial to the accuracy of the emission lines involved. 

At the same time, the table of term values illustrates how we arrived 
at Table 54 of the irregular doublets in the preceding paragraph. It is 
only necessary to take the square roots of the term- values in c]uestiori, for 
example, M^, M.,. The difference between the roots of these two has 
been noted in Table 54. 

The gaps in our Table 55 of terms is due to the fact that in certain 
regions, for example, between the atomic numbers 45 and 55, precision 
measurements of the K-lines and the L-limits are still wanting. Future 
measurements will have to be inserted at just the edges of these gaps, or 
at points where more accuracy is desirable in the table of terms. Since 
the frequency-difference between an absorption edge (for example, Lj), 
and a corresponding emission line (for example, = 0^ L^) just re- 

presents the frequency of the initial level (0^) of the line in question, a 
systematic investigation of the relative position of absorption edges and 
emission lines* (on one and the same plate) seems highly desirable. And 
it would denote a very important step forward if we should succeed in 
fixing the N-limits directly by more optical methods than those hitherto 
used. For then we should be able to place our normal levels higher, and 
to give greater precision to all the lower M-, L-, and K-levels. 

3. Regularities in the Scheme of Levels. The calculations of the 
preceding section have furnished us with a sure foundation on which we 
can build up further conclusions on the charactei* of the various levels. 
We saw there that in each shell regular and irregular doublets alternate 
according to tlie following scheme : 



The upper bracketings denote regular doublets, the lower ones irregnlar 
doublets ; both are characterised as functions of the atomic number by a 
definite analytical law which contains only one empirical parameter, 
namely, the screen number in the case of regular doublets and the 
diflerence of two screen numbers in Hertz’s law for the irregular 
doublets.! 

If, besides this, we bear in mind the wonderful regularity that exists 
in the sequence of the numbers giving the sub-divisions of the levels, 
namely, 1 K-level, 3 L-levels, 5 M-levcls, 7 N-levels, and in the sequence 

* Cf. Dauvillior, Compt. rend., 172, 1360 (1921). 

fit is hardly to be doubted that the conditions in the 0-doublets correspond 
exactly to those in the L-, INI-, N-doublets. At anj^ rate we see from Table 55 that 
(O.^, O.^) and (O^, Og) have the character of irregular doublets. Cf. Zeitschr. fur Phys., 
8 , H6 (1921). 



520 


Chapter VIII. 'riieory of Fine-StriK*liir(‘ 

of the quantum numbers (or, more correctly, in th(‘. (luantuin sums 
n + 71 )j namely, 1 in the K-shell, 2 in the Ij-shell, 3 in the M-shell, we 
must admit that in spite of the manifold conditions reignirif^ there is 
beautiful order and design in the interior of the storn. Mven if we 
cannot calculate the levels themselves accurately b) theory, but must 
for the present derive them from observation, yet \ve are fully cleai* 
about the significance of the levels and their mutual arrangement. The 
state of affairs is not a jot less favourable than in the case of the visible 
spectra, in which we are also very far from predicting the terms by 
theory but have succeeded in classifying them perfectly. 

Concerning the magnitude of the terms, in particular, the universal 
law holds that they decrease in the transition from the one shell to 
another when the quantum -number 7t -I- ii increases, and they also 
deciease within each shell when the azimuthal quantum -number ii 
decreases. 

The allocation of the azimuthal quantum-number 7i and of the radial ” 
quantum- number ii that occurs in our doublet calculations to the 
individual levels are given in the two highest rows of the following 
tMe in ticcordunce with the d'a>ia> of the preceding section : 
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The third column states that the quantum sum h — n + 7i' is constant 
in each shell (this implies nothing new for the inner shells), and that it 
increases continuously in the series K, L, M, N, O. In the case of the 
0-levels the latter postulate gives a first definition of the radial quantum- 
number 7l'. 

But a new and fundamental step for what follows is contained in the 
fourth row. For each level we here define a thjrd quantum-number m, 
which, linking up with the visible spectra, we should best like to call 
“inner quantum-number,” but which, owing to the fact that it is not 
actually quite analogous to the inner quantum-number defined earlier, 
we prefer to indicate by the more non-committal name '^ground 
quantum-number.” The ground quantum -number has been introduced 
in such a way that it has the same value for each two levels that have 
been combined into an irregular doublet, m - 7% is accordingly always 
equal to zero 'or 1. It is only now after we have introduced the third 
quantum -number m that we arc enabled to bring the levels finally into 
order and to predict the transitions between the levels. 
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Sonifithing new is likewise contained in the last columns of Table 57. 
They slate that the azimuthal quantum-number n and the ground 
quantum-number m do not in the 0-shell exceed the number 3. This 
stateuK'nt is very closely related to general views of Bohr (p. 109). 
Starting from our point of view we are led on to them by considerations 
about the following class. 

4. Principle of Selection. We evolve the rules relating to this 
principle in two stages. 

(a) We imagine the irregular doublets contracted to zero width by 
making, say, the difference of the screen numbers o- that occur in Hertz’s 
law vanish. The number of the L-, M-, and N-levels then becomes 
reduced to 2, 3, 4 respectively, and then we get the same conditions 
among them as we should expect for Eontgen spectra that are fully of 
the hydrogen type. Here Fig. 121 degenerates * into Fig. 121 a. The 



Fig. 121 a. 


ground quaiitum-nunibor m vanishes out of the scheme of levels and the 
azimuthal quantum-number n alone becomes the decisive factor for possi- 
bilities of combination. For all lines that actually occur it fulfils the 
rule of selection : 

n^n - 1 (strong), n and 1 (weak) . (1) 

The symbols written alongside the arrows in Fig. 121 a indicate that 
the lines allowed by this rule have all actually been observed, but also 
that several of the observed lines would belong to the same transitions. 

ib) We then suppose the regular doublets contracted to zero but 
imagine the relativity members to be eliminated by the assumption 
a = 0. Here again the numbers of the L-, M-, and N-levels amount to 
2, 3, 4 respectively. They are numbered by the ground quantum-number 

*Fig. 121 a is identical with the scheme of levels which the author used in his first 
attempt to apply the idea of fine-structure to the M- and the N-shell. Cf. Zeitschr. f. 
Phys., 1, 135 (1920). 
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m in the same order as previously by the aijimuthal quantuin-iun7ihei* n. 
It is now the ground quantum that becomes all- important, and the 
azimuthal quantum becomes of no consequence at all. The coin])lete 
line-scheme of Fig. 121 now degenerates into Fig. 121 h. The transitions 
then remaining are governed by the second rule of selection : 

VI - 1 (strong), vi -f 1 (weak) . . ( 2 ) 

' By combining both rules we get the comjdete p'inciple of selection 
enunciated by G. Wentzel (foe. cit.)^ which corresponds to the complete 
line system of Fig. 121 : All those Urns mid only those lines occur for 
lohich conditions ( 1 ) and ( 2 ) are sivitiltaneously fulfilled. 



Fro. 1216. 


Particularly in the case of the K- and Ij-series our principle repre- 
sents the whole material ol observation so naturally and so faultlessly 
that there can he no doubt about its intrinsic necessity. Iftn-e all strong 
lines appeal* as transitions 

n n — \ and vi vi ^ J . 

Further, several of the weakest lines of the L-series, namely 7 ;, k, and /r, 
come out as transitions 

n -> n and vi m -f 1 , 

and hence were to be expected weak according to the two sub-statements 
(1) and (2) of our principle. On the other hand, it is quite natural that 
in the M-series not all the lines that are predicted to be weak (and that 
are unnamed in Fig. 121) have as yet been observed ; the strong lines 
here, too, are all in conformity with our principle. The circumstance 
that our principle of selection is essentially empirical in origin does not 
detract from its regulative power. 

* Coster gives a substitute for this rule in Compt. rend., 173, 77 (1921), and in 
Zeitsehr. f. Phys., 6, 1B5 (1921). 
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We have exceptions to it only in the case of several particularly weak 
lines wliich can be made visible photographically only by extremely long 
exposur(3 ; they were not noted in Fig. 121. To them there belongs the 
interesting line Ka.j = K, which, in the case of W, has been 

separated by Duane and Stenstrom in the third and fourth order from 
the closely neighbouring line Ka' = -> K by means of the ionisation 

method. We know from p. 274 that the rules of selection are broken 
in strong external fields. It suggests itself to us to trace the lines 
mentioned back to the action of strong inner atomic fields. Indeed, 
we may surmise that it will in general be possible by means of long 
exposures to obtain indications of lines that are otherwise forbidden. 

5. Combination Defects. As early as 1913 Kossel * called attention 
to the addition relations ** that may be read off from the oldest and 
simplest line-scheme (cf. Figs. 47 and 48) : 

Kl3 = Ka + La, Ly = La + Ma . . . (1) 

and Bohr remarked t in 1914 that these addition relations are nothing 
other than applications of Kite’s Principle of Combination. The author X 
endeavoured in 1916 to ascertain whether they were exactly correct in 
this form and found that the answer was in the negative. Accordingly, 
in the first German edition of this book the “ combination defects ” 

Aj == Ka + La - K/?, A^ == La + Ma — Ly . . (2) 

were examined with regard to their dependence on the atomic number, 
and were represented graphically. The name chosen indicates that the 
presence of these differences was originally regarded as a transgression 
against the principle of combination. In contrast to this, Kossel and, 
independently of him, Duane and Stenstrom ll expressed the conviction 
that the combination defects are caused by sub-divisions of the M- and 
N-shell and are compatible with the combination principle. It was 
concluded from a comparison of the line- and absorption-measure- 
ments that arises through the transition K. On the other 

hand the author, •,! starting from the fact that the libntgen spectra have a 
hydrogen character and following the lines of argument of Fig. 121 a, 
considered himself compelled to ascribe to K^ the origin Mo K, 
corresponding to the transition 2 1 of the azimuthal quantum-number, 

and likewise to Ly the origin N.^ L^^, corresponding to 3 2. In 

place of (1) we should then require 

Kl3 ~ Ka' + L^, Ly = La' + My8 . . (3) 

and still the differences (2) are only slightly diminished and are by no 
means zero. In particular, in the case of the Ly's of the metals U and 

* Vorh. d. D. Pliy«. Ges., 16, 953 (1914). HPliil. Mag., 30, 394 (1915). 

t Ann. d. Pliys., 51, li^5 (191t)). Concluding remark. 

^ Zeitschr. f. Pliys., 1 , 119 (1920). 

11 Proc. Nat. Acad., 6, 477 (1920). IT Zeitschr. f. Phys., 1 , 135 (1920). 
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Th they amount to about 25, measured in v/E-units, iind lie Tar above the 
limits of error of present-day precision measurements, In Kossel’s view 
the differences and A^ defined by (4) represent th(' differences of level 
Mg - Mo and Ng N 2 . The author previously regarded their linear 
advance with the atomic number, as represented in earlier editions of 
this book, as a difficulty for Kossefs explanation of the combination 
defects, because at that time only the law of regular doublets, which 
depend not linearly but bi-quadratically on the atomic number, was 
known. We now recognise this linear relation as Hertz's law of irregular 
doublets and, conversely, confirm this by the behaviour of the quantities 
A^ and A 2 . These quantities no longer denote ‘‘ combination defects," 
but each signifies a difference of level of an irregular doubtlet. 

It is at once clear that combination equations of the type (1) or (3) are 
impossible between three lines that obey the principle of selection but rather 
that a remainder A must be left over, which has the significance of a 
difference of levels. For if a line (for example, Ka) corresponds to a 
transition from one level II to another, I, and a second line (for example. 
La) to the transition from III to II, then, according to our principle of 
selection II and I, as also III and II, must differ by ± 1 in the ground- 
quantum m, and hence III and I must differ by 0 or ± 2. The transition 

III to I is therefore forbidden by the principle of selection and cannot 
be represented by a line (K^ in our example). If, on the other hand, 

IV be a level immediately neighbouring to III, which may therefore form a 
combination with I, then, it necessarily diffei’s from III by 1 in the ground- 
quantum. We may call (III, IV) a combination defect, corresponding to 
the equation 

(IV - HI) = (I - II) + (II ~ HI) - (I - IV). 

The difference of 1 in the ground-quantum of HI and IV is in agreement 
with the criterion for the irregular doublets in Table 57. 

in the same way we may reason out that an irregular doublet can 
never be calculated by combining 2 (or in general an even number of) 
line-frequencies, and this leads us to understand why the irregular 
doublets, in contradistinction to the regular doublet, cannot appear 
directly as line-intervals in the spectrum. A line such as 
* 

Kttg = Lg K (m m -• 2), 

which contradicts the principle of selection is of course to be excluded in 
applying this ^aw. Just because it contradicts the principle of selection 
it may form the irregular doublet (LgLg) with Ka' = L 2 K. In 
general, the following law holds (if we exclude such lines as contradict 
the principle of selection in this way) : the differences of the regular 
doublets arise through eomhinatwns of an even number of lines^ those of 
irregtdar doublets through combinatLms of an odd number of lines. 

In our systematic scheme of Eontgen spectra we have left out of 



525 


§ 7. Universal Spectroscopic Units 

consideration such lines as do not allow themselves to be brought into 
our sch(ime of levels at all. In the case of the heavy elements these 
lines aro all very weak; the strongest is a hard satellite of Ly that was 
disco vei*ed by Dauvillier. In the case of the light elements they are 
certain lines, measured by Siegbahn, Hjalrnar, and Stensson, which are 
denoted by Kug, a^, a^., Kj3\ La^. According to Wentzel these 
lines are to some extent to be interpreted as spark lines in the Rontgen 
spectrum, namely as emissions of an atom that is multiply ionised in the 
K-, L- . . . shell. 

Recapitulating, we may say that the systematisation of the E^ntgen 
spectra here effected is extremely satisfactory $»ni surprising ; so much 
the more surprising as it is not evolved from special quantitative ideas 
and such as are based on models but on general postulates of qualitative 
relationships and inner symmetry. 

g7. Universal Spectroscopic Units. Spectroscopic Confirmation of 
the Theory of Relativity 

In our theory of the fine structure there is a confluence of the three 
main currents of modern research in theoretical physics, namely, the 
theory of electrons, the theory of quanta, and the theory of relativity. 
This is exhibited in a particularly vivid way in the way our fine-structure 
constant a is built up : 

"" "" lie 

Here is the representative of the theory of elecArons, h is the worthy 
representative of the qiiaiitum theory and c comes from the tJoeory of 
relativity and, indeed, characterises it in comparison with the classical 
theory. If we also wish to interpret the numerical factor 27r in our 
formula, then it may serve to remind us of a fourth source from which 
we have continually drawn in our development, namely, mathematical 
analysis, which we have used copiously and which was indispensable for 
the unravelling of the fine structures. 

We take the value of a spectroscopically out of the measurement of 
the hydrogen doublet ^or better, out of the indirect measurement of the 
He'^'-lines, since the direct measurement is inexact, cf. p. 483). The 
relationship between a and Avh Is, by eqn. (1), § 4 : 

Ani = Ra2/2^ (2) 

and this, in conjunction with Paschen's value Ai/ji = 0-3645 cm”^, cf. 
eqn. (2) in § 4, gives 

5-315. 10- ^ a = 7-290.10-« . . (3) 

We are now in a position to bring to a conclusion the idea of 
spectroscopic units which was taken up as early as page 217 and was 
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carried a stop further on page 222. The three equations (wt,, = static 
mass of the electron) : 

= w 


;t=> 1+^^ 

V Wn 

27r*«t„fl* 


provide us loitJi three determiumg equations for the three unkmmns e^ 
and h, that is, for the three most important universal constants of 
physical nature. Here it is to be observed that the masses and 
mne that also occur in the above equations can be traced back to the 
elementary charge of the electron by means of the very accurately known 
electrochemical equivalent and the ratios of the atomic weights of lie to 
H, by eqn. (1) on page 5, and note 1 on page 221. Our determination of 
the three unknowns e, and h requires purely spectroscopic measure- 
mentti, and thus is founded on observations in which we undoubtedly 
have the greatest trust. On the other hand the original deamination 
of h from measurements of radiant heat requires the measurement of 
high temperatures, and that of e/nl^^ the measurement of high voltages, 
both of which are not so free from error as spectroscopic measurements. 
The determination of h from the short wave limit of Rontgen S 2 )ectra 
also entails the measurement of high voltages. 

The solution of eqns. (4), (5), and (G) may be grouped in such a 
way that the (quantity c/w^^is derived from (4) and (h), as has already 
been done on page 224, leading to the value 


^ -l-7G9.10‘c 

m, 


(7) 


With its help we also inferred on the same page from E„ and E„e that 
E^ = 109737-11 + 0-06 cm-] . . . (8) 

The meaning of E^ is 

2vr%e^lhy 

li»c e{elmn)c • • • • (J) 

The factor c in the denominator takes into due account that the value 
(8) of E,^ is measured in cm ' (and not in sec-'). Our method of writing 
the last member of eqn. (9) also includes the factor e‘V/t which also occurs 
in (6). We may eliminate this factor from (6) and (9) and get 

T5 aV iv'c" 


( 10 ) 
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Ttisortiti^' the values given in tS), (7), and (8) wo got 


r)-315.7-200.3.10-^ 

® ^ 4^. J-0974.1-7(>y . lO'-'* 


4-76() . 10-'" 




Wo ]JOW need only orico a^ain refer hack to (‘qn. (h) to v^et tVve ol 

//, too, rui.mely 

h = — " - fi-520. 10 . . . • (^2) 

tU* 

But wo must also add the limits of accuracy of t)>oso dcU-rmi nations. 
These are given merely by the inaccuracy in the determination of 
and of the consiiquent inaccuracy in a, since the value of m wjn, ( ) 
may be regarded as absolutely exact for our imrpose, and the value of 
e/Wfl in eqn. (7) may also be looked on as being sufficiently well 
The percentage accuracy of Paschen’s value of Arg, by e^o- {3) lO { 

amounts to • 

45 _ 1 

- 3645 “ * 8i* 


The percentage accuracy of is just as great ; hence that of and « 
[sec cqn, (10)] is : 

3 1 _ 1 

* 2 • HI ~ - 54- 


Hence we get as the limits of accuracy of e : 

e = 4-766 (l ± . 10-'" = (4-766 ± 0-088) . lO-'". 

From this it follows from (12) that 

h = 6-526 (l ± I . ^7)10--^ = (6-526 ± 0-200) . 10 =■. 

These limits of accuracy are, particularly in the case of li, unsatisfactorily 
wide. If, then, Paschen has not under-estimated the accuracy of his 
measurement of Aphi the idea of purely spectroscopic units must for the 
present remain an intention that can be put into effect only when the 
measurements of fine-sk-ucture have been made with greater certainty. 

On the other hand we may follow L. Flamm * and calculate semi- 
spectroscopic units of very great trustworthiness We do best by en- 
listing the aid of Millikan’s measurement of e (cf. Chap. I, p. 15) : 

6 = (4-774 ± 0-004)10-«> .... (13) 

and, retaining the spectroscopic value (7) for c/m^, then determine h 
spectroscopically by eqns. (8) and (9) with the greatest accuracy, namely : 

'* - 

•Physikal Zoitsohr., 18, 515 (1917). 


• (i4) 
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We venture to suggest that this is at present the truest value of the 
quantum of action. From (13) and (14) we now get for the best values 
of our fine-structure constants and of the hydrogen doublet : 

a - (7-295 ± 0-005)10-'s = (5*322 ± 0*007) . 10" 

Avh == 0-3650 ± 0*0005 

The value of /\vn so found agrees almost exactly with that given by 
Paschen, namely 0*3645, but has a much smaller possible error. E. T. 
Birge (cf. p. 487) uses the value 5*308 . 10 ^ for a^. We based our 
calculations in ^5 5 on the arithmetic mean of this value and that of 
eqn. (15) ; the value obtained was or = 5*315 . 10“^. The value (14) for 
h coincides with the value h == 6*55 . 10 originally obtained by Planck 
from questions of heat radiation. Together with e and the values 
(which we have often used and quoted earlier) of and L = l/nin 

become known at the same time : 



m, = 8*998 ± 0*01, - (1*649 ± 0*002) . 10 

L - (6*064 ± 10*006) . 10-'*^ 

Finally, we revert once again to the beginning of this chapter, in 
particular to the law by which the mass of the electron (and, indeed, 
mass of any kind, depends on the velocity. According to> the- theory of 
relativity this law is expressed by : 



^ ^ + . . .) . . ( 16 ) 

On the other hand the older absolute ” theory, which assumed an 
absolute space or ether and postulated a spherical electron, asserts that 
the law of variability * of mass is : 


3 l/l+yS% 




- log f - 1 


) — w,)(l + + . . .) 


(16a) 


The decision as to which of these two formulae is true is, as we em- 
phasised on page 464, the experlvientimi crncis for the truth of the theory 
of relativity.! 

Connected with the law of variability of mass ^s the law by which the 
kinetic energy depends on the velocity. We have, as we know, from the 
theory of relativity ; 



* First derived by M. Abraham, cf. his Tfieorie der Elektrizitdt, II, 3rd ed., pp. 
1G2 and 175. 

fThe idea of this criterion was first (‘.ommunicated to the author by W. Lenz. 
K. Glitscher has carried it into effect in his Dissertation at Munich, 1917; cf^ als() 
Ann. d. Phys., 52 , 608 (1917). 
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On the other hand, the absolute theory asserts* that 


= 


3 



f ~ ^ 



(17a) 


We have now to treat Kepler’s problem of elliptic motion for an atom 
of the hydrogen type on the view of the absolute theory, and from it to 
calculate the fine-structure of spectral lines. Firstly the law of areas 
which is independent of the law of variability of mass also holds here. 
Jt is Kepler’s second law which states that the moment of momentum 

2^ = 2^ = ‘ 


is constant (r and ^ are polar co-ordinates which we measured from the 
nucleus that is assumed motionless). The momentum in the <^-direction 
(X)rojection of the moment of momentum on the tangent to the circle 
r = const.) is then == pjr, and the total momentum is inv ~ m/^c. 
From these we get, by Pythagoras’ theorem, the momentum in the 
direction r as : 

21 ,. = mr = 

For the azimuth ^ the quantum condition is : 

277 

= 25rp =. nh, = 2^ . . . (18) 

For the radius vector r it is : 

^2h-(ir — '■* ~ • • • ( 1 ^) 



the integration stretching over the full series of values of r, that is, fi’oin 
'i’min to r„Mx and })ack to which, as in Note 0, may be indicated by 
adding the sign O to tlie integral sign. 

To be able to evaluate the integral (19) we must know mo as a 
function of r. At present, however, m and hence viv = m^c is known to 
us by (lOa) only as a function of We may now use the energy theorem 
and the formula (17a) for the kinetic energy to get /? out of it as a function 
of r. If we set the nuclear charge equal to E and hence the potential 
eK 

energy equal to - — , then the law of energy states that : 

= W - = W + 


If we now apply eqn. (17a) we get 
2 V 5 


1 + = W‘ + 


eE 


34 


Of. Abiubam, loc eit. 
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From this ^Ye may ealculalt' ami lionco also vir hy taking 

account ol the signilicance ot f)i in C(|n. (Kia). I he calculation is, of 
course, performed hy successive approximation, ttu* lirst approximation 
being made with res))ect to the corrective term of the Si‘cond orihn*. We 
write the result in a form that embraces both tin absolute th(‘ory and 
the theory of relativity, namely 



where y has the meaning 

y = : for the absolute theory, 
y = 4' theory of relativity. 


We next apply eqn. (20) in the quantum condition (19), of which the 
integrand now appears as a simple function of /*. The integration may be 
effected by the scheme given under (c) in Note G, and finally gives us : 


I + 2y 


W 



(21) 


When y — equation j)asse>s over into the eaidier relativistic eqn. 

(23) on page 472, This must not be regarded as self-evident, for the present 
caicuJafcion was an approximate caicuJation which made use only of the 
first powers of and worked with series that had been cut off, so that it 
may be regarded as trustworthy only to the first powers of a-. The fact 
that it proves to be accurate beyond this in the relativistic case (y == -J), 
must be regarded as an accident that comes about througli tlio com^jen- 
sation of the various terms neglected. In the case of the absolute theory 
(y = p,), eqn. (2i) is actually not the exact expression for the energy 
but only an approximation. It may bo remarked that in the relativistic 
case the course here followed may also he pursued without neglecting 
quantities if we insert in (19) the exact value of 'U" that follows from the 
law of energy. 

Our present eqn. (21) differs from the eqn. (23) bn page 472 in that on 
the right side is reijlaced by 2ya‘-^, and W on the left is replaced by 2yW. 
Consequently the development in powers used at the beginning of § 2 of 
the present chapter may be applied directly to our present eqn. (21). 
For example in the terra expression (6) on page 476 we have only to write 
2ya^ in place of a-^. From this it follows, however, that all our theorems 
concerning line-structure remain preserved, so long as we substitute 2ya‘^ 
for a-. TJie relative quantities of tJie fine struct'ures^ for example the 
interval 1 : 3 between the components in the triplet of the hydrogen 
type, the interval 1:2:6 between the components in the quartet of the 
hydrogen type, and so forth, also remain preserved in the absolute theory. 
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Only the. absolute quantities of the fine-stmetures become diminished by 
the factor 

2r = J 

in comparison with those of the theory of relativity, 
hi particular^ this holds of the hydrogen doublet 

A.,. = 5-®/ = 5-0-36 = 0-29cm-i. 

This value for the size of the hydrogen doiiblet is in no wise comjntible with 
Paschen*s measurements of the He ^dines, The same may be said of the 
hydrogen doublet in the Eontgen region, of the L-doublets, and so forth. 
According to the absolute theory these, too, should come out one-fifth 
smaller than the values observed for them. The latter, too, are then 
incompatible with the absolute theory. Condensing these statements we 
may conchide that the absolute theory comes to grief owing to spectroscopic 
facts and has to give up to the theory of relativity the position of sovereig7ity 
tvhich it formerly occupied. 

In this chapter we have seen how the theory of relativity, just as it 
has remodelled all our physical thought and ideas, has also been able to 
help forward spectroscopy in a decisive manner. Conversely, we note 
that, in return, spectroscopy is in a position to lend support to one of the 
main pillars of the theory of relativity and to decide in its favour the 
question of the variability of mass of the electron. 



MATHEMATICAL NOTES AND ADDENDA 

1. Radiation of Energy according to Classical Electrodynamics 

(Pp. 25 and 33) 

T he formute (1) of the text represent the field of a spherical wave 
on the basis of the Maxwell -Lorentz equations. They have been 
derived, for example, by Abraham, Tlieorie der Elektrk itdt, I, 6th 
ed., § 79, eqn. (246). The energy-flux S is in general given by 

s = /-■ [EH], 


if E is measured electrostatically and H electromagnetically, both in 
C.G.S. units ; here [EH] denotes the vector product of E and H. The 
magnitude of the vector, as we know, is equal to the area of the parallelo- 
gram formed by the two vectors E and H, that is, equal to 

lEl.]H|.sin (E,H). 


If E and H are mutually perpendicular, then the formula (2) of the text 
results. We regard the normal to the plane of the parallelogram as the 
direction of the vector product, the direction of the normal being that 
which forms a right-handed screw when we turn in the direction from 
E to H. The integration over the sphere (surface-element dir =« r- sin 0 
dOd<l>) leads to 


2 ,y 2 r r 

si 


sin OdO 


- cos20)d(cos 61 ) =20^3(2 


2 

3 ■ “c» ’ 


as given in eqn. (3) of the text. 

Eqn. (14) of the text (field of a spherical wave, whose origin advances 
with the speed fic) is derived in Abraham, TJieorie der Elektrizitdt, II, 
3rd ed., g§ 13 and 14, eqns. (73), (75), and (78). Nowadays it is more 
in conformity with our present knowledge to derive it directly from eqns. 
(1) of the text by means of a Lorentz-transformation. 

The transition in the text from eqn. (15) to eqn. (16) comes about thus : 
we have 

Js* - 

632 
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2. Scattering Pi-oduced by Bound Electrons 


Here t denotes the time at which the radiation reaches the point of 
observation, t' the time at which it is omitted by the electron. On account 
oit - t' = rjc we get [ct. Abraham loc. cit., eqn. (75)] : 


dt 

dt’ = 1 - ^cos0, 


thus S = 


0 


vHt' 

47rcM J(i ~ /3' cos^)^’ 

)8 


is a measure of the initial velocity, /5' of the decreasing velocity during 
the retardation. For a constant retardation we get 



thus S == 


0 


^TTC^r^ J(1 - cos 6Y 


If we carry out the integration, eqn. (16) of the text results, and if we 
develop the expression in powers of ^ and neglect the higher powers, we 
get eqn. (17). 


2. Scattering produced by Bound Electrons. (P. 30) 

If the electrons of the radiator are not assumed free, but bound by the 
restoring force - fx to the position of rest = 0, then, in place of eqn. 
(5) of the text, we get, if we take the direction of motion as the a;-axis : 

mx + /r = - eLp, (a) 


To perform the integration we must now divide up and x spectrally. 
Let 

Ej, = X = 


(continuous spectrum). Further, let 



Wo be the natural frequency of 


the binding connexion. We assume that it lies, say, somewhere in the 
Schumann region of the ultra-violet. Then it follows from {a) that 




m 


E, 




e C (i>“ T-t • ,j 

'y = X = 1 5E£5‘"^aw 

mjwo" - ar 




In the Rontgen region w ^ wo we therefore have 

6 C 6 

-y = - - iJbje^^do} = - -En 
m] VI P 


as given in eqn. (5) of the text. 

In the visible region w-^wq we must on the other hand make the 
approximation inversely by means of 

- e [ 

V = — ” „lw 
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To arrive from this at a formula of scattering that allows comparison 
with experiment we do best to proceed as follows. Let us restrict our- 
^ selves to monochromatic light of the frequency 

= 27rc/X. The following is then true, indepen- 
; dently of the pitch of the frequency : 

-y = ~ ij^^x — — (c) 

^ Let the incident plane wave, having the direc- 
tion OP in Fig. 122, be assumed unpolarised. We 
consider a definite direction PQ of the scattered 
radiation, starting from P (P is the scattering 
pal tide, Q the point of observation, the length 
PQ =5 r) and divide the incident wave into two 
components PI and P2, the one Vieing perpen- 
dicular to the plane OPQ, the other lying in this 
plane and perpendicular to OP. The former, PI, 
forms the angle 0 7r/2 with r ; the latter, P2. forms the angle 6 — 7r/2 - 

with r, where </> denotes the angle OPQ between the incident and the 
scattered ray. 

Tf we insert (c) in eqn. (2) on page 25 of the text and take the mean 
value over the time, then 

- (1)^ sin^ 0, 

“ IttcV * 2 


6 = 7r/2 and sin 0 -- 1 for the component PI : $ = 7r/2 -f (j> and sin 0 = 
- cos </) for the component P2. Hence for the sum of the two com- 
ponents, and for the action of a single scattering particle, we get 


S = 






[d) 


Under the conditions prevalent in optics the electrons that belong 
to the same molecule vibrate coherently ; hence it is iwt their enenjy 
radiations S hat their amplitudes ^ that become suj)er posed. Hence in {d) 
we have to write instead of if we ])roceed to deal with the 

whole molecule and take B to mean the summation over all the electrons 
of the individual molecule. On the other hand, the electrons that belong 
to different molecules oscillate incoherently, so that, in summing over 
vai ious molecules, not the ampliUides but the energies have to be. super- 
posed. We thus get for the radiation scattered by unit volume, if we set 
0) == 27rc/A, : 


- _ 

*>1 - 


1 + COS^ (f}' 




(«) 


The sigh ^ denotes summation over all molecules of the unit 

volume. is thus the electrical moment of the unit of volume, 

and, by the definition of the index of refraction of a sufficiently rarefied 
gas which is traversed by a light wave of electrical amplitude E, this is 

equal to (In a dense gas or a fluid ^ 2^^ takes the place 
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of - 1). From ^ it follows that (L denoting 

Avogadro’s number per unit volume) : 

Accordingly, from {e) we get 

2 * 4L * 

By eqn. (2) of the text the incident energy is, when averaged over the 
time and calculated as the sum for both directions of polarisation, 


Accordingly 


So = 4 -fa 


^ TT- * 1 + cos- cl> (n- - - 1)- 

3 . • 2 * L 


(/) 


Eqn. (/’) is identical with Eayleigh’s formula for the intensity of the 
scattered ligiit in the atmosphere. The factor l/A** accounts for the 
predominance of the short wave-lengths, that is, the blue colour of the 
sky. The formula may be used to determine Jjoschrnidt’s (Avogadro’s) 
number. The ])est and most recent observations, made on Tenerifte 
Peak * led to 

L - 2*89 . 

whereas Planck’s value, derived from the theory of radiation, is 

L 2'76 . 

The above considerations, taken fi om the optical region, are appropriate 
for bringing into clear relief the limits of validity to which the equations 
(4) to (10) of the text (p. 30) are restricted. For optical purposes we 
were allowed to superpose the fields (amplitudes) and not their radiaiiojts 
(intensities) in the case of the electrons of a single molecule. The 
interesting fact about our earlier calculation in the Rdntgen region was 
that it was furnished by the total number Z of the electrons of an atom, 
when we superposed the intensity of these Z electi’ons. In the optical 
case the wave-length is great compared with the distances between the 
electrons within the same molecule, and that is why the latter vibrate 
coherently. In the Rdntgen region the wave-length must be small if 
we wish to be able to deal wi'th the complete incoherence of the waves 
in our calculations, that is with the superposition of the intensities. 
Thus, our mode of calculation is valid only for sufficiently hard Rdntgen 
rays. 

Yet, for hard Rdntgen rays too, there is a region, namely a cone 
described about the continuation of the direction of incidence of the 
primary rays, in ‘which the coherence of the scattered radiation must 
also be taken into consideration, and for wRich, consequently, interference 

*Cf. Dembor, Ann. d. Phys., 49, dOO (1916). 
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may occur. As the rays become softer this cone becomes enlarged and 
hence eqn. (4) of the text involves an appreciable error. In the optical 
case the aperture of the cone becomes equal to tt and the whole space 
belongs to the interior of the cone. The interferences hereby indicated 
for the Bontgen region in the neighbourhood of the extension of the 
incident direction were first observed by W. Friedrich* for wax, and 
were then investigated systematically by P. Debye. t It was also Debye | 
who worked out fully the theory which we have here merely hinted at 
for these interference phenomena. 

Connected with this, there is an apparent contradiction between our 
calculation of the scattered Ilontg(m energy and the facts of crystal 
analysis as disclosed by Bontgen rays : in the case of the foi’mer we 
superpose the intensity radiated out by the Z electrons, in the latter 
their atn'plitude. For it is confirmed by Bontgen photographs of crystals 
that each atom of the crystal makes a contribution to the scattering field, 
that is to the amplitude of the scattered radiation, and that this con- 
tribution is proportional to the atomic number of the crystal. But this 
conti’adiction is cleared up by the fact that within the Deby ‘ cone the 
interferences of the fields emitted b)^ the individual electrons of the atom 
must be taken into account. The rays that are difii acted or scattered in 
crystal analysis form no very great angle with the primary ray and hence 
in general lie within the above critical cone, especially when the primary 
radiation is not very hard. The occurrence of Friedrich-Debyti inter- 
ferences within this cone shows at once that in this case the fields, that 
is the amplitudes, must he superposed. For the whole radiation of the 
atom, however, wdiich is for the greater part sent out into the exterior 
of the cone, the superposition of intensities may essentially take the 
place of that of the amplitudes. 

It remains unintelligible why, in the case of y-rays, for which the 
assumptions made in the text should be best fulfilled, we should get the 
value 0*04 for .s/p [eqn. (10) of the text] instead of the value 0-2 [eqn. 
(12) of the textj.i;; In agreement with the latter value W. Kohlrausch|| 
gets for the total coefficient of extinction of the y-rays (true coefficient of 
absorption 4- coefficient of scattering) a value less than 0 2 foi’ a radium 
salt. And in measurements made by (I W. Hewlett we may trace how 
the total coefficient of extinction of very hard Bontgen rays in the vicinity 
of the wave-length k ^ I0~‘‘ continually decreases and passes below the 
value 0-2. In this case we are clearly dealing with a fundamental de- 
parture from the optics of weaves, a departure which is probably due to 
the size of the enei'gy quantum of very hard rays. 

^Physil<al. /(‘itsclirift, 14, 317 (1913). 

f Gottiiigor Na<*hri(;iitcn, ISth Doc., 1915. 

iAini. (1. Pliys.v43, 19 (1914). 

4$ Cf. Uutherford and llichardson, Phil. Mag., 26, 324 (1912) ; Tshiiio, 33, 129, 
(1917). 

i! \Vi(!nor Boric.lite, 126, Part II o, sections 4 and G. 

Phys. Hev., 17, 281 (1921). 
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3. Tables of the Crystal Structures Hitherto Investigated. 

(Chapter ITT, S 2.) 

(a) Sim 2 )le cubic face-centred lattice (cf. Fig. 34, p. 123 from which 
the darkened circles are to he imagined absent). These lattices occur, 
of course, only in the case of elements. The lattice is completely de- 
termined by the length of edge a of the elementary cube (Fig. 34). Each 
elementary region contains 4 atoms. The order of sequence in Table 58 
corresponds to the groups of the periodic system. 


Tap.lk 58 


Crystal 

0 . 10* oni. 

01)si‘rv<‘r 

Copper, Cu . . . 



3*61 

W. 11. Bragg 

Silver, Ag . . . 

1*06 

Vegard 

Gold, Au ... 

4-07 


Calcium, Ca . . 

5*56 

Hull 

Alumininm, A1 

4-07 

Scherrer 

Cerium, Ce . . . 

5*12 

Hull 

Thorium, TJi . . 

5-11 

H. Bohlin 

n • • 

Lead, Pb . . . 

5*04 

Hull 

4-91 

Vegard 

Nickel alloy . . 

3*58 

' Westgren 

Manganese alloy . 

3-Gl 

! 

Cobalt a, Co . . 

3-554 

! Hull 

Nickel, Ni . . . 

3-540 

»» 

Rhodium, Rh . . 

3-820 


Palladium, 1\1 

3-950 


Tridiimi, Ir . . . 

3-805 1 

»» 

Platinum, Pt . . 

1 3-930 i 

i 


Remarks 


Phil. Mag., 28, 355 (1914). 

„ „ 31, 83 (1916). 

„ „ 32, 65 (1916). 

Phys. Rev., 17, 42 (1921). 
Phys. Zeitscbr., 19, 23 (1918). 
Phys. Rev., 18, 88 (1921); see 
also under (e). 

Ann. d. Phys., 61, 421 (1919), 
Phys. Rev., 18, 88 (1921). 

Phil. Mag., 32, 65 (1916). 
Engineering, HI 727 (1921). 
Pure iron (Pc'y) has the same 
structure above 1000'^ ; see 
also under (6). 

See also under (e). 

Pliys. Rev., 17, 571 (1921). 


(b) Simple cubic s pace-centred lattice. The elementary region is a 
cube of which besides the corners the mid-point is also occupied. The 
number of atoms in the elementary region is 2. The lattice is fully 
described by the length a of the edge of the cube. 


Table 59 


Crystal 

a . Ifl!' Gift. 

Observer 

Remarks 

Lithium, Li 
Sodium, Na . 

3- 50 

4- 30 

Hull 

1 Phys. Rev., 10, 661 (1917). 

3^antalum, Ta 

3-272 


1 Phys. Rev., 17, 571 (1921). 

Chromium, Cr 

2-895 


1 Molybdenum, Mo 

3-143 

»» 

Tungsten, W 

3*18 

Debye 

Phys. Zeitschr. 18, 488 1917). 

>> • 

— 

R. Gros.smann- 
N. Blassinan 

j N. Jahrb. f. Min. 42, 728 (1919). 

Iron o, Fo . 

2*83 

Westgren 

'j (Ordinary temperatures.) 

} Engineering, HI, 727 (1921); 

„ /8, Fg . 

? 

1 

» (Temperature >-768®), 
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(c) Diamond lattice” The description of this lattice is contained 
in Figs. 36 and 37 on page 125. A knowledge of th(‘ edge a of the cube 
suffices to fix it. There are 8 atoms in each elementary region. 


Table 60 


Crystal 

a . 10** cm. 

Observer. 

Remarks 

Diamond, 0 

3*55 

Bragg 

Proc. Roy. Soc., 89 , 277 (1913) ; 
see also X-Rays and Crystal 




Structure, Jjoudon, 1916. 

Silicon, Si . 

5*46 

Debye and 

Phys. Zeitzchr., 17, 277 (1916). 



Scherrer 


>1 »> • • 

5-400 

Gerlach-Madclung- 

Phys. Zeitschr., 22, 557 (1921). 



Pauli 


Tin (gray), Sii . 

6*46 

Bijl-Kolkmcijer 

Thx)C. Amsterdam 21, 501 (1919). 


According to Bijl-Kolkrneijer, loc, cit., page 494, white tin has a tetra- 
gonal latcral-surface-centred lattice. The edge of the square base is 

a — 5*84 . cnis. ; 

the height of the centred lateral surface is c = 2*37 .10 cms. ; these 
give tor the ratio of the axes : c : a ^ 0*406. According to Hull, Indium 
has the same lattice, Phys. Kev., 17, 571 (1921). 

(d) BkomhohedraL lattice. There are 8 atoms in the elementary 
rhomnohedra of the rhombohedral lattices described on page 126 (cf. 
Fig. 38). The rhoinbohedron is determined by the length of edge a 
and the angle a between the edges. To this there must be added the 
relative value u of the displacement of the two surface -centred lattices 
with respect to each other along the diagonal, expressed in terms of the 
length of the diagonals of the rhoinbohedron. 

Tahi.e 61 


Crystal 

ObaiTvor 

1 

Remarks 

' ; 

Graphite!, C . i 4 -48 6S” 26' ; 0*33 

! ! 

Dcbye-S<diorrftr 

Pliys. Zeitschr., 18 , 291 
(1917). 

Arsenic, As . ' 4*14 j 54° 8' j ? 

Bragg ' 

X-Rays. 

Antimony, Sb i 4*50 ^ 563° 6' i 0-463 

> ■' i 

James-Tuiistall 

Phil. Mag., 40 , 233 

(1920). 

Bismuth, Bi . | 4*72 l57°16'i ? 

i' 1 ' 

Bragg 

X-Rays. 


(e) Hexagonal lattices, aiyproximating to closely jjached spheres. 
The arrangement of the atoms in this case has been accurately described 
on page 127. The lattice is determined by the length a of the sides of 
the triangular base and by the ratio c :a oi the axes. The closest possible 
packing of exact spheres would lead to the ratio of axes c :a — 1*633. 
There are two atoms in the elementary region of the hexagonal lattice. 
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Table 02 


Crystal 

(f, . 10” cm. 

c . 10” cm. 

c : a 

Observer 

Remarks 

Beryllium, Bo . 
Magnesium, Mg 

2*29 

3-19 

3-62 

5-20 

1*58 

1*628 

M. Moier 

It 

|Diss. Gottingen, 1921. 

n n 

3*22 

5-23 

1*626 

Hull 

Phys. Rev., 10, 661 (1917). 

Zinc, Zn . 
Cadmium, Cd . 

2-670 

2-960 

4- 966 

5- 60 

1-860 

1-89 

ft 

|Phys.Rev.,17,571 (1921). 

Titanium, Ti . 
Zirconium, Zr . 

2*97 

3*23 

4- 72 

5- 14 

1*59 

1*59 


\phys. B«v., 18, 88 (1921). 

Cerium, Co 

3*65 

5-96 

1*62 

i» 

^ Phys. Rev , 18, 88 (1921) 






(cf. also under a). 

Cobalt 3, Co 

2-514 

4-11 

1*633 

ti 

Phys. Rev., 17, 571 (1921) 






(of. also under a). 

Ruthenium, Ru 

2-686 

4-272 

1*59 

ft 

Phys. Rev., 17, 571 (1921). 

Osmium, Os 

2-714 

4*32 

1*59 

tt 

Phys. Rev., 18, 88 (1921). 


(/) Lattwes of the rock-salt type. The lattice represented in Fig. 34 
is fully described if we know the edge a of the cube. The elementary 
cube contains 4 + 4 atoms. The position of the H- atoms in the case of 
NH^Cl and Nll^Jk is not known with certainty; it must at any rate be 
symmetrical with I'espcct to the N-atom, which for its part takes the 
position of Na in the NaCl type. Concerning the transition to the type 
{g) for decreasing temperature, cf. page 123. 




Table 63 

( /rystal 

(( . 10” cm. 

Observer ■ 

Li F . . . 

4-03 

Debyo-S(!l)errcr | 

Rooksalt, Na(il 

5-628 

P.ragf! 

Sylvine, KCl 

0-26 

IT 

KBr 

6-57 

f T 

K.J . 

7-05 


NH,C1 . 

6-577 ! 

Vegard 

Nli^Rr . 
NII^J . 

i 6-532 * 

1 6-90 

7-20 

, ) Bartlott- 

i j Langmuir 

Magnesium, 

4-22 

; Hull 

MgO (Poriclas) 
Magnesium, 

4-204 

Gcrlach-^Iadclung- 

l^IgO (Periclas) 


Pauli 

Lime, CaO . 

4-74 

Davey-llofimann 

»» ft • 

4-762 

GerJach-Madcluiig- 



• Pauli 

SrO . 

5-100 

»» 

BaO . 

5-47 

»» 

CdO . 

4-72 

Davey-Hoffmann 

NiO . 

4-20 

Pbs . 

6-94 

Bragg 

. _ _ - _ 


— - .. 


lieiiiarks 


Diys. Zfiitsclir., 17, 277 (IDIG). | 

|.\-Bays. j 

Zoitsclir. f. Viivs., 5, 17 (1921). | 
Journ. Amer. Clu'm. Soc*., 43,1 
84 (1912). NHjO! u. mijBr | 
at 250°, NH4.J at 20". j 

.lourn. Amer. Chem. Soc., 41, | 
11 G8 (1919). 

Phys. Zeitschr., 22, 557 (1921). 

Phya. Rev., 15, 383 (1920). 

Phys. Zeitschr., 22, 557 (1921). 


tt »» »» »* 

)) 1 » ft tt 


jpliya. Rev., 15, 333 (1920). 

X-Rays. 


(fit) Lattices of the 4ype of CsCl. The iattice described on page 123 
is determined by the edge of the cube, a. The elementary cube contains 
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1 + 1 atoms. Concerning the position of the H-iitoms in the case of 
NH^Cl, and so forth, and the transition to the typti (/) for increasing 
temperatures, cf. what was said under (/). 


Table 64 


Crystal 


CsCl . 
TlCl . 
NH,C1 . 






a . 10** cm. 

Observer 

Kemarks 

4*12 

3*85 

Davey-Wick 

»» 

jPliys. Rev., 17 , 403 (1921). 

3-859 

Bartlett-Langmuir 

Journ. Amor. Cbem. Soc., 43 , 


84 (1921), at 20° C. 

3-889 

Vegard 

Zeitsclir. f. PUys., 5, 17 (1921). 

3-988 

Bartlett-Langmuir 

Journ. Amor. Cliem. Soc., 43 , 


84 (1921), at 20° C. 

4-070 

Vegard 

Zoitsohr. f. Plij's., 5, 17 (1921). 


(k) Jjaltices of the type of zuichlende. The lattice of ZnS repre- 
sented in Fig. 36, page 125, is determined by the edge of the cube, a. 
The elementary cube contains 4 + 4 atoms. The lattice of CBi is 
identical with that of ZiiS. According to page 125 the lattice of CaF., is 
related to that of ZnS. 


Table 65 


(.)ry^tal 1 a . 10^ cm. 

i 

Observer 

lie III arks 

1 

Ziiicbleiulo, ZnS . 5-41 

Bragg 

X-Uays. 

Carborundum, CSi ' — 

Hull 

T^liys. Ucv., 13, 292 (1919). 

Fluorspar, CaF^ . | 

Bnigg 

X-'Kays. 


{i) Jjatticcs of the type of calcite (sul)stances of the form MNO^). 
The lattice represented in JBlg. 35, page 125, is detei’niined by the 
rhombohedral edge a, the angle a between the edges at the pole and the 
distance x of the 6 atoms from the centre of the acid radical. The 
elementary region contains 4 + 4 + 3 . 4 atoms. 


Table 66 


Crystal 

a . 1 0*^ cm. 

a 

X . 10^* cm. 

Observer 

CaCOg 

6-08 

lOr 55 ' 

1-21 

Wyckoff 

Ilbodocbrosite, MnCOg 

5*66 

lOr 6 ' 

1-225 

,, 

Siderito, FeCOg . 

5-66 

103 *^ 

1-225 


NaNOg . ' . 

6-08 

1 

102 ^ 47 ' 

1-21 

>» 


lleniarks 


Structure accord- 
ing to Bragg. 
Amor. J. of Sci., 


50 , ‘B7 (1920). 
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4. Proof of the Invariance of Hamilton’s Equations for Arbitrary 
Changes of Co-ordinates 

Contact Transformations 

(To Chapter IV, § 1) 

In the text, by using rectilinear co-ordinates qjc x, y, z for a single 
mass-point, and assuming that there was a potential energy that depended 
only on the gj^’s, we directly deduced from Newton’s foundation of 
mechanics the existence of the Hamiltonian equations : 

dqk _ dpk _ __ ^H _ 

dt 'dpk dt 'bqk ^ 'dqk 

But what holds for one point-mass also holds, as was remarked on page 
195, for a system of point-masses between which conservative forces act. 
Eqns. (1) hold for each of these if we take qk as representing in succession 
the rectilinear co-ordinates of each individual point of the system. We 
shall now show that the form of eqns. (1) also remain preserved if, by 
means of an arbitrary point-transformation " (not containing the time), 
we introduce new co-ordinates of position 

Q fk{qv • • •) • • • • (^) 

in place of the rectangular co-ordinates. 

Foi* this purpos(i wo imagine the q^-’s to be calculated from (2) as 
functions of the Qa;’s. The q^’s deduced from them by differentiation 
with respect to t will be linear functions of the Q^’s and will have co- 
efficients that depend on the Q^’s. The kinetic energy, expressed in 
terms of the rectangular co-ordinates of velocity, is a homogeneous 
quadratic function of the q^t’s. As in (l).we designate it by If we 

hero insert the values of the q^.’s in the Q^•’s, Q^•’s, we get a homogeneous 
quadratic function of the Qifc’s with coefficients that depend on the Qjfc’s. 

We call this function E^/h (Qa-, Qa:) and have by definition 

E^•,'H(Q^', Q^') == ^kut{qk) .... (3) 


From homogeneity it follows that 

-‘hn ~ 2 Z 2*’ == 

Just as in eqns. (1) 2^k was defined by differentation of i^kim we now define 
Pfc by setting 

= W 

We then have 

E^irt — Pkqkt 

and from (3) we conclude that 

== ^Pkik 


( 6 ) 



542 


Mathematical Notes and Addenda 


This equation may serve to define Pj^ in place of (4). For, calculating 
the gjfc’s as linear functions of the Q^s by differentiating (2) with r^pect 
to t, then inserting these in (6) and comparing the coefiScients of Qjb on 
both sides, we get the Pit’s as linear functions of the j>k^ with coeflicients 
that depend on the Qit’s. If we reverse these relations and insert the 
expressions for the jpjt's so obtained and the g^’s obtained from (2) in the 
Hamiltonian function H (j), g), we get Hamilton’s function expressed in 
terms of the co-ordinates P, Q ; we call it H (P, Q), and, by definition, 
we have 

H(PitQA:) = H(Mik) .... 

What our assertion amounts to now is that in the quantities Pjt, 
H(P, Q), Q) defined, the Hamiltonian equations 

(iQk ^ m dVk _ _ ^ 

(it (it TiQic 


( 7 ) 
Q*’ 

( 8 ) 


again hold. 

To make the proof capable of being generalised as far as possible we 
apply the method of the calculus of variations. Although we have 
nothing new to say about it, we shall summarise the essential points 
hero for the convenience of the reader. We first suppose the differential 
eqns. (1) of the mechanics of a point (kinematics) to be compressed into 
the form of d’Alembert’s principle. This gives us the advantage of being 
able to pass from the hitherto assumed system of isolated point-masses to 
a mechanical system with arbitrary inner relationships. 

As we are aware, d’Alembert’s principle asserts that the external forces 
are in equilibrium with the inertial resistances in virtue of the relationships 
of the system. To test whether this equilibrium persists after the system 
has undergone infinitely small virtual displacements (‘Wirtual ” means 
compatible with the inner relationships of the system), we postulate that 
the work done by the external forces and the inertial resistances (i.e. the 
“ virtual work ”) must vanish. 

Let the rectangular components of the external forces be denoted by 
Kfc in succession. The inertial resistances, which for the present we also 
assume resolved into rectangular components, are also given by - p^-. 
The principle is then expressed by : 


- p,)hqu = 0 • . . . . (9) 

The connexions that may happen to exist between the point-masses need 
not be taken into consideration since they do no work during the virtual 
displacement 

We assume that the external forces have a potential. Then 

=* - .... ( 10 ) 


must hold. 
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Eurthermore, 

hhk = J^Pkhk - ^Pk^k = ^^Phhk - 8Ei,„ . (11) 

Hence it follows from (9), (10), and (11) that 

§^Pkkk = = 8L 

(L is the “ Lagrange function ”), and if we integrate from 0 to ^ (let the 
integration variable be denoted by t to distinguish it from t) then 

/ 

= JsLrfr .... (12) 
0 

We revert to this equation in Note 7. At present we use special cases 
of it by stipulating that: (1) At the limits 0 and ^cjk must equal 0; 
(2) the time is not to be subjected to vaiiation ; that is, U = 0. Erom 
(12) we then get Hamilton’s principle 

t 

8[L(/t = 0 (13) 

0 

We usually take it as a starting-point for deriving the general Lagrange 
eejuations, in which L is then regarded as a function of the g’s and qs. 
We shall use it here as a bridge to the Hamiltonian equations, that is, 
to our initial equations (1). From the definition of L and II, 

B.(q, p) = Ea:*u + E^on 

we get, if we take into account (5), 

L = 2Ejfcm - H == - 11 . . . (13a) 

In place of (13) we may write 

t 

8j[H(j0. q) - "^ptq,]dr = 0 . . . (14) 

0 

(modified Hamiltonian principle) and we may further choose the qkS and 
PkS for the quantities to which we apply variation. We then get from (14) : 

t it 

3(i - - “• 

A; 0 k 0 0 
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Partial integration applied to the last integral, where we have to take 
into consideration that must equal 0 at the limits, changes the pre- 
ceding equation into 

k k 

since Sp*, ^qk are arbitrary, this equation is identical with the eqns. (1). 

Hitherto we have taken and qk as standing for rectilinear co- 
ordinates. By means of the point-transformation (2) we now pass on to 
arbitrary co-ordinates P/; Q^.. As a result of (3), (5), and (7) equation 
(14) is expressed in terms of these new variables by : 

8j[U(PA, Qi) - Oijrfr = 0 . . (16) 

The process of variation takes place exactly as lU the case of th^ variables 
Pibj qki and leads to 

k 

From this we directly deduce eqns. (8), which were to be proved. Thus, 
the invariance of Hamilton's equal ions with respect to arbitrary point- 
transformations is a direct conseq'uence of their deduction from the modified 
Hamiltonian p 7'inci pie. 

If we survey the preceding proof we realise that we assumed much 
more than was necessary for deriving the desired result of eqns. (8). In 
(6) and (7) we had assumed SPjbOjk = 22>jkqjt and H H. But to pass 
from (14) to (17), it is only necessary to require, insead of this, that 

H - = H - ^PA-Oit F . (18) 

Hero F denotes an arbitrary function of, for example, the arguments 
q, Q and and F denotes its complete differential quotient with respect 
to t. Actually the additional terra due to F in (10) drops out when we 
integrate with respect to t, since it reduces to the values of 8F at the 
limits, which in their turn, just like hq, 8Q, U, vanish. Our special point- 
transformation (2) with the complementary conditions (3), (4), and (7), of 
course, fulfils eqns. (18), in effecting that 

H = H, F = 0. 

But much more general transformations of the following form are com- 
patible with eqns. (18) : 

Qjt = fkki, Pi, t), = <Jk{qi, Pi, t), F = Q,-, 1) . (19) 

The manner of expressing F here chosen brings out clearly that for the 
sake of convenience, as already remarked, we wish to regard q, Q, and t 
as variables of F ; [if instead, we had chosen q, p, t for the arguments, as 
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we did in the first eqns. (19), then we should have been able to calculate 
out of the first eqns. (19) and to insert it in P]. The choice of Q, 
as independent variables corresponds exactly to the analytical form of 
eqns. (18) and makes it easier to give the conditions which are imposed 
on the transformations (19) by the existence of (18). This choice, it is 
true, is possible only if q, Q, and t do not depend analytically on one 
another ; it would be impossible if, as at the beginning of this section, 
equations of the form (2) were to hold. 

We arrange eqns. (18) according to the differentials of the indepen- 
dent variables, we call dt the differential of t and use 8 to indicate those 
differentiations with respect to q and Q, in which t is not subjected to 
variation. Accordingly we set 

mt = %dt + SF 

ot 

and write (18) thus : 

(h - H - - 8F = 0 . (20) 

We next postulate that this condition be fulfilled for all virtual changes 
8^, 8Q, dt and this is at any rate sufficient for the existence of Hamilton's 
eqns. (8) [we do not hereby assert that this condition is at the same time 
7becessaf7/], On account of the independence of the variables t, q, Q (20) 
may be resolved into two groups of postulates which must be fulfilled by 
the transformation (19). They are 

— 'd'F 

H = H + (20a) 

= ^P^-8QJfc + 8F . . (20h) 


Kqn. (20b) shows directly, if we make only one of the quantities qk, Qk 
vary, that 



holds. In the particular case in which the additional function F is chosen 
independently of eqn. (20a) reduces to the earlier eqn. (7). But in this 
case, too, eqn. (20b) is more general than eqn. (6), inasmuch as here the 
term 8F becomes added, which (as F was assumed independent of t) may 
be designated a complete differential of the arbitrary function F (r/, Q). 

Eqns. (19) obviously no longer represent “point transformations,"' 
inasmuch as, unlike (2) they no longer connect the point- or position- 
co-ordinates q, Q with one another, but with the impulse (or momentum) 
co-ordinates p, P. Moreover, since in the case of such a general trans- 
formation the mechanical significance of the momentum co-ordinates 
becomes lost to view, it is better to call the pairs of variables q, p on 
the one hand and Q, P on the other ; canonical variables, P is 
cammically conjugate to Q, and likewise p to q. The general transforma- 
tion of canonical variables that are thus only restricted by the conditions 
(20) is called canonical transformatioyi, Af^^thfe end of this note we shall 
raise the point as to how far the term contact transformation may be used 
35 
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as an equivalent to it. In the' most general case, when, namely, the 
function F depends on t, the canonical transformation not only connects 
the quantities q, j) with Q, P but still more the quantities q, p, li with 


. . . . . .U 

Under certain circumstances it is convenient to start from the quanti- 
ties q, P, t as independent variables instead of q, Q, t, for example, in the 
case, which \vas above excluded, of an analytical relation between q^ Q, t 
It is easy to re-write eqns. (18) in such. a way that they fit in with this 
view. It is only necessary to add ^QjfcP^ on the right with a positive and 
negative sign and to consider instead of F the “ modified ” function 


F* = F + ^P,Q, .... (21) 


Eqns. (18) then merge into the form 

H - = n + - F* . . (22) 


By now treating /, q, and P as independent variables it follows from 
these, analogous to eqns. (20a, b), that 

H = 11 + (22a) 

+ jQil5Pt= aF». . . .(221)) 

From this point of vantage we get the “canonical conjugates ” y;, Q to 
the independent variables by means of the formulae 

which are analogous to (20c). The term “ modified function ” F* is to 
remind us, just like the term “ modified Hamiltonian principle ” (cf. p. 548) 
of the usual process in dynamics and thermodynamics in which we change 
the independ(mt variable, a process which is to he traced back in an 
abstract form to Ijegendre and which is called Jjeqendre tramformation. 

It only remains for us to give grounds for the term “ contact trans- 
formation.” 

Let us consider a “surface” .s* — s{q^, . . ., qj) in / + 1-dimen- 

sional space, iriteipreting (/i . - . qr as rectangular point-co-ordinates in a 
“plane” and erecting s perpendicular to it. Then the quantities 

determine the position of the tangential plane at the surface .s’, and may 
therefore be called “plane-co-ordinates.” The following “ condition of 
combined position,” 

(h = ^pld<li,: . 

1 

holds between the point- and the plane-co-ordinates. 


( 23 ) 
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Let us introduce new co-ordinates Qjb, P* by means of eqns. (19), 
whereby, however, we assume / and <j to be independent of t in order to 
allow us to use a geometrical interpretation. Expressing the in 
terms of Q,; and P,- by means of eqns. (19), we next form s{q) = S(PQ) 
and postulate that the new configuration S also represents a surface, that 
is, that it is touched by the planes given by the P’s at the points de- 
termined by the Q’s. Then it must be held as a consequence of (23) that 

ds = (23a) 

that is, if p denotes an arbitrary function of the q, p, s or Q, P, S, then : 

n. 

rfS -- . . . (21) 

1 I 

This is the condition that is to allow us to apply the term contact trans- 
formation in the geometrical sense to our transformation (19). 

In a certain respect our condition (20) is more special, in another it 
is more general, than the geometrical condition (24). The factor p was 
wanting in our condition (20) ; in its place, however, even if we leave 
out of account the member with dt, there occurred the additive term 
8F which was wanting in (24) for the case p — 1 and S = s. But it is 
just this generalisation that is important for mechanics. The theory of 
transformations of the differential equations of mechanics, founded by 
liagraiige and Poisson and developed by Jacobi, operates throughout with 
such generalised contact transformations. 

Thus the geometric and mechanical conception of contact trans- 
formations is only partially identical. 

5. Concerning the Ratio of the Kinetic to the Potential Energy 
in the Coulomb Field 

(To (Chapter IV, 3, p. 214; 4, p. 220; 5, ji. 228) 

At the close of his first paper in Phil. Mag.,* Bohr makes the following 
statement : 

“ In every system of nuclei at rest and electrons that move in circles 
with velocities which are small compared with c the kinetic enei’gy is, 
except in the sign, equal to half the potential energy.” 

We shall show that this theorem applies much more widely : it holds 
not only for circular orbits but also for arbitrary forms of motion, in which 
(for varying kinetic and potential energy) the time-mean values of both 
energies have to take the places of the energy values themselves in the 
enunciation of the theorem. It also remains valid except for a small 
change if we allow any arbitrary central force to act in place of Coulomb’s 
law of force.t It is not necessary nor even convenient in the sequel to 
assume the nuclei at rest. 

*VoJ. 26, p. 24 (1918). 

flu what follows we coiitinuo from Burgers, Haarlem, 1918, p. 168, whoso 
simple proof we extend to the case in which any central force, not merely Coulomb’s, 
acts. This extension already occurs in Jacobi, Vorlesu7igen ilher Dyiianiih^ p. 22. 
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We take aa our basis rectilinear co-ordinates x, j/, z which we 
distinguish by affixing numbers for the electrons and nuclei and denote 
by (jfi . . . q/* Let pi • • • Pf be the corresponding momenta. Then 
the kinetic energy of our system of nuclei and electrons can, by eqn. (5) 
of the preceding note, be put into the form : 


• • • • (i) 

Let the potential energy be a homogeneous function of degree -f- 1, of 
the co-ordinates qic. This is the case, for example, if central forces 
proportional to act between the point- masses of the system, that is, 
between the «th and yth point-mass (no matter w^hether it be nucleus or 
electron) a force acts in the line connecting both, its amount being 
(n is the same throughout but C may under certain circumstances change 
from point-pair to point-pair). Then we get 'f. eqn. (3) on p 194] : 


We next form 


1. ^ V i ^ . 

^ ~ 7r+ 

k 

=^Vk'lk +^?W 


( 2 ) 

(3) 


and take the moan value in time, which we denote by a horizontal bar. 
If the motion is periodic or at all stable in the sense that the position of 
the ppint-inasses does not systematically deviate from its initial con- 
figuration to an extent that increases indefinitely with the time, the 
time mean on the left-hand side of (3) becomes equal to zero. Thus 


^kh = - • • • • (“i) 

must hold. By (1) and (2) this means that 

y^ki., = .... ( 5 ) 


If we finally set n 2 (Coulomb force), then Bohr’s assertion is valid 
in its extended form, namely, 

Lfcnt = ~ * * * * 

Our theorem does not hold in relativistic mechanics, because here eqn. (1) 
falls out of action. 


6. Some Examples of Integration by Complex Variables 

(To Chapter IV, S 6, p. 235 ; Chapter V, 7, p. 312, and to the following 

notes) 

ft is well known that the method of complex variables has the ad- 
Vcintago of allowing integrals over a closed path of integration to be 
evaluated without the necessity of special devices and almost without 
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calculation. As we shall see in the next note it is intimately related to 
the problems of the quantum theory. 

(a) Let us first suppose that we are dealing with a real integral 
which allows itself to be regarded directly as a closed complex integral : 


J = 


2ir 

1 r 

27rJ 1 + € cos 
0 


( 1 ) 



^Ye introduce as a new variable the comxdex quantity z = which 
traverses the unit circle in the positive sense, while goes from 0 to 27r, 
cf. Fig. 123. In these variables we write 


where 




+ %]Z + 


1 


1 = 


1 


( 2 ) 


Since, on account of the meaning of c (numerical eccentricity) and also 
on account of the convergence of the integral (1) we must assume c 1, 
1 ] becomes 1. The roots of the denominator in (2) are 


----- - q + \/'7“ ■ ^ • • • ■ '^1 ^ 

^■2 V " J'T ~ 1 • • • ~ 

In place of (2) we get by resolving into partial fractions 


,T = ^ - - 

Trtt J {z - z.^) 


1 dz 


TT'U^Z^ - ^2)VJ ^ 

% - 


(3)* 


(i) 


The second of the last two integrals vanishes since its singular point lies 
outside the unit circle. The first allow^s itself to be contracted into a 
path encircling the point z = in the interior of the unit circle and it 
has the value 27ri. Accordingly, 

j 27r/ ^ 

~ TT'UfZj^ - Z2) 


( 5 ) 
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But by (3) we have 

Zx- - 1 = ~ x/l - 

and thus (5) passes over into 

^ - /lb <*) 

{b) The following integral allows itself to he reduced to int gral (a) ; 
we encountered it in the elliptic motion in eqii, (13) on p. 235 : 




sin- ^ 

(1 + € cos </>)' 


ode/). 


For, by partial integration, this becomes 


e sin </) 

^ 27r 1 -h € cos ^ 


^ f / i 

O 27 rji + ccosc/)'^'^- 


The first term on the right vanishes, the second allows itself to be re- 
written thus : 




So we get 




(7) 


The integral that essentially gives the time of revolution of the elliptic 
orbit (cf. eqns. (28) and (29) on p, 312), namely. 


27r 

1, 

O 

also allows itself to be leduced to the integral (a). 

Jn (1) and (6) w(i replace c by eja and get the following two ex- 
pressions for Jo/a : 

if ^ 

27rja + € cos </) “ Ja- -- e"* 

0 

By differentiating with respect to a we get : 

1 f d</> a 

27rJ(rt + tCOH(j>f ~ _ jHyV/ 


1 f # 

27rj(l •+• c COS </>)“ 


• (7a) 


If we next set a — 1, then Jo comes out on the left. 


J.> 


1 

(1 -- ■ 


We thus have 


(7b) 
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(c) The integral 




A + 2^ + ^ rfr . 




(B) 


constitutes the natural and general basis for the treatment of the radial 
quantum condition. The constants A, B, and C have a somewhat 
dmerent meaning in the relativistic and non-relativistic cases. For the 
diagram we take them so that the branch points of the integrand — we call 
them and Tmaxi perihelion- and aphelion-distance ” — have real 
positive values. The path of integration is initially from r^ax 

and back again to rmin ; as shown in Fig. 124 it is drawn out into a 
closed course in the complex r-plane. The r-plane is to be supposed slit 
up between and and represents the upper sheet of a two-sheeted 
Riemann surface. On account 





of the positive character of the 
phase-integrals the sign of the 
square root is to be taken posi- 
tive for a positive dr (section 

below the slit) and 7ie(fative for r - Plane 

a negative dr (section above Fig. 124. 

the slit), as is indicated in the 

ligure. From this it immediately follows that the square root on the 
real axis of the r-plane outside the slit is imaginary, and, indeed, positive 
and imaginary for r > r^ax^ negative and imaginary for 0 <^r 7\nhi, as 
is likewise indicated in the figure. Wc recognise this if, starting from 
the positive or negative edge of the branch section, we make half a re- 
volution around the branch-point r = ^ == 

We continue further along the path of integration and close it at the 
poles of the integrand. These are the points 

r = 0 and r ~ go. 


. the point r == 0, behaves like 

r.A.. / 


fit" 


1 a- 


B 


As the figure shows, the integration is to to be made in the sense of the 
hands of a clock and hence the first member of the series furnishes the 
value - 27ri ; the remaining members, however, vanish in the integration. 
Hence the total contribution of the point r = 0 is 

~ 27r/ x/c . . . . . (9) 

The point at infinity is indicated in the figure in the finite region. We set 

l' , ds 

« = 

.1, = - jVA +lBF:rcv jj= - VaJ(i + + . . .)2. 

The residue of this integral for the point s ^ 0 is solely determined by the 
member containing ; this member has fqj: its coefficient 

B 
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The contribution of the point at infinity therefore becomes (cf. the sense 
of revolution in the figure) 

+ ^ {9a) 

vA 

From the sum of (9) and (9a) we get the following value for J 3 , which will 
be of fundamental importance in the sequel : 

. . .( 10 ) 

We add a supplementary remark about the sign of n/O. VC was 
defined in ( 8 ) as the residue of the expression 



for r = 0. This expression is, as has already been indicated in the figure, 
negative and imaginary in the vicinity of the zero-point where r is real 
and positive. Hence v/O is also to be reckoned negative a?id imaginary 
in (10). Correspondingly we conclude that JK is positive and imaginary. 

{d) In J 3 we add a cori’ection member having the small coefficient 
Dj and consider 

j, = + + . . . (11) 

The position of the branch point is not essentially altered by the correction 
member. Hence we may take over the preceding figure with its de- 
terminations about signs and path of integration. 

To be able to carry out the integration we shall expand the root in 
X 3 ower series of the correction member. For this it is necessary to deform 
the path of integration in given cases in such a way that the expansion is 
possible along its whole course. For a sufficiently small this will 
always be the case. I'he deformed path of integration must avoid any 
branch points that may ha])pen to arise from the added correction member. 
If we now carry out the integration term by term, then we may proceed 
with each member as in Fig. 124, since in the individual member only the 
branch incision r,aax and the poles r = 0 and r == 00 occur. 

If we retain only the first power of Dj, the expansion runs thus : 


\ r r^ r^ 

. + c +(a + “ + «,V*, 

. V r r- V r ■■ r-/ 

1 

J 

1 • ( 12 ) 

For the integration aimed at in ( 11 ) it leads to 



+ 

il 


■ (13) 



• (14) 



I 
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J5 behaves regularly at the point r <x> , For if, as above, we set 


s = *, then 
r 

•’--L 

At the point r « 0 there results 


sds 

/a -f 2Bs - 4 - Cs'*^ 




. o _• B 


+ ^Tri 


Hence, taking hito account (10), we get from (13) that 




Bl), \ 

JA 2C JC) 


y i 


(15) 


(16) 


(«) In .T^ we add a second correction member with the small factor 
Dj,, which is, say, of the same order of magnitude as D^-, and let us 
consider 


. 1 ,=. + 2*) + « + . . .(17) 

Here again Fig. 124 serves to inform us in the matter of path of integra- 
tion and sign. Goneerning the fundamental treatment of the path of 
integration the same is to ho said as under (d). 

Excluding all powers that are higher than D^-, and D.,, we next 
expand 


+ 2^ + 





+ 






and then get 


Va + 2 ^^+ 

8\ ;• r-/ 


J = J + 4 , 

li 3+2 ® ^ 2 ® 




(18) 

( 19 ) 

( 20 ) 


In calculating eT^ and Jy wo are again co^icerned only with the point 
r = 0, since the position f = 00 also behaves regularly here. For the 
neighbourhood of r = 0, the following holds ; 
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With these values o£ and as well as with the values of and J,, 
out of (10) and (15), (18) becomes 


.1 




+ 


3D,-^ 

lecvc 


A 








13y collecting those terms that contain A as a factor, we finally get 


1 B /, 3 D., B IS D,-Bu 

" 2 GVcV ‘ 2 'G 8 & )\ 

A /jj _ 3 D|“\ ) 

G VgV “ 4 G ).l 


1 A 
4 


J 


( 21 ) 


(/) We now return to the inte^gral designated by Jg in (8) and insert 
in it a correction member Dr. We shall call the integral resulting from 
this 


^ ^ ^ "1* 'h * • 


( 22 ) 


By expanding again in powers of D, we get as the first memlier the 
former integral Jg. We call the integral of the second member : 


K = J. + sK,. 


setting, in general, 




4 


yllflr 

A + “ + 


if VC 


rn + ^flr 
+ liBr + hr- 


(23) 


(24) 
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Here it is the point r = cc that plays the deciding part, whereas now the 
integrand is regular at r --=0. We introduce the new variable of integra- 
tion s — \/r and have 


Expanding as far as powers of s- within the square brackets, we get 


X ds 


/3B“ 

C \ 

!P?;/a 

i_i - j. + 

V2 A'i 

2Ar+ - • •_ 


and by contracting the path of integration about .s* 0 


^TTi /d Kj \ 

Accordingly, in view of (10), (23) gives 

K=-2«[VG-'' 


In general 


r“- Va- ia'/Aa ‘^)) 


2^1' 

= - 7-_ lies 

n/A 


A!:):' ' 


(25) 


(20) 


(27) 


Tlie following similarly constructed integral is calculated in exactly 
the same way : 

c r'dr f 

"" J (a + ' 


• (28) 


We get tor it 


K,; Ees 

A sj A 


2,r* „ (^ + ^A"+A*“) 


• m 


The sign Res in (27) and (29) denotes the coefficients of s~^ in the power 
series of the expression that follows it. 


7. Hamilton’s Partial Differential Equation and the Separation 
of Variables. The Moduli of Periodicity of the Function of 
Action as a whole Multiple of Planck’s Quantum of Action 

(To Chapter IV, § 6, p. 235 and Chapter V, 4, etc.) 

Up to a few years ago it was possible to consider that the methods of 
mechanics of Hamilton and Jacobi could be dispensed with for physics 
and to regard it as serving only the requirements of the calculus of 
astronomic perturbations and the interests of mathematics. Accord- 
ingly it is not even touched on in the most famous of German textbooks on 
mechanics, namely the lectures of KirchhofT. 
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Since the appearance of the papers by Schwarzschild and Epstein in 
the year 1916, which, following immediately on the papers by the author 
on the fine structure of the Balmer series, link up the quantum conditions 
with the partial difierential equations of mechanics, it seems almost as il 
Hamilton’s method were expressly created for ti’eating the most important 
problems of physical mechanics. 

We start from eqn. (12) on page 543 which was derived Ironi 
d’Alembert’s principle : 

k-f t 

= I^LrfT . • (1) 

0 


We take the qk^ as having the meaning, more general than on page 
541, of arbitrary positional co-ordinates independent of one another, and 
the as the corresponding momentum co-ordinates. Further, we shall 
free ourselves from the restriction, introduced for Hamilton’s principle 
on page 545, that the time may not be subjected to variation. Acc ordingly 
we set 

t t 

jsLrfr = sjwT - LSi 
0 0 

and get, instead of (1), 



Lidr — 


( 2 ) 


If we assume that the potential energy does not contain the time and 
also that the equations of condition that may hapi)en to exist between the 
parts of the system are independent of t, then the energy law holds in the 
form 

H = Ekin + E,ot = W . . . . (3) 


By using eqn. (13a) on page 543 we may write 


The quantity 


C f 

I hdr = 2|KK,.rfT - W< = S - W< . 
0 0 

t 


S = 2\EkudT . 


here introduced is called the function of action. 
If we insert (4) in (2), it follows that 


= SS - iSW - (W + L)S< I 
= - <S\V - I 


(i) 


( 5 ) 


( 6 ) 


In the latter rrn^thod of rewriting the right-hand side we have used 
W + L 2E^/w 

[cf. eqn. (5) on p. 541]. 
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The integral (5) is to be taken over any mechanically possible path, as 
is shown by its derivation from d’Alembert’s principle. Through hxing 
such a path by means of its initial conditions (initial position and initial 
momentum) S becom(3s a definite function of the time. By making the 
initial conditions variable, S appears as a function of 2/ + 1 variables 
(of the time, of / co-ordinates of the initial position and of / co- 
ordinates of the initial momentum). But instead of these 2/ -f- 1 
variables we shall introduce other variables, namely (proceeding as for 
a ballistic problem), besides the co-ordinates of the initial point, the 
co-ordinates qjc of the end-point (“target point”; '' Treffpunkt*') and, 
simultaneously, instead of the time t between the initial point and 
the target point, the energy W (in ballistic terms, the “ charge”). As a 
matter of fact, starting from a given initial point, we can reach a given 
target point by different paths and in various orbital times, according to 
the amount of energy available. The equation that accordingly exists be- 
tween t, W, qk and qk^^ allows u6 to calculate ^ as a function of W, qk and 
qk^^ and to eliminate it by inserting this value in the upper limit of S. 
In the sequel we accordimjly reqard S, the f unction of action, as a function 
of the co-ordinates qk of the final •position and of the co-ordinates qk^^ of the 
initial position, and as a function of the energy W. We take SS as stand- 
ing for the expression 



We suppose this value of 8S inserted in the right-hand side of eqn. (6). 
Designating the displacements hqk for t = 0 and ^ ^ on the lett-hand 

side of (6) by fiqtf and hqk\ we write in place of (6) 

k-f k~f 

+ + = . . (6a) 

^-1 k . \ 


Let the quantity hqk^ be called the “ variation at the final point of 
the orbit.” ft signifies the virtual displacement to which we have 
subjected the orbital element at the time r = We must distinguish 
between this and the “variation of the end-point of the orbit,” which, as 
in eqn. (5a), will be called 8(7^. The latter is now composed of two parts ; 
(1) of the virtual displacement that we have effected at the end ot 
the orbit, and (2) of the lengthening of the orbit which corresponds to the 
alteration of the orbital time by the amount U, We have to imagine the 
co-ordinate qk to continue its course during the time U with the velocity qk- 
The second part therefore becomes qk^t and we have 

Hk = hk + 


If we insert this in the left-hand side of (6a) the following relation results, 
on which all that follows is founded, 




tm = 


(where Sqk is the variation of the end-point of the orbit). 


( 7 ) 
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We next specialise eqn. (7) by varyin^^ only 
system. We shall keep ’the initial position and 
Kqn. (7) then states : 


and hence 






tlu'. (md-point of tlu' 
I lie eiu*r!.,^y W fixed. 


0 ^) 


If, now, S were known in any way as a function of th(‘ r/jt’s, then hy (8) 
we should be able to derive the from S. But this does not really 
help us on. For, to determine S as a function of the we should 
require previously to have integrated the equations of motion. Then, 
besides the successive positions of the system, also the corresponding 
momentum co-ordinates would be known and eqn. (8) would become 
superfluous. 

We can, however, use eqn. (8) indirectly to find S. For if we insert 
(8) in the energy law (2) 


E,;, + E,,., = ry,) = W . . . (9) 


where H denotes Hamilton’s function, that is, the total energy, expressed 
as a function of the and r 7 ^•’s, then we g( t llainiUofis partial 
differential equation 



( 10 ) 


It is of the first order and of th(i second degree (at least in the case of 
classical mechanics, since here E^;/,, is a (juadratic function of the 
We shall assume that we can integrate eqn. (10), that is, that we can 
specify a solution 

S = S(q, . . . (Jf\ a, . . . a,) 


containing / arbitrary constants of integration. One of these constants, 
say ctj, is merely added to S and is thei-efoie of no account ; it does not 
entei’ into the expressions for the But S also contains W as an 

essential constant arising from the differential equation. We shall call 
special attention to this by writing 

S = S(Yi . . . <ji \ \W . . . a,) + aj . . (11) 


We shall see presently how, under certain circumstances (by separa- 
tion of the variables), we can actually ai rive at a solution of the differential 
eqn. (10) of the form (11). We first exhibit the inner relationship between 
the quantum theory and Hamilton’s method of the function of action, of 
which we spoke at the beginning of this note. It rests on the fact that 
our phase-integrals 



allow themselves to be expressed directly by the function of action S. 
On account of (8) we have 


fDS 
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Bv tli(} rulfi oil pa^o 201, about tho integration limits ol' the phase- 
inhi^ral, J/t (hmotes tlui increasti that S undergoes when the variable cjk 
travers(‘s tlui region that comprises the. completfi description of all the 
])liaseH of motion of th(‘ system. Fixing our attention on periodic 
motions (or “conditionally periodic” motions, see below), we represent 
to ourselves that in tho integration qk returns to its value at the outset 
and w(‘. call Jjt the ^*th mulidua of periodicity of the function of action. 
Our quantum conditions 



then require that the moduli of periodicity of the action f unction he whole 
multiples of ria7ick*s quantum of actmu 

To see how the moduli of periodicity of S are determined we must 
consider a little more closely the integration of the differential eqn. (10). 
The only method that is successful is that of the separation of variables. 
We shall illustrate it by a simple example. 

Suppose we are dealing with an oscillator bound anisotropically in 
space. The restoring forces - k^x^y - k.^Xoy - k-^x.^ act on the point- 
mass m in the directions of three mutually perpendicular axes x^x.^x.^. If 
Pv P'l^ P ',0 components of momentum {pk == then 


E 




]>;' + 

2w 


E 


_ 1 
'pot — 2 


+ t,.r/ + h,T.^) 


and the partial differential eqn. (10) then becomes : 

S'T'*' (S (?r 

This equation allows itself to be “ separated” with respect to the variables 
x^x.t^x.j^y that is, it allows itself to be resolved into the following three 
equations, that each depend on only one of the three variables : 



where a^, a.^, a.j arc integration constants between which the following 
relation holds : 

aj + <1*2 + cjtg = 2wW .... (lo) 

We lihus have only two arbitrary constants ; the third constant is 
determined by these two and W. ' 

Eqns. (14) give us 

= Jai - mkiX,^ = ^mk; - Xf . . (16) 

Here we have set 

o; = mkgcir (17) 

Eqn. (16) shows in conjunction with the mechanical meaning of 

as 

— = jpi = mxi . 


. ( 18 ) 
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that the variable x; is limited to the region between ± a,- and that it can 
reverse its sense of motion only at the end-points ±a{ of this region. 
For if Xi were to overstep the region ± a/, then jf; would become 
imaginary, which is impossible. If a?/ were to stop before getting to the 
boundaries of the region and reverse its direction at a point inside, 
then Xi would = 0 here ; but by (18) this would entail the vanishing of 
which is excluded by (16), since 'bS/'dXi can vanish only at the 
limiting points ± a,\ Thus the variable xi traverses the entire region ± Oi 
alternately in the increasing and the decreasing sense, reversing its sense of 
motion and the sign of pi at the end-points of the region. That is, the full 
region of variability of x,: stretches from - a,: to + ai, and back again to 
- ai. We indicate this integration by adding a circle O to the integral 
sign. Our quantum conditions are then to be written in the form 



Here the integral obviously denotes the circular surface whose radius is 
ai. Thus we conclude from (19) that 


iiih 

TT Jnilx'i 


( 20 ) 


From (17) and (15) it then follows that 

= Vw/w- = 2mW . . (21) 

TT TT 


We finally introduce the vibration numbers v/, which correspond to 
the free oscillations of our point-mass in the three co-ordinate directions. 
These are given by 

^TTVi = a /— » Jrnki 
y VI 


^TTinVi 


If we insert this in the second equation (21), we get 

2wAV = W = ^nivih, . . . (22) 

The energy of our oscillator thus appears, as was to be foreseen, as 
an integral sum of energy-quanta hvi that correspond to the three pai tial 
vibrations; our spatial oscillator, just like the linear oscillator in Chapter 
IV, S 1, is quantised according to energy-elements. 

A series of general remarks follow from this simple example. 

(a) If Hamilton’s differential equation of a system of / degrees of 
freedom allows itself to be fully separated as regards the co-ordinates 
fj] . . . qj\ that is, divided into parts that depend in turn on only one of 
the co-ordinates qi, then, as in (14), / constants ai appear, of which, 
however, only / - 1 are arbitrary. In this way we ol)tain by the method 
of separation of variables the complete solution of Hamilton’s differential 
equation with the number of integration constants required in our former 
remarks. Together with the energy-constant W we have / parameters 
(we shall call them briefly the ** constants a”), which accordmg to classical 
mechanics, may he chosen freely within a continuous manifold, hut, 
according to the quantum theory, are ca2jable only of discrete values. 
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(h) Just like the JlamiUonian equations so the paitial equations 
(l(;iived from them by the j)rocess of separation in the co-ordinates q 
af(j of the first order and of the second degree. Thus if we calculate out 
'd^l'dqu we get an expression which, like (16), carries a square root ; for 
example, when the q/s are orthogonal co-ordinates we have : 

ll = ^M) (23) 

lict a,: and bi be two consecutive simple real roots of the function in 
a region of values which is accessible to the co-ordinate qj according to its 
mechanical significance ; we then see from the same considerations as 
those applied in our special example, that if once q,- lies between the 
values (li and hi, then it swings permanently between these limits 
(“hbratioii limits”). Por each libration and for each co-oidinate qi, S 
increases by a fixed modulus of periodicity. Just as in our example the 
periods corresponding to the various co-ordinates do not in general super- 
pose exactly and hence the oi’bit will not return into itself. We call this 
behaviour c(ui(! Itionallij periodic. For 
further details, in particular concerning 

the conditions under which an asymp- - ^ 

totic “ limitation motion ” occurs, in 

place of the “libration motion” we 

refer the reader to Charlier,* -aj 

Meckanics (“ ^lechanik des Ilirnmels”). 

(o) In all conditionally periodic sys- 
t(‘ms the form of the orbital curve has 
the character of Li^isajons fly arcs. In 
i^Jg. 125 we diaw the two-dimensional 

liissajous curve which is described by 125 . 

the co-ordinates of our example. 

The curve touches its envelopes .i\ = ± and = ± a., alternately. 
Exactly the same occui'S in the general case, for which we denoted the 
corresponding limits for the co-ordinates q,- by a,-, b{. The somewhat 
dilferent apj)earance of, for example, Fig. 78 illustrating the Stark efVect. 
is merely due to the fact that the co-ordinates <[; are not here Cartesian 
but have been drawn as curvilinear co-ordinates in agreement with their 
physical signiiicance. The Lissajous curve in this case does not nestle 
in a rectangle but in a curvilinear quadi*angle. 

(d) An essential difference, however, manifests itself if there happens 
to be a cyclic azimuth among the co-ordinates q,- of the system, that is an 
angular co-ordinate <;(>, which does not occur in the expression for the 
energy. In this case in place of eipi. (23), the following holds : 

^ = const. = 2 ) . . . . (24) 


In ^ we have no libration limits but the mass-point continually tra- 
verses the orbit around the origin of the co-ordinate system, according 
to the law of areas. The representation of the relativistic Kepler ellipse 

Mi 

*Loip/iig, 1902, vol. I, p. H5, et seq. The name “ conditional!}^ periodic” arise.s 
from tiio fact that when further conditions become added [cf. the form of c(in. (12)] 
tlie motion becoiuos periodic in the true sense. 

36 
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in Fig. 110 gives us a picture of this behaviour. It is included between 
two enveloping circles instead of being hedged in by a curved quadrangle. 
The full region of variability for a cyclic co-ordinate stn^tches froni <t> ^ 0 
to = 27r. Consequently the corresponding modulns of periodicity 
of S is 

-IT ' 

'4 = 

<1 

and the quantum condition becomes, as in the cast^ of the simple 
lotator 

27rJ) ■- Ilk . . . • (25) 

ft is not necessary for the sequel to emphasise this frecjiKiiitly 
occurring exceptional cas(\ Uather, use is to be made of it in defining 
the conditions of the conditionally periodic sys:* m. 

(e) The general quantum conditions for a conditioiialh peilodic 
system are, following on (23), for orthogonal co-ordinates (j ; : 

J, (j) W, a, . . . a,)>lq; = 11, ll . . (26) 

They furnish us with f equations for determining the f constants \V, 
a 2 . . . a/. These constants, in particular also the eruu’gy W, are thus 
fixed by the quantum numbers 7i;. A discrete 'nianifold is separated out 
of the contimwus manifold of Us values. Jn 'particular, the (jua^itisimj of 
the enerffi/ jjajjs due ret/ard to the sharjmess of speetrat lines. 

(/) Complex integration offers the natural method ap])ro})riate for 
evaluating the integrals of the form (26). As we have already indicated 
by the sign 0> l^he path of integration is a closed one. It lains round 
the two branch points a,-, b,- of the square root, which we suppose 
connected by a branch incision ; and, moreover, since the square root 
changes its sign in passing around the one or the othei* bi’aiich-poiiit, 
and since the integrand of the phase-integral is ne.cessarily ])Ositive 
(cf. p. 201) the path forwards must be traced on the positive, that back- 
wards on the negative, edge of the slit. We re-modtd it (cf. p. 551, 
Fig. 124) into any arbitrary course al)out the slit and may, in given cases 
simplify it furthei- by contraction into the singular points of the integrand. 
Thus the most powerful instrument of the theory of fmictums, the 'method 
of complex integration, places itself beside the 'methods of higher mechanics 
in the service of ths guantum theory. 

(g) An important nunark of Fpstein* concerning the choice of the 
co-ordinates to be used in expressing the quantum conditions links up 
with the form of the orbit of conditionally periodic systems such as, for 
example, were depicted in Fig. 78. The difficulty involved in choosing 
the co-ordinates, and their influence on the quantum conditions has been 
emphasised earlier on page 201 of the text. From the point of view of 
conditionally periodic systems we are inclined to say that those co- 
ordinates are the correct ones in which Hamilton’s equation allows itself 
to be sejjarated. This rule actually leads, in all cases to which it is 
a])plied, to results that arc confirmed by experiment. But the rule seems 


P. Epstein, Ann. d. Phys., 51, § p. 
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to be purely formal. In reality, there is* according to Ej)stein, a sound 
geometrical meaning. 

In the conditionally periodic motions, the envelopes of the orbit are 
the co-ordinate surfaces q; = a; or, respectively, q; == />/, corresponding to 
the straight lines == ± a,, and x.j, = ± a., in Eig. 125; these surfaces 
occur in the /-dimensional space. Now if we change the integration 
constants a; the surface coniiguration contracts or expands and in this 
way defines the whole system of co-ordinate surfaces q; = const. Thus in 
the conditionally periodic system the correct co-ordinates to be used in 
the quantum conditions aie not only distinguished formally by admitting 
the possibility of separation, but also mechanically and geometrically as 
the envelopes of the oi-bit. The conditioiuilly 'period io systems furnish 
their correct co-ordinate system of themselves. Conversely, if the orbit has a 
system of envelo])ing surfaces, and if the parameters of these surfaces are 
chosen as co-ordinates, it is to be presumed that the Hamilton e(juatioii 
will allow itself to he separated with respect to them. We here merely 
remark in passing that under some cii'curnstances the separation of the 
differential equation must be effected not by a mere change of the 
co-ordinates q{ but by a simultaneous change of the co-ordinates p,* and 
f (contact transformation). 

{h) But what of the case when the Hamiltonian differential equation 
allows itself to be separated with respect to two different systems of 
co-ordinates? Which of these systems is then the correct one? In one 
sense the answer is “ neither,'* in another, “ both.’* 

To get a general survey of the conditions here involved, it is worth 
returning to the example of the harmonic oscillator and to assume that 
two of its bonds become equal. For example, let = k, then also 

= r. Eqn. (13) then takes the following form if we introduce in 
place of the rectilinear co-oi’di nates .rj.ro the polar co-ordinates r, : 



It also allows itself to be separated with respect to these co-ordinates 
according to the scheme : 

^ j 

ill which the relation 

a + a.j = 2//l-^\ ..... (27) 

which is analogous to (15), must hold between a and ag. 

This ambiquity of the co-ordinate system is in very good agreement 
with the remarks contained in ((/). When the vibration numbers are 
equal for the directions 1 and 2, the projection of the orbital curve on 
the plane is not a general Lissajous curve, but a closed ellipse whose 
centre is the origin of co-ordinates. lienee^ accordinq to the standpoint 
adopted in (q) we can recoqnise neither of these two co-ordinate systems^ 
x,^ or r, </) as the natural and correct system. In the third co-ordinate .1*3, 
however, the Lissajous character of the orbit'^remains preserved, so long 
as V3 differs from v (and so long as v.^ is not a rational multiple of v, 
cf. below). For example, the projection of the orbit on' to the plane 
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again oilers the picture of Fig. 125. In terms of space the orbit in 
this case everywliere closely covers the mantle ot* an elli})tic cylinder. 
(In the general case, on the other hand, it iills the whole interior of a 
spatial paiallelopiped. If iinally I'j = Kj = the orbit degenerates into 
a single spatial ellipse that is unceasingly traversed.) For the co-oi’dinates 
7*, cf), .r.j the quantum conditions would be 


27 rp nil, 




mkr- - ^ ,dr ~ n'/i 

7- 


1 I 


(2«) 


The lirst of these is identical with ecpi. (25), the last with etjus. (19) 
a]id (17). Th(' middle one allows itself to be leduced l)y a simple sub- 
stitution to the foi'in of eqii. (8) in Note 6 and, when worked out, gives us : 


It now follows from (27), (28) and (29) that the energy is 
2ni\\ = (2ii -{• it)]i + - 11 , Ji. , 

TT ^ TT 


or also, according to the meaning of the vibration numbers v and v.^ (since 
27ri' =: yjli'hn, 27riA^ ™ \/ kjni ) : 

\V — {2n -f iijltv + 

Thus for the energy the result is the same as it would be by eqn. (22) 
if we were to base our calculation on the rectilincnir co-ordinates : 

W (/i, + no)li'V -f //y/O'y. 

In both cases the energy, as it should do, comes out as an integral 
multiple of the energy-elements kv,. Since, for spectral applications, we 
are primarily interested in the energy and since this is not affected by 
the ambiguity, we may, on the other hand, say : both oo-ordlnate syntems 
and rc/) are equally admiasihle for the quantisinq of the energy. 

The uniijue determination of the co-ordinates must also be regarded 
with doubt even in those cases in which is not indeed e(|ual to but 
in which wherei-Sj, denote integers. For then the fjissajous 

cui’ve becomes closed after vibrations in the direction 1 and vibrations 
in the direction 2. Thus true envelopes do not come into consideration 
in this case- either, sinetj, owing to the finite number of the points of 
the orbit at which reversion of motion takers place, the straight lines 
.T'l const., = const, are not yet defined geometrically as in Fig. 125. 

(i) We follow Schwarzschild * and call the exceptiotial case considered 
deifenerate. A degenei'atf^ case thus occurs when the Hamiltonian equation 
allows itself to be separated in various ways and hence when the quantum 
conditions are not uniquely determined. The geometrical criterion for 


13(ji’lin Academy, Sitzunsbor, 1U16, p. 548. 
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this is that in the space of the co-ordinates . . . 7/, the orbit fills a 
region of less than /-fold power and hence does not as in the general case 
deline / enveloping surface-]mirs. ]3ut first we shall introduce the concep- 
tion of (Ufjenarato. analytically according to Schwarzschild by starting 
from the angular co-ordinates that are generally used in astronomy. 

To arrive at a general definition of angle co-ordinates we ask ourselves 
whether it is not possible to describe the motion of a conditionally periodic 
system by means of “cyclic co-ordinates” alone. A cyclic co-ordinate is 
(cf. (d) of this note) one such that it does not occur in the expression 
for the energy and that consequently its corresponding momentum co- 
ordinate remains constant during the motion. According to this, “cyclic 
co-ordinates” are “ (force-) free co-ordinates” and this characterises their 
appropriateness for describing the progress of the motion. The simplest 
example of such a co-ordinate is given by the angle traversed about an 
axis for which the moment of the forces is zero. On account of this 
analogy we shall hereafter say instead of cyclic or free co-ordinates 
“ angular co-ordinates,” although it is not really the angle (which is in- 
creasing irregularly in time) but the surface swept out b}' the radius 
vector, that we have to fix our attention on as the analogon to the 
gemeral definition of angular co-oi-di nates. Actually it is tJir linen r pro- 
(frcfiH in time, henidcs I he c/jrlic or free character, that constitutes the de- 
finition of the angular co-ordinates. 

We next show that we arrive at the desired angular co-ordinates in 
the sense of this postulate if ire ini rod ace oar pluise-intcf/ralH dt as 
monicniam co-ordinates and seek oat the position-co-ordinates that arc con- 
jufjate to them. To give the proof we have to base our argument on the 
scheme of contact transformations. 

In a conditionally periodic system tlie .Vs are pure functions of the 
constants and W (they are independent of the remaining constants 
that enter into tlie equation of the orbit and that we sliall denote by /3k)- 
Thus, we may express the a's hy the J's and insert them in eqn. (11). 
This equation then becomes 

S . . . q„ . . . V . . . (dO) 

and gives us 



If we here substitute ])k for 
symbol 




according to ecpi. (S) and introduce the 


ICk = 




(32) 




which for the pi’esent is to be regarded only as an abbreviation, for 
(31) becomes 

SS - .... (3:{) 


We read from (33) that the criterion of a contact transformation, and 
indeed of one of the form (22b) on page 546, is fulfilled for the transition 
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Q lon^ as we define w by (32). The new \’avial)les »), io were 

denoted earlier by P» Q ; our function of action S is there represented by 
the function F* and the case we are dealing with is the special one in 
which F* is independent of t, that is, eqn. (22a) on yage 546 assumes the 
form II = H. Over and above this, our present eqn. (32) shows itself to 
be identical with the earlier eqn. (22c). According to the theory of contact 
transformations the Hamiltonian equations hold for the now variables 
w, J. Now, Hamilton’s function H = W (just like the remaining in- 
tegration constants a*) is a prime function of the J’s, that is, it is in- 
dependent of the 7 f’’s and is constant during the course of the motion. 
Accoi-dingly we have 


'(it 



du'k MI 


const. 


(34) 


The Jirst equation states nothing new. It only coniirms the constancy 
of the J^.’s and this is identical with tlie fact that they can he calculated 
from the a^>’s'. But the second equation stah's that the (trr act nail if 
the auffalar co-ordinates tkai ivc arc seekhuj, since th(iy increase uniformly 
with the time, as we jiostiilated in our definition of angular co-ordinate,s. 
If we denote the constant on the right-hand side by ta-, then wv h;ivc- 

'fi'k Vkt + ^A: (35) 

The symbol ia- is to indicate that rji- plays the part of a constant rib rat ion. 
number for the cyclic co-ordinate 

We next show that evenj oiujular co-orduiai(^. ic/,. increases hi/ 1 iidien- 
erer the co-ordinate (jk swings iniee to and fro between its libration limits. 

If we allow the co-ordinate to make a full hut otluu'wise arbitrary 
revolution within its region of values whilst the remaining 7 /s are kept 
fixed, then the function of action S changes by the amount of its modulus 
of periodicity Ja; [cf. eqns. ( 12 ) or (26)]. Hence^ if we. diuiote the initial 
and the end points of the closed revolution by a and c, that is, two 
points given by e([ual values of all the 7 ’s, the relation : 

H. ^ S, --- (3(1) 

holds. If we imagine S, as in (Mpn (30), to be a function of the 7 ’s and the 
3’s, we can differentiate (36) partially with re.spect to Ja-, keeping the 
remaining J/s and all the 7 ’s fixed, and we get, in conse(|uence of (32), 

•- Wko = 1, W!e ~ Wia -= 0, I =f= /j . . (37) 

Thus if the co-ordinate qk returns to its point of departure after a full 
revolution, all the remaining 7 /s retaining their values, the corresponding 
angular co-ordinate Wk increases by 1 , whilst the values of the remaining 
angular co-ordinates remain preserved. And conversely : if one of the 
angular co-ordinates increases by 1 whilst all the remaining angular 
co-ordinates keep the same values, the co-ordinates 7 return to their point 
of departure. TIte (f s are periodic functions of the angular co-ordinates 
anid have the period 1. 

The “modilied function of action” has the same property of 
periodicity as that possessed by 7 . We define 8 * from the function of 
action S as follows : 

S* - S - , 


(38) 
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For if we allow iVk to increase by 1 in the sense of eqn. (37) but make all 
the other tViS return to their point of depaiture, alters by ,]jc- Then 

it follows fi'om eqn. (38) that in this change of the the simultaneous 
change of S* is equal to that of S, diminished by Jjt. Since, by eqn. (36), 
the change of S was equal to J^, the change of S* becomes equal to 0. 
Whereas the function of action S has, as a fu7iction of Uie 7o*s, the additive 
moduli of periodicity Jjfc, the modified function of action S* becomes a pure 
periodic fmictmi of the 7V*s with tJiejycriod 1. 

From the periodicity of the q'% it follows immediately that the latter 
allow themselves to be developed as functions of the in an /-fold 
infinite Fourier series of the following form : 



2Tr/(«,'/rj -)- 3..VK, 4 . 




(39) 


3h(i C»’s are constant co-efiicients, that is, they depend only on the 
integration constants or, in the language of quanta, only on the 
integral (piantum numbers Uk. The time appears only in the //‘a-’s, and 
indefid lim'arly. The summations in the .s*^, .s\, . . . .sy stretch from 
- X' to -h X . Aft(n* what we have said, the ccs’responding representation 
of course also holds for S*. If we insej’t the expression (35) for the ic% in 
(39), it follows that 


in which the co-elficieiits have the following meaning ; 


Di. 


- s,s . . . S, »' 




(41) 


Idle dejjcmdence of q on the time is, in contrast with that of the 
angular co-ordinates, not perwdic ; rather, it is of the conditionally periodic 
type. In general the ciu'rent point of the orbit never returns strictly to 
its starting-point ; and in general also the individual co-ordinate qk does 
not assume its initial value in periodically equal intervals of time. The 
single factor 


does indeed seem to exhibit the period ta- ~ I/i'a-, but the juxtaposition of / 
different factoi’s of this sort and the irrationality of vk on the whole 
disturbs this periodiciiy from coming about. Our example of the Lissajous 
motion was distinguished by the fact that each co-ordinate in it, regarded 
separately, was completely periodic in time (thanks to the circumstance 
that in this case the infinite Fourier series became reduced for each 
co-ordinate to a single member). But here, too, the character of the 
motion as a whole is completely aperiodic, as Fig. 125 shows, except 
when several of the Lissajous vihiutUm numbers v become, severally equal or 
commensurable with one another. 

We are now in a position to formulate in exact terms Bchwarisschild's 
definition of degenerate systems. The general case of non-degeneration 
occurs when all the vibration numbers vk that are present in the equations 
of definition (35) of the angular co-ordinates are incommensurable wdth 
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r >()8 


one anotlier. 'llic v.vccj^tiniud raao oj dtUfi'iK’ni f i<ui iU’< ^irs irhni t>r /no/t 
relations of the fonu 

sW^ •''••'V 't- • • 

iirc. fiilfilltrl, s (ii^iioluKj 'niictfrttl rorljicicnla. 'Tin* ‘ in which, in 
])artieiihir, two of the r’s hecoino ecjual to each otlit'r is (*lcai l\ ineludcMl 
in e({n. (42). If )i such relations hold, lluui the oihit dot's not, as in the 
/-dimensional s])ac(‘ of the 7 , . . . 7 ,, fullil iin /-loM eontinuum in 
j^^enei'a!, l)ut only an ( /* — 7 /-)-fold continuum. In this c.Mse, we may speak 
of u-fold de^eiKivation. Compai'O with this what was said in (h,) about 
the Lissajous curves foi* which some of the v’s are e«[ual. (;om])l(‘te 
degeneration occurs in the case of a completely periodic orbit: then 
/ — 1 relations of the form (42) must hold or, in particular, all the s 
must be equal to one another. 

{h) Hitherto we have disregarded the real problem of integration of 
the differential equations of mechanics, that is, the representation of the 
motion in its dependence on time, and have shown only that in angu- 
lar co-ordinates and for conditionally periodic systems, it is reducible 
to the general Fourier scheme (39). We must now sup])lement our 
remarks by a few statements about the method of calculating tlie orbits 
that constitutes the true achievement of Jacobi in tliis li(4d. This is done 
most brieily by again founding our i-(miarks on th'* theojy of contact 
transformations. We start out from the integral (1!) of the flamilton- 
Jacobi equation with the, inh'gration constants W, a,, ... a/ (we shall 

in future continue to omit the unesstmtial constant aj and perform the 
process of variation on it, obtaining 


j j 

^ v(fk uW ea/. 


Using eqn. ( 8 ), we write this 

\ 

f5S -= 




Tlio quiiiuitic.s noie iiitroductid are, to l)c clolinod thus, as a conqiarison 
with the pieced ing e(j nation shows : 




c>S 

.nv’ 



k 


. f 


(44) 


Eqn. (43) states that between th(‘. ']>k as original Vaidahles, and the (3k, 
a/; (with --- W) as “ new variables,” the characteristic relation of 
contact transformation again holds, and indeed in the form of eqn. (22h) 
on page 54b. The function F* that occurred there is here again repre- 
sented by 8 . "As it does not contain i explicitly, eqn. (22a) on })ago 540 
assunu'.s the foi in TT(p, 7 ) ~ H.(P, Q), that is, in our case 

IK/I, 7 ) - II(W, a., . . . ajdS, . . . (3>) - W 
Fi’om this it follows that 


M[ ^ . m 

DW ’ ^ri^. 


0 , /.: 2 . . . /, 



// = 1 (45) 
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8. (Quantising of J^'Jliptic Motion 

Now ih<* I {}U))iltonian equations hold in tlio new co-ordinatf^s, W, a, /:/, 
just as much as in th(‘, old co-ordinates q. 'Thus, in vie.w of (4o), we 
have 


d\v 

- 0 

.//i, 

Ml , 

(lai 

MI 

(if 


ill 

" t'W 

(It 


k 

^ a . . ,/■. 

dftk 

ill. 

= -.0. 
i><n' 

k - 2 

• 


Those (iqiiatioiis assort nothing now as far as W and ak are concornod. 
They only confirm th(ur constancy during the course of the motion. But 
concerning fSk they state that th>e qnantUw,H 13^ ... p, are also constant 
durinq the motion and that j3^ becomes equal to t (excojit for an additive 
constant, which we can include in the reckoning of the time). If we 
now compare this result with the equation of definition (44) of the or, 
what comes to the same thing, if we use eqn. (22c) on page 546, we have 


t - 





const., 



(46) 

(47) 


Eqns. (47) give /’ - 1 relations between the co-ordinates of 

the orbit which do not contain the time. They suffice to descrilie the 
form of the orbit. We call them the orbital Cfj nations. The constants 
. . . ^/, together with the ait’s and W, give the still wanting integra- 
tion constants of the problem. The course of the motion in time is 
represented l)y etjn. (46). We call this ecjuation the time eqiiaiion. It 
may also be I’ead off directly from our initial eqn. (7), if we set f>qk = 
^qf' = 0 in it. 

We have thus (hnluced -hv the shortest way — the remarkable 
theorem of Jacobi : th.e iiitcqrals of the C(inations of motion via if, if a com- 
plete solution S of the partial differential equations is liion n, he iHained 
bjj 'mere di ffe rent iat ion. 


8. Quantising of Elliptic Motion by the Method of Separation of 

Variables 


(To Cha])ter TV, S 6, p. 236) 


The method of the preceding note leads astonishingly quickly to the 
main result in the treatment of elliptic orbits, namely to ecju. (20) on 
page 236. 


W - - 


2Tr'7Jte-K- 1 
//.- {n -f n)- 


a) 


Whereas in the discussion of the text in (chapter IV, diverse subsidiary 
calculations were made and special ideas were developed concerning the 
orbital curve, the present method proceeds^ directly towards its goal, 
eqn. (1), and reaches it with a minimum of calculation and reasoning. 

We take over from eqns. (15) and (16) on page 236 the expressions for 
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the kiiK^tic and potential enor^V during tli(‘ Kn])liM 
their sum 




motion and for 



/* 


On account ot* 







the Hamilton- Jacobi dilTerential e(piation becomes 


v''/- 

1 / ^S X" r\ \\T 

+ .,L J 2«A\ + 

’ r~\ ^c/) ' /• 

. (2, 

Since </> does not occur e: 

^plicitly (cyclic co-ordinateK \\r 

may nrxt set 

Th{‘ qiijuitimi condition 

t^S 

. Ci) 


ps 

" j 

. (1) 

therefore gives us for the 

valu(‘ of j) 



III, 

= nil. . , 

(•'>) 

By substitution in (2) there follows 


.DS 

2wf!l’i ii-h- 

= 2//j\V + - , .. .. 

/ ;• ‘Irr-r 


or 

OS /, „li c; 

j^ = yA + 2^. + ^, . 

. . («) 


where we have used the abbreviations : 

A = 2wVV, J3 meE, (J = - 

JTr*- 


We need not waste time with the general integratior\ of S, hut form 

= h'A (7) 

directly. Our method of writing the integral denotes that we wish to 
apply complex integration and that the path of integration is to ho 
looped around the points Tutin and (cf. Fig. 124). W(^ tak(? the 

result of the intog?’ation from aqn. (10 , Note 6 : 



I 
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11 Nvi‘, insert Uiis in (7), then, on aocounl of the meaning of A, B, and C, 

\Vt‘ 



.nh' meK \ 


f^») 


111 tiu* si^n of ^/Otlie concluding' remark of Note 6c is to be 

tiikcei i*ito account. E(]n. (!)) now resolves into 


or 


i^7r/>//rK 




-=(// + n)li 


W 


^TT-nie- K- 1 
k- (n + ///)- 


( 10 ) 


\vlii(;li was to be jiroved. U cannot be denied that this process is 
))(‘rfectly adaptf‘d to tin' pi'oblem. 

Only (tfir- doubt may yet trouble us, that of the uniqueness of the co- 
oidih tes: ai’e th(j polar co-ordinates r, the only vai’iables into which 
('(jn. (2) allows itsidf to be separated? J.)o other co-ordinates, if there are 
any such, lead to th(i same I’esull, to eqn. (i)? 

'riie first question is to he answered in the negative. We see in the 
treatment of the Stark etleel in Ohapter V that hy the introduction of so- 
c/all(Ml ])aral)olie co-ordinates the partial differential ecpiation of the Kepler 
jirohhmi for the case in which an external held is present (and hence also 
for the ease in which it is ahseiit) allows itself to be separated. The 
(juantnm conditions that we ^'et in these co-ordinates and the quantised 
orbits that lesult from them, are dilferent from those obtained in polar 
eo-oi'diiiates. The main I’esult of our treatment, however, remains valid, 
namely the expression for the energy when quantised in parabolic co- 
ordinates has the same form as in polar co-oi’dinates. (Cf. with these 
remarks pp. 28*1, 285 and 287.) 

The anihiguity vanislies if we treat the problem more fully, that is, if 
we take into consideration the relativistic variability of electronic mass 
(cf. Note 16). For this problem polar co-ordinates are prescribed by its 
very nature. Now, as wo have to regard ordinary mechanics as the 
limiting case of relativistic mechanics, we may also claim our treatment 
of the Kepler pi'oblem in polar co-ordinates as a legitimate limiting case 
of the complete and unambiguous relativistic solution of the problem. 

Ev^eu the form of4he orbital curve in the classical and relativistic case 
points to the fact that in the one case we are dealing with a degenerate, in 
the other with a non-degenerate, problem [cf. the previous note under the 
headings (</), {li) and (/)]. The ordinary Kepler-ellipse being a closed orbit 
has no envelope. Tlu’ough its enveloping circles the relativistic Kepler 
ellipse (cf. Fig. 110) detincs the co-ordinate r as the coi rect and uniquely 
determinate (|uantum co-ordinate; the azimuth <j>, being a cyclic co- 
ordinate of the problem, is in any case mechanically distinguished. 
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9. The Spherical Wave And its Moment of Momentum 

(To (Jhaptor V, S 1, p. ^hi)) 

The solution of Maxwell’s e(]uations for a vacuinn : 

I. -H = -ciulE. II. ’e = cui1H 

c c 

may be reduced, by extending them by means of a supplementary term 
due to Hertz, to determine a “Hertz vector” U. We set 

E = curl curl n, H= curl 11 • 0) 

c 

which satisfy 11. Kqn. (1) then transforms into 

cml ^ il + curl curl ll^ = 0 . . • (^) 

If we use rectilinear co-ordinates we know that 

curl curl 11 — grad div II - All . (d) 

Sinc(^ curl grad — 0, we may also write (2) in the form : 

curl ‘ li - All ) = 0. 

’Phis equation is satisfied if we subject II to the condition ex])ressed in 
the vibration equation 

ii-"=Aii (1) 

r- 

We write that solution of this equation, which corres])onds to a mono- 
chromatic spherical wave? r — - 0 (a sim])le dipole) in the foi'in : 

r p,. aeJ'^ 

,-T ^ P =- 1 P// = . . ('^>) 

^ ’ [p-=t7?'v 

Hene h ^ ^ ^ is the wave? number for 27r units of le?ngth, and 

o> ^^is the vibration numbe?r for Stt units of time. The solution has 

T 

six constants of inte?g!'ation a, a, /i. c, y; but since one of the three 
])base-constaJits a, fj, y may be altered by choosing the point of time? 
^ = 0, only five? of them have a real physical meaning. If we add to this 
the time of vibration r and the whole time T of the process of emission, 
as measure?s of the freejuency and the coherence of the wave, we have, in 
all, seven determlniiKj elements for a spherical wave, as given in the text. 

The constant v(?ctor p is accounted for by three amplitudes and two 
phase constants, but for later purposes it is convenient to reduce it to 
two amplitude-constants, two direction-constants, and one phase-con- 
stant. In conn(?xion with this we remark that we can determine three 
real relative magnitud(?s A : 11 : C so that 

-p Gce*y 0, 
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, if \v(* form Uk^ real and tlu*. una^^iiiary part of the preceding 
e(jnati()H, we ol)tain two hornog^mc'ous linear (iquations by which the 
threci ratio numbers A : C are determimai. Since, simultaneously, 

AP,. + BP,, 4- (^P^ - 0 


holds for every t, the vector P, which varies with respect to the time, lies 
continuously in the plane, whose normal is given by the ratios A : B : C. 
We may also sjjeak of it as a “vibration plane*'; in it P describes a 
“ vibration ellipse.” By placing the x’-axis and the ^/-axis in this plane, 
and the -^-axis perpendicular to it, the supplementary conditions in eqn. 
(5) become 

0, p, - a, - hch .... (5a) 


where we now demote the phase diiferences hetw(3en the y- and the 
.r-axis l)y y = ^ - a (the earlier phase y for the £-axis now becomes 
meaningless). Our integration constants are now separated into the 
following live (|uantitu*s ; two amplitudes a, h, one phase y, and the 
ratios A : H : 0, which deliiie the position of the plane of vi])ration. 

In the following calculation of the held we have to make frequent 
use of well-known formulue of vector analysis. We shall note these here 
without working tlumi out in detail. The calculation of the moment of 
niomentuin is due to Abraham.* But oui* point of view, based on the 
(quantum theory, re(juires a different method of representation. 

From e<puition (5) it tirst follows that 


y>/ A*/' 




curl 1 1 - 


P, grad 


glad div 


^ - iPr^^ ; [' 

r \ r / 

*11 -D ^ I ^ \ 


The iirst (iquation (ij then gives us, if we take into account (3) 
and ( f) : 


E = P + 


1 ^ r 1 e 


ir) 


'.r + (Pr) 


»/A’r i 


r r r 

otkr 


A)';*' 

^ ,15 1 

= (rP) ( k- + - V- + ■ - 

^ ' V /'Dr r if Dr-*/ r 

or, as a first approximation for great v.alues of r, 


(H) 


(rE) = - 2«X'(rP>'’- 


( 7 ; 


Di)r DvehimyaU den Licktes. Physik. Zoitsclir., 15, 914’ (1914). 
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From eqn. (6) it also follows to a first approximation that 

E . (p - t (Pr)}'*' . ^ . 

The second eqn. of (1) gives 

TT 1 1 ^ -7 rxwi ^ ^ 

H = [Pr] -- r = «fc[Pr] 

0 ^ ^ r <) r r ^ ^ 


r r 


(rH) = /A:(rfPrJ) = 0. 


(6a) 

(B) 

( 9 ) 


Since (rrPr|) = (P[rr]) = 0. Finally from (8) it follows as a first 
approximation for great values of r that 

fliki' 

H = - F'lPrl ^-, .... (Haj 


The moment of momentum for the unit of volume at a distance r from 
the middle point is, by eqns. (2) and (.*1) on page 25‘J of the text [ con- 
cerning the factor kir in the denominator, cf. what is said in the case of 
eqn. (2) on page 259] : 


Or, taking into account eqn. (9), we have 

M = - H(rE) .... (10) 


If we multiply M by the element of volume in ])olar co-ordinates, 
namely, r^drdil, where dQ is the solid angle as s(,*en fiom the mid- 
point, and set dr = cdt ; and integrate over all ('/(2’s, we get tiui moment 
of momentum contained in tlie spherical shell of radius r and tliickness 
dr, or, expressed in other words, the moment of monumtum transferred 
through the sphere of radius r in the time dt = dric. The moment of 
momentum transferred through this sphere during the whoh^ time T of 
emission was called N on page 2G0. fjet be the moinmit of momen- 
tum transferred in unit time. N and N, are determined by the following 
e(]uations : 


I 

N - 

0 

'N/lt — ^dilMr^lr = CAit^diiMr- 
N, = c jdUMr-' - - |'^^H(rE)r- 


(n) 


Fi’om eqns. (7) and (Haj we see that (rE) and H each vanish in the 
ordei* r~ b since the ratio r/r denotes a unit vector that is independent 
of the magnitude of r. Consequently, M vanishes in the order r--, as 
remarked on page 260, and N and Nj become independent of r and are 
finite. 
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Belonj proceeding to the integration in (11) we must pass fiom our 
complex representation to its real x^art. We set, say, 

0 - RelPe'*"}, O' - Rej - . . . (12) 

According to the general hyxiothesis (5) Oa;, 0,y, Oz we have the meaning 
[we return later to the more special assumption (5a)] : 


Ox ^ a cos (kr - o)/ 4* a), 

0,/ == b cos (kr - 4- /3), 

Oe = c cos (kr ~ (ot 4- y), 


Oj;' = a sin (kr - o)t + a)! 

0,/ = Z> sin (kr - ujt + fi)^ 

0^/ = c sin (kr - wt + y) 


I 


(12a) 


By (11), (7), and (8a), we then have 


N, 


2k- 


“’lit' O' + - °-’'y 

Now, the following values hold : 


WQ 

‘'dil jr 

'dil z- 1 

irr r '^ 

Itt ?•“ . 

Itt r- 3 

(lil Xjl 1 

'(lil yz 

1':'“". 0. 

Itt r- j 

Itt r- 

JItt r- 


CJonse(|uontly, if we carry out the integration in wc get 

- 0 , 0 ,;) - 

Hut by eqns. (12 \) 

[00'].r he sin (y - 
[00']„ ^ ca sin (a - y) I 

[OOT. = ah sin (/3 - a)J 


(13) 


(U) 


(15) 


Hence the moment of momentum radiated out through tht' sx)horical 
surface of radius r has by (14), and (15) the components : 


= ^Jc^Tbc sin (y ^ ^)] 
N,y == ' A:^Tca sin (a ~ y) 1 
N, - j-k^Tab sin (j8 - a) j 


(16) 


For the sake of comparison, we also calculate the total energy radi- 
ated out. In the unit of time the following amount of energy is radiated 
out through the angular element dQ : 

where S,. denotes the radial comx)onent of the radiation vector S ; hence 
the amount radiated through the whole spherical surface in the unit of 
time is 

w, = {s,r-du . ... 


(17) 
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and during' the time T it \s 


I 

V = jwjdt. 


Now if we also pass over to the real vector C, then by (6a) and 8a 


[EH]= - ;r0[0^.] -(o') '[0^ 




therefore 


s, =( s 




or also on account of k = - 

c 


From eqn, (I7j it follows directly 

w, . -e..J;'“{('o / -o| 

If wti carry out the hitcgratioii with respect to dU, then, on account of 
we get 

\\\ - + 0; + 0:) . . . ^ (I9) 

But, owing to (I2a), the integration with respect to t denoted in (18) 
leads to 

T T r 

r T f 1' r T 

Oidt = - a-, Jojdt = c-=. 

'• o u 

Accordingly, by (18) and (19), the total energy I'adiated out is 

W = •A;''o.T((i-; + h- + c-). ■ • • (20) 

By eliminating T it follows from (16) and (20) that 

0> Cb“ + />“ 0“ 

N = | = ^ . (21) 

<i> tt" “f” 0“ q* c“ 

_ W 2ab sin (fi ~~ a) 


(i" + 6" 4* C“) 
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Tills is the complete representation of the moment of momentum in 
arbitrary rectangular co-ordinates x, y, z. If, as in eqn. (5a), we choose 
the .r- and ^-axis specially to lie in the plane of vibration, and thus the 
^-axis perpendicular to it, then we get c = 0; and if we write yS - a for 
y, then : 


N, = = 0, N = N, 


W 2ab sin y 
(0 


( 22 ) 


This is eqn. (5) on page 261 of the text, from which our further con- 
clusions concerning the principle of selection and polarisation were 
deduced. We had to resort to the more general representation (21), how- 
ever, in the case of an external field of force. If in (21) we set <u = 27rv 
and W = hv, we get, from the third of eqns. (21), again writing P - a 
for y : 


N. 


27r a- -f h- -i- 


(23) 


This is eqn. (1) on page 271 of the text. 

10. Bohr’s Principle of Correspondence 

(To Chaptei’ V, 3.) 

Bohr replaces the investigations which we carried out in Chapter V 
])y his Principle of Correspondence to connect the classical and the quan- 
tum view of the phenomena of radiation. By this means he arrives not 
only at a determination of the polarisations, but also at a determination 
of the intensities. In view of this achievement, the question as to 
whether Bohr’s procedure is just as satisfactory logically as our less 
complete method, becomes only of secondary importance : and this 
question would, moreover, receive a different answer according to the 
subjective standpoint or perspective adopted. We first show that the 
correspondence between classical and quantum radiation has its analj'tical 
counterpart in the relation between differential quotient (coefiicient) and 
the quotient of differences. 

(a) We consider the orbit of a conditionally periodic system with its 
/ vibration numbers vk [vide eqn. (35) on page 566 ], or the corresponding 
periods of vibration Tk — i/vk- Here rjt denotes the mean value of the 
time in which the co-ordinate vibrates to and fro between its libration 
limits. By eqn. (35) . 



dii'k 


and by (34) 

*'* (it 


dwk J)H 



(it bTk~ 

ilk’ 

thus 




= ilk- 

% 


Here W denotes the energy of the conditionally periodic system re- 
presented as a function of the phase-integrals Jj, . . ; J/. 

37 
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According to the classical yi^w, the system composed of moving 
charges radiates in the periods of the motion. Thus the viechamcal vi- 
bration frequencies vk cltc at the same time optical vibration frequejwus. 
Besides the va;*s themselves, their multiples (“ overtones and the linear 
compounds of the multiples (combination “ tones * ) occur as mechanical 
and optical vibration frequencies : 

V = SkVk and V = ^SkVk, 


where .s* stands for quite arbitrary numbers, the order numbers ” (Orrf- 
nungszahlen) of the process of vibration in question. On account of (1) 
we get for the overtones and combination tones : 


and 




(2a) 


’raw 




(2b) 


The result is different, however, on the quantum view. The system 
does not radiate in the stationary orbits; radiation occurs in the transi- 
tion from one orbit to .another. If A\V is the difference of energy be- 
tween the initial orbit and the final orbit, then l^ohr’s hypothesis 


r 


ATF 

h 


( 3 ) 


holds. We shall first assume that in the transition only one of the 
quantum numbers lUk alters by the amount Aw;t. Since eTjt = Ukh^ that is, 
AJa- = Auk . A, we may write, in place of (3), 

For Alik ~ 1 we have the analogon to eqn. (1) ; for Aiik ~ Sk the analo- 
gon to eqn. (2a). The quant am lea]) 1 is the parallel to the fundamental 
vibration, the higher quantum leaps correspond to the overtone vibrations 
of classical radiation. But the combination-vibrations (2b) have also a 
quantum analogon as soon as we take into consideration quantum tran- 
sitions in which seweral quantum numbers leap simultaneously. We 
dissociate the total change of energy AW in the form of a cascade into 
the partial changes of energy AW^, AW^, . . . AW/-, which are to corre- 
spond to the successive quantum leaps An^, An.^ . . . Auf. In the 
partial change of energy AW^ all the n^ . . . ii/ have their initial values, 
and only changes from its initial value by the amount A?ej. In the 
case of AW^, n^ has its final value, whilst n.^, . . . ii/ their initial values, 
and only n,, alters by A?^^’ forth. Thus if we write in place of (3) 

AW AW. AW, AWf 

h li h ^ ^ h 

or after the model of (4) 


r = 


VAW 


( 5 ) 
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then the quantities 


AJjfc 


are proper ^‘partial differential coeflScients/* 


each one defined by the change of the one phase>integral Jjt and the in- 
variability of the others, of which some preserve their initial value, and the 
others their final value. Thus, with Anjk = Sk, eqn.(5) is the exact analogon 
to (2b). The general quantum transition corresponds to the general combina- 
tion vibration of classical radiation. The characteristic feature is here 
that the differential coefificient is replaced by the quotient of the diSer- 
ences. The same phenomenon appears quite generally in the transition 
from atomic theories to theories of continua. The quantum theory of 
radiation denotes a kind of atomism of happening (of “ effect *') ; the 
classical theory of vibration gives a scheme of this atomism in the sense 
of the ideas of continua. 

(b) There are, however, conditions under which the two sets of ideas 
and formulae not only correspond but coincide. These conditions are : 


( 6 ) 


that is, the leap of any quantum number is to be small compared with the 
quantum number itself. Then 


AW^^W 


(6a) 


holds asymptotically. That is, the difference between the quotient of 
the differences and the differential coefficient becomes small compared 
with the absolute values of these quantities. Comparing (4) and (5) with 
(1) and (2) we see that at the same time the vibration number calculated 
according to the quantum theory merges asymptotically into that 
calculated fi’om the classical theory. 

To illustrate this we remind ourselves of, say, the example of the 
rotator. If^j denotes the moment of momentum, 0 the inertial moment 
of a system rotating about a fixed axis, then 

w = = 

2 0 


holds. J = ^Trp denotes the phase-integral for the rotator and is set 
equal to 7ih, Now in the leap of n by the amount An, and of J by AJ, 
we have 

A(J)2 = 2JAJ + (AJ)^ 

thus 

aW _ j a 1 _ J 1 

AJ' ~ 2 TJ~ 2 T/ 

But this' quotient of differences differs by as little as we please from the 
differential coefficient 

^ J 
4ir2@ 

when, and only when, eqn. (6) is satisfied. 

Another example is furnished by the Balrner series. It was in this 
that Bohr for the first time convinced himself that the vibration number 
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that the hydrogen electron would radiate according to th»‘ classical tlieory 
in traversing its orbit coincides with the vibration numlxir that Balmer's 
formula gives for the cases when the quantum numbers of the initial and 
final orbit are great, in particular when these quantum numbers differ 
by unity : when they differ by two or more, Balmer's vibration number 
becomes an overtone of the circular vibration calculated on the classical 
theory. 

The coincidence of the vibration numbers calculated on the quantum 
and on the classical theory, respectively, for high quantum numbers and 
relatively small quantum leaps is perfect from the formal aspect. Never- 
theless their remains a considerable difference of view in the matter itself. 
Prom the classical point of view all vibrations, overtones and combination 
tones, are emitted simuUamoudy when the orbit is being traversed. The 
whole vibration spectrum owes its origin to one uniform event. Prom 
quantum point of view, however, each line of the spectrum corres})onds 
^>0 a different single event and a different kind of quantum lea]). The 
individual events do not necessarily occur simultaneously, but rather 
indepovdently of each other. And experiments on the excitation of spectral 
lines conlirm throughout the view-point of the quantum theory, and 
thus contradict the classical theory. 

(c) The correspondence or the coincidence, respectively, of the 
vibration numbers in the two theories is certainly not mei*ely fortuitous 
hut rather is deeply rooted in the part played by the classical theory of 
vibration as a “continuum-approximation” for discontinuous reality. Is 
it to bo valid only for vibration numbers and not to extend to the vibra- 
tion forms and the vibration quantities, that is, to the polarisations and 
the amplitudes? For the circumstances defined in (b) for great quantum 
numbers this will scarcely be denied. But, beyond this, Bohr requires 
that amplitudes, etc., calculated on the classical theory should be useful 
approximations for moderate and small quantum numbers, too. Just 
this further extension constitutes the fruitfulness of his principle of 
correspondence. We formulate this principle in the following words. 
To every quantum transition there corresponds a vibration deduced from 
the classwal theory, namely that of which the order numbers Sk are equal 
to the quantum leaps An/c- Now calculate the amplitude and the polarisa- 
tion of the partial vibration in qtiestion by classical methods and apply 
them to the spectral line correspondinq to the related quantum leap. The 
principle of correspondence asserts that in this way we get the intensity and 
the polarisation of the spectral lines exactly right for mfinitely great, and 
approximately right for moderate, quantum numbers. 

Now how do we find, on the classical theory, the radiation of a single 
partial vibration that takes place in the time in which the atomic orbit is 
traversed? For this we have to take our support on eqn. (1) on page 25, 
in which the product of the charge and acceleration ev of the electron 
there considered occurs. By summing this product, in the use of a 
composite atom, over all electrons (including the nucleus that may 
happen to be moving with them), we get a vector 

which is the decisive feature of the emitted radiation and which we may 
resolve into its three rectangular components 0^:, 0^, 0^. In its stead we 
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may somewhat more conveniently consider the vector P of the variable 
electric moment of the atom, from which 0 is derived by differentiating 
twice with respect to i : 

P = ^ ± er (7) 

with its three components 

P* = ^ ± ex, ^ ± ey, Pz = 2 ± 

We must now resolve the whole vibration complex that is contained in 
the atomic orbit and hence also represented in P, into the individual 
partial vibrations, since by the principle of correspondence these acquire 
a special physical meaning, namely, that of the individual spectral lines. 
The spectral resolution of the emitted light thus requires as its analytical 
counterpart the resolution of P (or 0) into its periodic components. But 
we have already undertaken such a resolution earlier ; it is just the angular 
co-ordinates for which it is successfully carried out. In eqn. (40) of Note 
7 we found for each variable ([i of separation a Fourier representation 
and we can now pass from it to a corresponding representation for each 
rectangular co-ordinate of the charges participating in the atomic 
structure, in which each such co-ordinate is, of course, in its turn a 
definite function of . . . qr. If we insert these Fourier expressions 
in (7a), we may in general wiite 

. ( 8 ) 


Pr 










The sunimatiou is /-fold and extends fvoin - cx. to -h x. ^o each 
spectral line given in turn by the quantum leap An^, 

corresponds that member of this series for which Sk = f f con e- 
sponding coefficient D [cf. eqn. (41) on p. 567], which is in general 
complex, is what interests us here. If wo pass from the \ectoi P, J 
diilerentiating twice with respect to f, to the emission vector 0 , the 
cooflicient D of our member becomes multiplied by the real tactoi 

- 47r-(,Sp'i + S.yV.k + . . . + 

The complex coefficient D, multiplied by this factor thus gives us a 
measure of the amplitude and phase of our partial vibration calculated 
on the classical theory, and also, according to the principle o. coiie- 
spondence, a measure of the true quantum amjdUude and phase vi the 
correspondiiuj spectral line. By determining the amplitude and phase 
separately for the x-, y-, ^-direction, we get at the same time a measuie 
of the polarisation of tJie emitted radiation, , • 

(d) This determination of the intensity and polarisation is not, 
however, fully unambiguous, and this fact in itself 

process of approximation. In calculating the expression i ) oi 

E,e a» om i the cooditio,., ol the initml OL-b.t or those ol h"*! 

orbit, or, perhaps, an intermediate orbit that is to be defined y g 
a mean of both? No answer is vouchsaf^ to this by 
correspondence. It is easy to see in a general way, in » 
the asymptotic condition (6), the coefficien s ‘ 

obtained from the initial or the final orbit, or from an intermediate oibit 
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must come out appreciably, equal! In the case of values of An* that are 
comparable with n*, however, the D’s in general become different for the 
initial and the final orbit and hence a certain arbitrariness remains in 
applying the principle of correspondence. 

This arbitrariness vanishes in particular when it also happens for 
finite values of that the D’s of the initial and the final orbit and, as 
Bohr emphasises, also of the intermediate orbits have the sann value, for 
example, the value zero. In this case we shall also have no scruples in 
inferring the value zero of the radiation. The principle of correspondence 
then becomes specialised and condensed into a 2 ^^'inciple of selection ; it 
forbids the occurrence of such spectral lines the corresponding partial 
vibrations of which do not occur in tlie series expansion (8). 

We return below, at (/) to the example that is essential to us for 
manipulating this principle of selection (whe:, a cyclic co-o linate is 
present). Let it suffice for the present to illustrate the pj'occ'.s by the 
ordinary Lissajous case. In it, thanks to the special simplicity of the 
(juasi-elastic binding, the infinite Fourier-expansion for each component 
of P I’educes itself (cf. p. 0(i7, Note 7) to a single frequency 

Px- == P,/ = Pe = . . (9) 

where we have in each case to suppose the conjugate imaginary 
member of equal frequency to be added. Comparing this with the 
general representation (8) we see that for P^ in each case s., — s.^ = 0, 
whereas of all the values .sq between - cc and + go only the one value 
I Si i == 1 presents itself actually ; corresponding results hold for P,,, P^. 
From this we conclude in accordance with the principle of correspondence 
that none of the three quantum leaps A;q, A;t^, An.^ can combine with 
either of the others. If jumps, and remain unchanged, and vice 

versa; moreovei* (and likewise 7i.^) can jump only by 1. The light 

emitted when 7q jumps is linearly polarised in the direction of x, that 
when n., jumps is polarised in the ^/-direction, and so forth. (We hereby 
of course assume that we are not dealing with degenei ate cases, that is, we 
suppose jq, r.j to be all different.) Accoi’dingly, the whole spectrum 
of the (}uasi-elastically and anisotropically bound oscillator consists 
only of three sepai’ate lines with linear a;-, v/-, ^-polarisation. In this 
case we have moreover the peculiaiity that the quantum-d(;termined i/’s 
come out identical with those given by the classical theory, namely 
(on account of the quantising of the energy of the oscillator W = 2?^/ . hvi ) ; 
that is, in this case the correspondence resolves into coincidence not only 
for great vibration numbers but also for small frequencies. In this case, 
moreover, there is nothing arbitrary in the application of the principle of 
correspondence, since in all these co-ordinates we have the same form of 
representation for the initial, final, and intermediate orbits. 

As the extreme special case Planck’s linear harmonic oscillator, of 
course, also belongs to the category of Lissajous motions. If there were a 
vibi'ating system of this simple type in nature, its spectrum would have 
to consist of a single line having the vibration frequency of classical 
emission and would have to be produced merely by quantum leaps of ± 1. 
In the case of a linear but non-harmonic oscillator (for example, with a 
supplementary quadratic term in the expression for the restoring force) 
the overtones will also occur, and, indeed, with definite amplitudes 
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which bear ratios to the fundamental vibration that have to be calculated 
in accordance with the principle of correspondence. If the fundamental 
vibration of the oscillation is and the direction of vibration is along the 
aj-axis, the formula is : 


+ CO 



— CO 


Hence, according to the principle of correspondence, in the case of the 
non-harmonic oscillator we have, besides the quantum leap ± 1, also 
any arbitrary leaps An = ± 5. We made use of this in Chapter VII, 
§§ 2 and 4, in dealing with band-spectra. 

With regard to atomic models it is to be noted that in the case of the 
principle of correspondence we are dealing with the emission of electric 
charges and that P was intentionally defined in (7) as the moment, varying 
in time, of such charges. In the application to band-spectra we thus have 
in mind an oacillator with a variable electric mmieni. A heteropolar 
dipole like Ii+Cl~ , or complicated configurations like H"’ 0“ , corre- 
spond to such an oscillator; but homoeopolar molecules like 
CC, do not correspond to it. The latter when their constituents, bearing 
equal charges, vibrate with respect to one another, lead to no electric 
moment and hence, on the classical view, to no emission of radiation ; 
thus, on the quantum theory, too, they ma} not radiate. It is in agree- 
ment with this that it has not been possible in their case to prove the 
occurrence of infra-red absorption (cf. p. 418). 

The case of a homoeopolar molecule is different if one of its constituents 
is electrically excited by disturbing the electronic orbits. By this means 
the molecule may acquire an electric moment as a whole and may become 
capable of emitting radiation as an oscillator. We infer, for example, in 
the typical case of the N^-bands (cf. Chap. VII, S 8), that in them the 
oscillations (and likewise the rotations) of the homoeopolar N.^-rnolecule 
can become active speccrally, hut only in conjunction ivitk electronic 
motions^ that lead to an electric moment, or, in quantum language, in con- 
junction with electronic leajjs. 

Further applications of the principle of correspondence to the calcula- 
tion of amplitudes in the case of systems of the hydrogen-type are given 
by H. A. Kramers in his dissertation, quoted on page 275. Here we are 
already confronted with the case that we must use a certain dexterity in 
balancing between the values of the D’s in the initial and the final orbit. 
The excellent agreement with experiment, which Kramers reaches parti- 
cularly in the case of Paschen’s He -observations, as w^ell as in that of 
the Stark-effect, shows that a balance is possible, and thus contributes con- 
vincing evidence of the fruitfulness of Bohr’s principle of correspondence. 

(e) We stated on page 275 that Bohr had discovered in his principle 
of correspondence “ a magic wand that allowed the results of the classical 
wave theory to be of use for the quantum theory.” To bring into pro- 
minence the astonishing effectiveness of this magic wand we have to 
remember that the question of intensity is in reality a statintical problem. 
The quantum theory considers individual events in the atom, all .involving 
the same quantity of energy hv, so far as we are dealing with a definite 
spectral line, and it has no measure which tells us how frequently this 



584 


Mathematical Notes aiul Addenda 


event occurs. But it is just this frequency of happening that is of im- 
portance to us when we are dealing with the determination of the in- 
tensity from the quantum point of view. The classical theory of radiation, 
too, makes no hypotheses of probability, it just derives mechanically from 
a given orbital curve the vibration complex contained in it together with 
its amplitudes. But the principle of correspondence asserts that the tcn- 
kmwn statistics of the individual quantum events are actually f urnisJied by 
the classical calculation. By calculatimj the Fourier coefficients of the 
spectrum we get the correct conditions of intensity, that is, the numbers 
giving the relative frequency of happening of the corresponding quantum 
evenh. Although we are convinced that the quantum theory is right in 
regarding the events that lead to the emission of different spectral lines 
as independent phenomena, and although we know that the classical 
calculation is incorrect in treating these events as conditioned mechani- 
cally by the motion in the orbit, we yet repose trust in the classical 
theory to the extent that we derive from it the conditions of intensity of 
the spectral lines. The classical theory is in error in I’egarding these 
conditions of intensity as determined by mechanics ; in reality, it furnishes 
the quantum theory with the missing statistics of the individual proc(‘sses, 
as it were, without wanting to do so and without giving grounds for it in 
its foundation. This interlocking of the quantum theory and the classical 
theory becomes intelligible to some extent of coin*sc only from the side of 
great quantum numbers. The classical theory here hits on the correct 
vibration numbers. We believe therefoi-e that for great quantum numbers, 
too, it will yield the correct conditions of intensity, actually then, the 
true statistics of the individual phenomenon. Conse(|uently we can 
understand that we may enlist the aid of the classical theory to get at 
least approximate results for the statistics in the case of finite or small 
quantum numbers, too, 

(/) We now get to the most important application of the principle of 
correspondence, namely to the case in which one of the variables of 
separation is cyclic. We call this cyclic co-ordinate </>, and the remaining 
variables q.,, q.^, . . . q,-. From the definition of cyclic variables (the 
expression for the eneigy is independent of </> ; the corresponding 


momentum, p 


'deb 


, is constant) it follows that S is represented by : 


^ + •'‘■fe- • • • '0 


( 10 ) 


where 27r/)) and s are independent of </>, and hence depend only on 

q^, ‘ > (// and the phase-integrals J (in general including »],/,). In accord- 

ance with the definition of angular co-ordinates in Note 7, eqn. (32), we 
get k — 2, 3, , . . /, by differentiating (10) with respect to 3^ 

=^fk{q^,y • • • 

where we have set fk = , or, resolving these equations, we get inversely 

qk = . . . Wf, J) .... (11) 

In particular, we get for k = 1, now differentiating (10) with respect to 
I 
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W’d. 


4> 

27r 


+ • • • <lt> •^) 


where we have set ij/ 


'ds 


Taking into account (11) we may also write 


<fy = ^Tnv^ + . . . Wf, J) . . . (11a) 

The case of a cyclic variable <)!> certainly occurs in an atom which is 
under no forces. Here we find it expedient to refer the co-ordinates of its 
point-masses to the invariable plane drawn through its centre of gravity 
and denote them by r/j, </>/{ {zk = the distance of the point-mass 
from the invariable plane, <fik = its azimuth in this plane, and so forth). 
Then we may pick on one of the <^*’s (for example, = <;^) as a cyclic 
co-ordinate and express the relative azimuths which are alone 

of account as far as inner forces are concerned, as \vell as the n’s and ^/{’s, 
by means of the remaining variables of separation q. If we consider the 
combination j'k + iyk for each of the point-masses, \ve find that 

-{- lijk = ~ . . . qt) 


and hence that 

P,. 4- iP,/ ^ ± + iyk) ^ • • • 

^ + ez = fjq.,, . . . q/). 

If we now insert (11) and (lla), set — vt -f u'u 
write/,,/, by eipi. (8) in Fourier series, we get 




Vkt + a\u\ 


P.i- + i'Pif — 


fin tit 




TV,... ■ 


j 




-r-vy'' 


. (12; 
. (13) 


Here it is, above all, to be noted that the summation letter s corre- 
sponding to the cyclic azimuth occurs in (12) only with the value s - 1 
[as well as with ,s- = - 1, if we form the real part of (12) and hence add 
the conjugate imaginary part], whereas in (13) it occurs only wuth t re 
value s = 0. From this it follows by the principle of correspondence 
that the azimutlml quantum leap An is only capable of assumnuj the values^ 
± 1 andO. To the quantum leap ± 1 there correspond circulaHy polarised 
vibrations parallel to the invariable plane ; to the quant am leap 0 there corre- 
sponds a linearhi mlarised vibration perqjendicular to the invariable iitane. 
These are our results of Chapter V, S 2, page 266, where now the 
direction of the linear polarisation, which earlier made an auxiliary 
argument necessary, also comes out without difficulty. 

If we are dealing with only one electron (Kepler orbi^ hydrogen atom) 
the invariable plane becomes the orbital plane ; z = 0, Vz - 0 then no u, 
and thus all the coefficients E in (13) vanish. This signifies, according 
to the principle of correspondence, that ail the lines come out wit i 
An = 0 (that is, they are polarised perpendicularly to z). We thus 
arrive at the special Bohr principle of sehetion \yhich we made in- 
telligible in Chapter V, page 269, by means of an auxiliary argument. 
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(g) We here give only a few test examples of the rich field of applica- 
tion of the principle of correspondence and refer for other examples to 
the recent works of Bohr and Kramers {loc, cil.). In particular the 
investigation to be made by Bohr, mentioned on page 59, promises 
undreamed-of fruits from the principle of correspondence. 

We next speak of series spectra produced in the absence of fields. 
Have we here to expect the transition An == 0 or not ? In the case of the 
hydrogen atom the answer is clear. Its orbits are plane, hence (on account 
of P, = 0) An = 0 is to be rejected. In the case of spectra that are not of 
the hydrogen type the answer becomes less free from ambiguity. If the 
supplementary field of the atom may be treated, as we actually did treat 
it, as a central force (cf. p. 326), the orbit becomes plane here, too, and 
hence An = 0 is forbidden. General experimental results about the 
combination of series terms (cf. Chap. Y, S 2 - are in good I’greement 
with this. Thus the assumption of plane orbit.s seems in general to 
agree with reality. But we must not be surprised if, for exampb', in the 
alkaline earths, we encounter term combinations o^ the form {d,dj') or 
(pifj) (cf. p. 368). In the language of the principle of correspondence 
they may be explained simply on the ground that we are not here d aliiig 
with a central field nor with plane orbits. As a matter of fact eqn. (13) 
allows the quantum leap An — 0 in the case of non-planar orbits. 

The position is quite definite and unambiguous again in the homo- 
geneous electric field, according to the principle of correspondence 
as well as to our arguments in Chapter V, ^ 3. The equatorial azimuth 
</) counted round the direction of the lines of force is here the cyclic 
co-ordinate. With this altered meaning of <j!>, eqns. (12) and (13) stand 
as before. The principle of selection now concerns only the equatorial 
quantum number,” whose leaps are restricted to ± 1 and 0. In the 
case of the individual hydrogen electron, too, z is no longer equal to 0, 
and hence the linearly polarised vibrations in the .^-direction occur with 
finite intensity. 

We pass on to the band-spectra and for this purpose we apply the 
formulic of the preceding section (/) to the case of a dipole, which we 
suppose vibrating along its axis and at the same time being turned 
uniformly about its .:;-axis w’^hich is perpendicular to the former. Let the 
angular velocity be w, the fundamental vibration of the dipole being 
as in eqn. (9a). In place of (12) and (13) we get, by multiplying (9a) by 

Qiuif ‘ 

00 

+ iP„ = P/= 0 . . . (14) 

— 30 

If we assign to the oscillations the quantum numbers w, and to the 
rotations the quantum numbers m, then we read from eqn. (14) that 
the quantum leaps A7i = ± s are arbitrary and are always connected with 
the quantum leaps Am — ± 1. [The negative sign contained in eqn. (14) 
in so far as the summation extends from -- go to + o) and -1- i may be 
exchanged with - i\. This contams the principle of selection^ eqn. (3) on 
X^age 418, for rotaiioji and oscillation quanta of ha>nd’ spectra. 

We here assumed a x:)ure rotation of the molecule about the ;?-axi8. 
If, instead of this, we consider as in Chapter VII, § 6, a precessioTial 
motion, whereby we x>lace the .e-axis along the axis of the total moment 
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of momentum of this precessional motion, the projection of the electric 
moment P on to the ^-axis or, respectively, the a^jz-plane becomes equal 
to I P I cos ^ or I P I sin 9, respectively [9 denotes (cf. p. 443) the Eulerian 
angle between the axis of the precession and the “ axis of figure of the 
“gyroscope*' which we have assumed symmetrical or approximately 
symmetrical]. If oj now denotes the precessional velocity of the gyroscope 
then we get in place of (14) 

Px + iP,/ = 1 P 1 sin P 2 = I P 1 cos 9 . , (15) 

where we suppose the 2 of (14) inserted in place of 1 P |. 

The quantum number m of the total momentum is now allocated to 
the pre^cessional velocity just as formerly the quantum number m of 
the rotation corresponded to the rotational velocity w. From eqn. (15) for 
P.r + i?i, we now deduce, as previously from (14), the quantum leap 
m ± 1 m and infer that it is connected with the quantum leaps of the 
oscillation quantum n. From eqn. (15) for P^ it, however, now follows 
that the oscillation qnanium may also jumi) alone, that is that an emission 
is possible durimj which m does not clmnge. This is what we required on 
page 446 to explain the zero branch of the band-spectra. It cannot, of 
course, be established by actual observation that this emitted radiation 
is polarised along the - 2 :-axis as demanded by the principle of correspon- 
dence, since the ; 2 -axis is not defined in space. 

AW of the preceding remarks apxjly to molecules whose ions form an 
electric dipole (HCl, etc.). For homoeopolar molecules (N^, etc.) we 
must, as on page 583, go back to the electronic motions that occur in 
them, or, in the language of quanta, to the corresponding quantum leaps. 

Finally, we also wish to consider the case of a rotationless molecule. 
The factor e*'^^ in eqn. (14) or eqn. (15) then drox)S out, and, by the 
principle of correspondence, any arbitrary jumx)S of the oscillation quan- 
tum that are not accompanied r)y jumps of the rotation quantum \vould 
be possible. For band-spectra this would signify that the frequency of 
vibration of the nucleus and its overtone vibrations could occur as 
singular lines of the band, for example, the dotted line in the sketch 
of Fig. 103 on page 421. In reality, such singular lines are never 
observed. From this we must conclude that the rotatioriless state never 
occurs so as to be of account in practice. As already emphasised on 
page 422, this conclusion is not to be derived from the principle of 
correspondence alone but only in conjunction with observation. 

Recapitulating, we establish that the principle of correspondence 
furnishes with great certainty and ease not only the same results as we 
found earlier by considerations of the moment of momentum, but refines 
these results considerably, particularly as regards the calculation of 
amplitudes. 

11. The Stark Effect treated according to the Hamilton-Jacobi 

Method 

(To Chapter V, §§ 4 and 5) 

In the case of the Stark effect, too, we reach our goal most quickly 
and with most certainty by using the method of the separation of 
variables. In particular, this method shows why we have to express the 
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quantum conditions in parabolid co-ordinates (^, ly, ij/Y Following oh 
from Fig. 77 , page 279 we next define parabolic co-ordinates 7} in the 
plane. Let x and y be rectangular co-ordinates, the x-axis being in 
direction of the field, 0 being the nucleus. The relationship between 
them and the parabolic co-ordinates rj allows itself to be written most 
conveniently in the imaginary form 

X + iy = -f iy)^ . . . • (1) 

By identifying the real and the imaginary parts we get 

^ ~ t )» y -= iv .... ( 2 ) 

If we eliminate $ or y from these two equations we get in agreement 
with eqn. (1) on page^77 • 

= = . . . (3) 

respectively. 

The first (or second) of eqns. (3) shows that if we set y (or f) e(iual to 
a constant, we get a parabola which has for its axis the positive (or 
negative) direction of the .r-axis. Its focus lies at O, its vertex has the 
co-ordinates == - rf/., (or x = -f 've give y (or f) all possible 

fixed values, we get the one (or the other) system of parabolas of 
Fig. 77. 

From (1) W’e form the line-element in the plane, that is the distance 
between two neighbouring points PP', and, again, this is most simply 
done by using imaginary <piuitities. By diffei’entiating (1) we get 

dx + idy = (^ + iy) (d$ + idy) 

and by passing on to the absolute value we have 

ds- ^ dx- -P dy- = (f“ + r/^) (d$'^ + dy^) . . . (4) 

If, on the other hand, we proceed to take the al>solute value in eqn. (1) 
we get the finite distance r of any point P of the plane from the origin O : 

+ + .... (5) 

We next imagine the diagrammatic plane of Fig. 77 turned about the 
j;-axis and call the angle through which it is turned {j/. The above 
yy- co-ordinate then denotes the distance /> from the axis of rotation. The 
three-dimensional rectangular co-ordinates .r, ?y, z now to be introduced 
are then expressed as follows in terms of our above plane co-ordinates 
X and y (where, however, w^e write p for y in the sequel) and the 
angle \j/ : 

X = y ^ p cos \j/, z ^ f) sin ijj. 

The line-element in space becomes 

ds^ == dx'" -p dy'' *P d-z^ ~ dx- -P dfy^ -P p-dij/^ . . (6) 

and the finite disia'fice in sj)ace of any point from O becomes 

4 - y'i + z- = x- + 


( 7 ) 
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Since p is identical with y as used above, the value of (7) arises directly 
out of (2) : 

+ + ^ = + . (8) 

It is to be regarded as an essential advantage of the parabolic co- 
ordinates over the rectangular co-ordinates that r allows itself to be 
expressed rationally without a root sign in this way by means of $ and r). 

In the same way the value of dx^ + dp^ in (6) arises out^of (4). If, 
further, we replace p in (6) by the value of y in (2), (6) becomes 

(In' = + 7 /^) {d$'^ + + $“ifd\l/'‘ . . • (^) 

From (9) we now extract the exjn'ession for the kinetic eiieryy in jJcira- 
holic co-ordin(ucs (m — mass of the electron) : 

1^*/. =-- 2 (S' == 2 

Tim polenlinX energy is 

~ " 4* ^^I^ r 


(where E ~ nuclear charge, F = field strength, - eY = strength of field 
action on electron). On account of (8) and (2) this becomes in parabolic 
co-ordinates : 




2eE 

2(e + r)l - 


fiF 

2 


(^' - T) 


4eK + eF(^* - r,*)] | 


( 11 ) 


From (10) the momenta pr], follow by differentiation with respect 
to the parabolic co-ordinates of the velocity, in conformity wdth 

eqn. (5) on page : 


IH = + r)^. Vn = + »/■)’?- V<l‘ = • (12) 


Hence, expressed as a function of the momenta, (10) allow's itself to be 
written as follows : 


Yjkni 


1 ( 

2m(r^‘+ ri^) 


+ F/ + 



(13) 


The sum of (11) and (13) is the expression of the total energy in para- 
bolic position- and momentum-co-ordinates, or, according to page 194, it 
is the IlamiUonian function II. It is invariable during the motion and 
equal to the energy constant W. Hence we have 


%n{e + >?'■*) W = 

- 47»eE + meF(^^ - ij^)J 


• ( 14 ) 


in agreement with eqn. (2) on page 280. 


n = 


as 

U' 



If we here set 
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we get the partial differential equation for the function of action S in the 
following form : 


= + »/“)W + 4wieE - meF(f* - t;*' 

where f is the cyclic co-ordinate. Hence 

DS 


')) 




— • Pijf coristi 


holds. And for the equatorial quantum condition we get 

= 27rj)^ = 71. Jl 

Hereupon eqn. (15) passes into 

If) + = 2m(e + r)W + 'bHcK) 


(15) 


(IG) 


(17) 


We write the terms dependent on $ on the left and those depentlent 
on 7 ) on the right and have thereby effected the nejKtrallofi of the variahleH. 
The separated parts must be equal to the same constant, which we shall 
conveniently call : 

-■ 2meE + meYO + 

= - (IT)' ~ 

= 2w/?. 

From this we get by calculation 

in which and f., have the meaning given in eqn. (7) on page 281. .Hence 
the quanticm conditions for the co-ordinates >/, written as 

periodic moduli of the function of action are ; 

'If = ^ ^fi{()di == Jti == • • (IS) 

Both integrals have the same form. By using in the first integral, 
and r/^ in the second as new integration variables [called r in each case 
in (19)], we have 

^/^A + 2? + ^ + Drdr = 27ih . . . (19) 


On the right-hand side of this equation, 7i stands for n^, the first time, 
and for the second time. The factor 2 before n has been transposed 
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from the left-hand side and is due to tjie circumstance that or rfdrj, 
respectively, is equal to rfr/2. The coefficieiits A, B, C, D first denote 


Ai « 2?wW, == m(eB -f /?), 

Dj = - meF 

and, on the second occasion 

Aj, = 2mW, B 2 = m(eE - yS), 

Djj = + meF 



We have already anticipated the calculation of the left side of (19) in 
Note 6 under (/). By eqn. (26) of (/) it leads to 


. . ( 21 ) 


Consequently, if we arrange (19) in terms of B, we get the equation : 


B - 


s/A( s/C 



( 22 ) 


We regard the coefficient of D as a correction member (the external 
held is assumed small compared with the nuclear held) and in it we 
therefore replace B-/A l)y the following value from (22), which is a hrst 
approximation : 


B“ / f - nhi\^ 3B- 


- 2C + 6 - - s/C + SI — 

TT \ TT 


nh\'^ 


Accordingly (22) becomes 
B = s/a( s/C - 



+ 


4A\ Tr'‘^ TT 



(23) 


This single equation really represents two equations. We suppose them 
written once for 


B = = m{e¥j + 13), D == = - mcF, n = 

and a second time for 

B = B^ = m{eFj - /?), D = Do = +meF, n = n.,, 
where A and C have in each case the values 

A = 2mW, G = - {n.Jij2iryK 

We then form half the sum of the equations resulting in this way. This 
causes the integration constant {3, which is of no interest to us at present, 
to cancel out, and so we get 

- Ja( Ji5 - 

weF/3 (V - ‘>hW 3{n^ - Mi)7ws/0' 

~irV2 ^ ■ TT'-* ■ ^ - - 


( 24 ) 
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We insert in it 



n.Jii 

27r 


(concerning the sign, cf. p. 552) and next calculate A to a first approxi- 
mation, that is, for F — 0 : 


47r-(m<3E)- 

(n^ -h n., 4 - n.iY^h- 


(25) 


We insert this value in the correction member muitiplicid by F in eqn, 
(24) and now evaluate A to a second approximation : 


A - - 


47r‘'^(??ie.F)*‘^ 
(/q F ii., + 


3FF- 


Dividing 
page 28f) : 

\\ - 


this by 2m we arrive at the value given in ecpi. (1) on 


27r-»«r,-.K- 

(»! + 11., + v.^%- 


3/t^F 


?/.,) (», + 11., + 11.^) 


(26) 


As has been discussed more fully in the text, the second term on the 
right of eqn. (25) contains the entire manifold of phenomena that Stark 
has observed in the various Balmer lines. ‘‘ We may perhaps say 
without exaggeration that the formal explanation of these phenomena 
cannot be given more simply than has l)een done in the above 
sentences.” * 

Various conclusions may also be read off from the above concerning 
the shape of the orbital ciave. Here the integration constant ^ that 
was eliminated above becomes of account. In working it out we restrict 
ourselves to the case of an arbitrarily weak field (the Kepler motion 
F - 0 considered on p. 311). Thus we set D = 0 in the two equations 
comprised in (23) and form half their difference : 


mli = "''hi .... (27) 


If we insert in this tlie first approximation (25) of A, it simply follows 
that 


^ = cE 


+ 7i.j * ' 


(28) 


Thus, for F = 0, the eqns. (7), f\{$) = 0 and = 0, for the libration 
limits, on i^age 281, become : 


(»- 


27rmeVj!h 

+ 'fh + H 

27rmcE///, 

+ 72.2 + Tl-y 


^ + 2meE 

^ rj'^ + 2meFj 


271 j + 72.J 
I + 

271.2 + 71 . 


t. 


H, + + 


= ( 
\ 


iTrJ 


(29) 


^^Phis remark concludes the author’s representation of tlio Stark effect which 
links up directly with the works of Schwarz.schild and K2)stein and which ajipcared in 
the Physikal. Zeitschr., 17, 506 (1916). 
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If we multiply these equations by {^Tr/hy^, introduce the standard length 



“ ~ 47r%/^E 


which is analogous to the first Bohr circle of the hydrogen atom, eqn. (7) 
on page 213, and then use the abbreviations 

^ a{n^ + n., + n.y a{n^ + n., + n.^) ‘ ' 

we get in place of (29) 

X- — 2(2?ij 4* n.^)x = - n./, 
if - 2(2?i.^ + n,yy = - n.f 

Solving these we get 

X — 2;ij + n.^ ± Jin{^ + 47ij7?^ = ( v/;^ ± + 7?.^)-] 

y -- 2n., 4* n.^ ± Jhi.r + 47^^7^^ = {Jik, ± Jn., + ^ 

If we then return to the meaning of x and y in (30) we get as the 
libration limits in the and r;-co-ordinates 


Ja H- “h % 

_ 

Ja J -i- n.y + 


== ± 

= Jn.y ± Jiu + 


. (32) 


For the sake of illustration we apply this result, say, to the final 
orbit of the Balmer series + n.y + 7^y = 2. According to the Tables 27 
to 34 on pages 289 to 293 the(juantum triplets (002), (101), (Oil) occur in 
this case. For the first of these we have by (32) 


and for the second 


J a J a 


V2(l ± V2), 


. (32b) 


The third quantum triplet has the same libration limits as the second, 
except that ^ and r/afe interchanged. Since by eqn. (1) on page 279, the 
co-ordinate parabolas depend only on or rf, respectively, the values 
± 2 denote one and the same parabola or, in three-dimensional space, 
one and the same paraboloid. Thus the libration limits denoted by ± 2 
coincide and the orbital curve (Kepler ellipse) lies on one and the same 
paraboloid. In the case (32a) it comes out as the intersection of two 
such paraboloids situated symmetrically with respect to the nucleus, and 
is thus merely a circle of the radius 4a. In the case (32b) the libration 
limits coincide only for the T^-co-ordinate and are different in the 
co-ordinate. The corresponding orbital curve lies as a Kepler ellipse on 
the paraboloid determined by the 77-co-ordinate, and, indeed, within that 
segment which is cut out by the libration limits of the ^-co-ordinate. 

38 
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In conclusion, we remark that the development (25) has, been ex- 
tended by Epstein* to the next member, which is quadratic in F, and 
that the ‘‘ Stark eflfect of the second order '' corresponding to the quadratic’ 
term has also been proved to be present in observations by Takamine 
and Kokubu when particularly strong fields were used.t 

12. The Adiabatic Invariance of Phase-Integrals t 

, (To Chapter V, 7) 

In dealing with adiabatic changes of state ve consider a pai; . meter a 
that enters in some way into the equations oi motion of the s^ stem (as 
the length of a pendulum, the position of a | oint-inass, of an external 
field of force, and so forth). This parameter i changed in the ourse of 
time, but, by condition (1) on page 305, infiniteiij sloicLy (reversib /). For 
every value of a the equations of motion are to remain valid in tue form : 

(it ~ ~ dt 'bpk ■ * • w 

where 11 is the same function of {/, and a, as when (t is kept fixed. 
We moan this when we demand in condition (2) on page 305 that the 
adiabatic action is ml to act on the co-ordinates of the system directly. 
We shall return below to the condition (3) on page 305 {unsystematic 
alter aPion of a). 

In integrating eqn. (1) in conditionally periodic cases by means of a 
function of action S whilst a remains constant, S becomes a function of 
a ; so that if we insert the time change of a, H also becomes a function of 
t. We derive the phase integrals J and the angular variables w from S, 
just as in the case of a fixed a : 

J* = ^ Vkdqk = ^ • • (2) 

The question is whether J also becomes a function of t through the 
mtermediate agemyy of a. If the adiabatic hypothesis is to be right in 
its assertion that the quantum conditions = 7ikh are to be adiabatically 
invariant, then J must be independent of t. 

We find the answer to this question by doing as on page 566, and de- 
riving I the canonical equations for J and w. Hereby we are no longer 
dealing with the special case that (cf. page 566) F* ~ S is indej)endent of t. 
Thus _ 

H = H 

no longer holds for the transformed Hamiltonian function H, but 

+ (3) 

by eqn. (20a) on page 545. 

* P. Epstein, Ann. d. Phys., 51, 184 (1916). 
t A. Sommerfeld, Ann. d. Phys., 65, 36 (1921). 

J The first proof is due to J. M. Burgers, cf. Ann. d. Phys., 52, 195 (1917), or Amst. 
Akad., 1917, p. 1055. Here we follow a simpler line of proof, likewise indicated by 
Burgers, cf. his Dissertation for Leyden, 1919, p. 242. 
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The relationship between P and F* is by eqn. (21) on page 546, when 
= Ja, Qft = 

thus on account of F* = S 

F = S - = S* .... (4) 

[cf. eqn. (38) on p. 566]. 

In place of eqn. (34) on page 566 we thus get, on account of (3) and (4) 

dt “ "dWh "" 'dtVk iwk it ‘ * * w 

The term here vanishes because H, regarded as a function of the 

variables . . . J/;, , iVk, is independent of w. If, further, we 

take into account that S*, as well as S, is dependent on t only through 
the medium of tt, we may set 



()S*. 

• (6) 

'dt 

- - a . 

da 

with the notation 


• (7) 


da 

From (5) and (6) it follows that 



d^k 

'r T 

• (B) 

dt ^ diVk' 



0 


In addition we now take into consideration that by our condition (3) 
on page 305 a is to be changed unsystematically, that is, not in phase 
with the course of motion of the system. We act in agreement with this 
if, for example, we make d constant and write in place of (8) : 


T 'r 


0 


= - a 


.fb<P 


J 'dtvk 


dt 


(9) 


just like S* (cf. p 567), is a periodic function of the w'h, and may 
thus be represented as a Fourier series in terms of the ?/;’s. Hence 
'd^/'dio is a Fourier series without a constant term. Since the Wk = i^kt + 
[eqn. (35) on p. 566] are linear functions of the ^’s, the integration with 
respect to t on the right-hand side of (9) may be carried out in the 
Fourier series, and furnishes a value, which even if T increases to any 
arbitrary extent, remains below a certain limit. 

The circumstance that the vibration numbers vk themselves still depend 
dn a, and thus also on causes no essential alteration in this conclusion, 
but entails only that the value of the integral becomes changed by terms 
of the value dT. But dT denotes the total change of the parameter a in 
the interval of time T and, as such, is finite. Hence on the right-hand 
side of (9) d is multiplied by a quantity that is finite even when T = oo. 
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In the limit a == 0 and T = oo theHght-hand side of (9) becoitias equal to 
zero, that is J becomes constant. 

On the other hand, however, the above inference falls to the ground 
if in the course of the adiabatic change the system passes through a 
degenerate state. Then on account of the relation ^SkVk == 0 [eqn. (42) 
on p. 568] constant terms would occur in the Fourier series, and in the 
process of integration with respect to t they would yield terms of the 
order T. Thus the adiabatic invariance for all' quantities J holds only in 
the case of general, not degenerate, systems. 


13. Concerning the Spectra of Atoms not of the Hydrogen Type, 
Effect of the Supplementary Atomic Field 


(To Chapter IV, § 6, p. 232) 


We schematise the supplementary field of the electronic configuration 
belonging to the body of the atom by regarding it as a pure cejitral field 
varyinq with the time. Thus we assume that its action on the outer 
“ leaping electron ” {Anfelektron) is : 




e¥. 






( 1 ) 


Wc have assumed V to be expressed so that the ‘‘constants of the 
atomic field,*’ and c., are pure numbers ; a denotes a standaixl of length 
for the purpose of comparison, and we shall choose it appropriately as 
the radius of the first Bohr circle [cf. eqn. (7) on page 21 3J 

* ‘ • • • ( 2 ) 


In assuming that the field is central, we make the orbit of the 
“leaping electron” plane. VVe determine its position in this plane 
by polar co-ordinates r, </>. Its kinetic energy expressed in terms of the 
momenta p,., is ; 



The partial differential equation of the motion is then 
We integrate it with regard to by assuming 


dS 


From the quantum condition, 


~ p — const. 




we then get 


_ 'bS nh 
^ " b4>^ 2 ^’ 


( 4 ) 
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As a result of this (3) becomes , 

r 

V ' 


A + 2 + . 


D, d; 


+ . 


A = 2mW, B == meE, C = ^ 


- nVi^ 


(5) 


47r‘^ 


= - 2mCieH\ Dg = - 2rnc2e^a^ 


If we had added a term in l/r^ to the expression assured for V in eqn. (1), 
this would have changed only the meaning of the coefficients C, but not 
the form of eqn. (5). That is why we began the expansion of V with 
the power l/r^. The radial quantum condition 


Jr 




dr = nh 
or 


now gives us 


n/ A + 2 - + ^ + —I dr = nil 


r 


C 


i>r 


rA 


(^>) 


if we strike out the higher coeilicients of the expansion. The integration 
is to be taken along a complex path in the ?«plane around the branch- 
points Tmin and Titfox of the integrand. 

The integral (Hj is to be carried out in three different stages of ap- 
proximation, cf. (c), (d), and (e) of Note 6. 

For a first apjiroximatifm (D^ D^, = 0) we obtained in eqn. (10) of 

Note (Gc) 


. 1 ,. -2,i(yo- U 


JA> 

From this we deduce, as in eqns. (8), (9), and (10) of Note 8 : 

B>h 


W = - 


{71 + 71 )'^' 


(7) 


where K == Bydberg’s number. According to our earlier remarks, the 
quantity - W//i denotes the “ term.'' Tn conformity with this, our first 
approximation gives us the Balmer term, namely, in the notation of eqn. 
(2a) on page 316, if we set m = 7i + 7i ' : 


{m, 0) = -- 


(7a) 


For 07ir second a2)2)7'o.rmaiio7i (D. 0, = 0) we obtained in eqn. 

(16), Note (6d) : 

B 1 BD, 


J,. = -27re ( VC - 


-o)- 


mh 


s/A 2 c VC 

By (6) we set this equal to n'h, and remember the value of VO — ~ ^ 
{vide the concluding remark of Note 6c). We then get 
, ,,, (2n-)«BDi . B 
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In view of the values of B and Dj.in (5), and of a in (2), it follows that 
, j 27 riweB j ( 27 r)'‘wVE(x‘^ E Cj • 

. (9) 


/^^/A 

and hence, with A = 2mW 

W = 


e 


- EA_ 

(n + n + hY 


k is dependent on n and on the nature of the supplementary field, but 
independent of n\ thus for a fixed n it denotes a constant of the series. 
Accordingly, our second approximation leads to the form of the Bydberg 
term [cf. eqn. (2) on p. 316], namely, if m = + n\ to : 


(m, h) = 


E 

(m + k)- 


(9a) 


For our third approximation (D, v 0, D.> 4= 0) we obtained in eqn 
(21) of Note (Oe): 



27ri 


\/o 


V A 


1 B 

2 0 VC 


>( 


i>, - 


3,- B 1 
2 C 

L A 
' 4 U Vo 






j- 


If we insert in this the value ^JG — — 2^” well as the values of B, 

Dp D., from (5), and, as in (8), simplify the resulting expressions by 
using the meaning of a, we get 


J, = _ nh + '>L^( ^ B _ 15 EX'! 

4wE V " 2 J I 

We write K2m as an abbreviation of A in the last term. Then 



(10) 


( 11 ) 


For the penultimate term of (10) we write the abbreviation - kh ; 
has the significance : 

IE/ 3 c, E _ L5 E . 

' c \ ’ "^2 n'^ e 4 / 


k now 


( 12 ) 


(12), as should be, passes over into the k of the approximation (8), if Cg 
and Cl are neglected. 

k and k are again independent of 7i\ but dependent on 7i and on the 
nature of the supplementary field. 

With these abbreviations (10) is written 


J. = 


, 2TrimfiFi 


— kJi 4" 


kA 
2m * 


(13) 
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If, by (6), we set this equal to n'h, we get 

• , , kA 

n + n + k - ii— ---r-- . 

imh h V A 

In vi^w of the meaning of A, cf. eqn. (5), the energy comes out as ; 

m{E/eY 


W = - 


, , wy ■ 

n + n + K — K 


(U) 


If, finally, we pass on to the term - W//i, and call it (m, fe, k) in accord- 
ance with page 316, where we again set 71 + n' ~ m, we find from (14) 
that 


(w, k, k) = 




4- A; 4- /c{m, fc, k)Y * 


(15) 


Hence in the third approximation we are led straight to Ritz s form of 
the series term. To get back to the ordinary nomenclature it is only 
necessary to identify /»:, k 


with a, iT 

for M = 1 . 

II. N.S., 

.. V' 

„ = 2 . 


d, S 

„ n = 3 . 

T. N.S., 

. 6./3 

„ 71 = 4 . 

Bergmann series, 

for which detailed 

reasons are given in the text. 



The development of our argument clearly shows that Ritz’s form of 
the series term is also only an approximation, and indicates the way in 
which we arc to look for an improvement of Ritz’s representation in a 
fourth, fifth, . . . approximation. These all come under the general 
form : 


. . .) = VT. 


E(E/e)« 


[m 4- A: 4- K{m,k, . . .) 4- K\mjk , . . 4- K\m,k , . . .)^ + . . 


(16) 


in which k\ k\ ... are new constants. 

If we set Vi = e in this expression and also in (11) and (12), we have 
the case of an atom that is neutral as a whole, one in which the outer 
electron is acted on by an atomic trunk which has a single charge. If, 
however, we are dealing with a charged atom which has lost one electron 
and if this is excited optically by removing one of its remaining electrons 
to a greater or lesser extent, the outer electron is confronted by an atomic 
trunk bearing a double charge. Consequently E is now equal to 2e. 
On account of the factor (E/<?)‘^ in the numerator of the term, 4R now 
occurs in place of R as the Rydberg number. The meaning of the 
constants A;, k, . , . alters correspondingly, and we write A;*, k* instead 
of them for the ionised atom. For instance, we should get 

k^^2k (17) 


as a first approximation by (8) so long as we assume that the constant 
Cj in the expansion of the potential V has a|)preciably the same value 
for the ionised atom as for the neutral atom. 
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We thus get as the term reprQsentation for the ionised atom : 

(m, k*, . . .) = ^ ^ • (iS) 


§ 6 in Chapter VI is founded on this form of, representation of the* term. 
A closer investigation (cf. J. Weinacht, Dissertation, Munich, un- 
published) of the relative magnitudes that presumably occur in the atom 
has disclosed the surprising result that the decrease, or under certain 
circumstances the. increase of the constant c of the atomic field is so 
gradual that the expansions used above are not always convergent 
(namely, never in the case of the s-term, only quite exceptionally in that 
of the jj-term, often in that of the rf-term, and always in that of the 
6-term ; in the spark spectrum, the convergence would be still worse). 
Whereas in our above development we had assumed the members with 
D^, Dj,, ... to be arbitrarily small quantities, the atomic radii are in 
reality fixed in accordance with quanta, and are of such magnitude that 
the path of integration chosen on page 552 for the convergence in many 
cases becomes impossible. How does it happen then that Ritz’s formula, 
that is, a power series which is cut off as early as at the second member, 
represents the results of observation so well on the whole? Obviously, 
the form of our development must remain, even if the special numerical 
values seem to make them illusory. One way of accountiiig for this 
(cf. Weinacht, loc. cit.) is to expand, not in powei’S of the supplementary 
field but in powers of a supplementary field that is modified to meet the 
requirements of convergency. For this purpose we reduce tlie supple- 
mentary field by means of the quadratic expression 


« + 2 ^ + 

r 


7 

r2’ 


which we take in conjunction with the quadratic expression 




and in the interval of integration we in this way minimise as far as 
possible by our choicer of the disposable parameters a, j3, y, the quantity 
in which we make our expansion, whilst at the same time increasing the 
principal quadratic terms. By this method the form of the expansion 
clearly i*emains preserved, that is, the dependence on the member-num- 
ber of the series, hut the significance of the number coefficients and the 
consequent infei-ence concerning the convergence becomes changed. 

Nor must we overlook that th(i assumption of a central supplementary 
field that is invariable in time in reality denotes a process of averaging 
that may he inadmissible. To this there becomes added the difficult 
question of the reaction of the outer electron on the atomic trunk. 
These circumstances are quite sufficient to explain why (cf. p. 328) the 
observed values of the spectral constants k, k and their dependence on 
the azimuthal quantum number cannot be given with satisfactory 
numerical agreement by our theory. It is so much the more gratifying that, 
in spite of this, there is a general agreement with the form of the 
spectral formula. 



u. 


Original Bohr Models and their Ionisation Potentials 


601 


14. The Original Bohr Models of He, H^, and and their 
Ionisation Potentials 

The following calculations concern models that are indeed interesting 
from the historical aspect but that cannot be maintained empirically and 
theoretically. They have already been criticised on pages 69 and 79 
of Chapter II. It is scarcely necessary to state that Bohr * furnished not 
only the original construction of these models but also the essential ideas 
for their criticism later. 

(a) The Neutral He-atom. Fig. 19 on page 69 represents Bohr’s 
original idea of the He-atom. We proceed to calculate the radius a of 
the orbit and the angular velocity w of the electrons in their “ one- 
quantum ” motion. 

From the Coulomb attractive force of the nucleus we must 

subtract the Coulomb repulsion of the “ second ” electron acting on 

the “ first ” electron. Accordingly the classical condition is : 


2e' _ cr _ 7 e- 
^ 4a- 4. a- 


(i) 


Further, we have the quantum condition for the rotator applied 
separately to the “first” or the “second ” electron 


ma-o) 


A 

27r 


( 2 ) 


From (1) and (2) we get by division 

7 27rC- 
4 h 

The sum of the kinetic energies of both electrons is : 

49 27r-m(;^ 

9}i\Oj(oy = ^ ^ s\ih. 


( 3 ) 


The total energy of the Bohr He-atom is just as great but negative 
(cf. Note 5), thus 

W = - (4) 

The energy of the simply ionised atom He ^ comes out very simply. 
He ^ is of the hydrogen type and has a double nuclear charge. Hence its 
energy is four times that of the hydrogen atom (cf. p. 214) that is, it is 
equal to 

- 4R/a (5) 

Hence the transformation of the neutral into the simply ionised He-atom 
requires, by (4) and (5), the work 

A = - 4R/t + V- = V . • • (fi) 

This would be the ionisation potential of the neutral Ha-atom ac- 
cording to Bohr’s He-model. Since the ionisation potential of the hydro- 
gen atom as well as its energy is given by E/i and amounts to 13*53- volts 

* Of. for example his lecture in Berlin, Zoitschr. f. Phys., 2, 468 (1920). 
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[cf. eqn. (3) on p. 342] the ionisation potential of Ho would be, likewise 
expressed in volts : 

J - V • 13-53 = 28-75 volts . . . (7) 

Experiment has not confirmed this value, but has yielded the smaller 
value (cf. pp. 344 and 350, Table 38) : 

J = 25-3 


which has been found by different methods and is certified in various ways. 
Thus Bohr’s He-model cannot be correct. 

In the same way the following value of the ionisation potential of the 
second order (work necessary to detach both electrons) for the helium 
nucleus 

. 13-53 - 82-9 volts 


is too great and is in contradiction with the results of experiment [cf. eqn. 
(5) on p. 344]. 

The fact that the true value of the ionisation voltage comes out less 
than that calculated from the model is particularly noteworthy. If it 
were (jreater we would say : Bohr’s model is, indeed, a possible arrange- 
ment of the structural elements of the He-atoin hut it is not the most 
stable one. We should have to think out another arrangement that 
would bo more permanent as regards retaining its energy, and that would 
thus require more work to bring about its disintegration. But, as it is, 
we must say that, in spite of its greater stability as regards energy Bohr's 
He-model is not a durable arrangement of the structural elements of He. 
Besides enenjctic stability dynamic stability is of importance. The latter 
is best investigated by the method of small oscillations. 

This has already been done for general ring systems by Nicholson.* 
The following is found for He-rnodels in particular. Of the six degrees 
of freedom that belong to the model if we assume the nucleus to bo im- 
movable, one is unstable. For if we strike both electrons in their orbital 
plane in the same sense at right angles to the line connecting them, a 
“ fundamental vibration ” of the system occurs, whereby the electrons do 
not tend back to their position of rest, but move away fi*om them expon- 
entially. 

We thus see that the dynamic instability of Bohr’s He -atom outweighs 
the energetic stability, and we understand why the real He-atom which 
must, of course, be stable can appear energetically less stable than Bohr’s 
model. 

(/)) The H., -molecule. Bohr’s model of the Ho-molecule is represented 
in Fig. 22, page 76. From the conditions of equilibrium we obtained 
the following relation between the radius a and the angular velocity m of 
its two electrons [eqn. (21) on p. 78] : 





( 8 ) 


If we combine with this the quantum condition (2), applied separately to 
each of the two electrons, we get from (2) and (8) by eliminating to 


a 


^ =0-95aj 

^TT^mer 3 \/3 — 1 




* Monthly Notices, 72, 1912. 
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Thus the diameter of the hydrogen molecule would be somewhat less than 
the diameter 2a^ (p. 72) of the first Bohr circle in the hydrogen atom. 

We next calculate the energy W of the hydrogen molecule. Its po- 
tential energy is made up of three parts : the potential energy of the two 
nuclei that of the two electrons Vk and that of the mutual energy of 
the nuclei and the electrons Vke- 
By eqn. (17) on page 77 we have 


I 


zl/>2 

Vke = - 




Ve = f 
2a 

2 


Ep<,e = -^(3V3-1) 


( 10 ) 

( 11 ) 


By substituting (9) in (11) it follows that 

„ 87rW/3V3-l\2 


The kinetic energy of the revolving electrons in the hydrogen molecule is 
also half as great as the potential energy (cf. Note 5). Hence the total 
energy that remains is : 

w= - 2-20R/t . . (12) 

h'^ \ 4 / 

We next determine the 7vork of dissociation and the dissociation jJO- 
iential of the hydrogen molecule. After the dissociation both hydrogen 
atoms are separated from each other. We assume both initially to be in 
their most stable state, that is, in the state of the first Bohr circle. Their 
energy is then 

2W, - ^ 2m, 

Hence the work of dissociation is 


A - 2W^ - W = 0-20R/t. 

Thus for a grammol of hydrogen gas it would be : 

^ = 0-20 = 61 . 10^ cals. 


(13) 

(14) 


where Q = 4T9 . 10" ergs./cal. denotes the mechanical equivalent of heat, 
and L = 6-07 . 10^^ denotes Loschmidt’s number per grammol, or Avo- 
gadro’s number. This value is appreciably smaller than a value obtained 
by Langmuir* from observation (certainly somewhat indirect) amounting 
to 8-4 . 10^ cals. 

Passing on to the work of dissociation, let us express (13) in volts, 
and we get, corresponding to (7) 

D - 0-20 . 13-53 = 2-71 volts . . . (15) 

This value, too, is appreciably smaller than the value obtained from ob- 
servations [eqn. (4) on p. 343] D = 3-5 volts. ^ 

* Langmuir, Journ. Amer. Cliem. Soc., 34, 860 (1912). 
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In the foregoing we have estgbblished one of the contradictions, which 
we mentioned on page 78, between the Hg-model and observation. A 
second contradiction concerns the ionisation potential. We first assume 
that the process of ionisation takes place according to the following scheme : 

H,->H + H+-fEl . . . .• (16) 

that is, that the molecule becomes split up by an electronic impact into a 
neutral H-atom, an H-nucleus and an electron. The energy of the H-atom 
is W, ” - Jlh, that of the isolated nucleus and electron in our enumer- 
ation (16) is nil. ITence the electronic impact must furnish the work : 

A == V\\ - W- 1-20E//.. . . . (17^ 

Translated into volts this gives the ionisation potential 

J - 1-20 . 13*53 = 16-24 volts . . . (18) 


Unfortunately the results so far obtained from observation for the 
ionisation potential of IL are contradictory among themselves. They, 
however, agree in that they give no ionisation ste]) at IG'2 volts. Ilut 
here, too, there is a contradiction between observation and the ll.^-model. 
It was pointed out on page 344 that the energy step that is so pronounced 
at 11 volts is probably to be ascribed to an emission of liglit. 

(Inly when dealing with case (c) can wo mak(i detailed statements 
about the other possibility of the process of ionisation, namely, 

.... (19) 


Ooncerning th(i other contradictions mentioned on page 78 we merely 
add that the instability of the Bohr H^-inodel there emphasised comes 
about in just the same way as the Bohr Tie-model, if we strike both 
electro!is of the Il.^-molecnle in the same sense in the plane of their revolu- 
tion and perpcndicula]-ly to the line connecting them at the moment of 
impact, they move systematically out of and away from their orbits. The 
model is dynamically unstable. 

(r) The H., '-ion. Eor this, too, Bohr has suggested the simplest 
possible model : the two Tl-nuclei are at a distance 2b from each other, 
and in the median plane hetwc'.en them a single electron revolves at a dis- 
tance a from the connecting line of the nuclei. Here the quantities a 
and b are different from those values that they were to have in the neutral 
H^-molecule according to Bohr, and they have to be determined anew 
from the conditions of dynamic equilibrium. 

Each of the nuclei is acted on by (cf. p. 77) : 1. the repulsion e'l4:h^ 
of the other nucleus ; 2. the attraction of the electron which has the com- 
])onent + ft“)l in the direction of the line connecting the nuclei. 

By setting these two equal to each other we get ; 

4/r^ = {a^ + 


rby ^ 1 

' 4/it~l 1*62 


( 20 ) 


The corresponding value in the case of the neutral n^-molecule was 
Thus Bohr’s model of the H.^-ion is considerably more attenuated than 
that of the molecule. 
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The electron, on the other hand, is, acted on by : 1. the centrifugal 
orce maoj^) 2. the attraction due to both nuclei, which furnishes the 
3omponent ^e^al{a*^ + in the direction of 1. Thus we have the 
iynamic equation : 


f 


ma^o)^ = 



= ^(iyi6- 1)3 


In addition, there is the quantum equation : 

k 


ma^o} 

and as the quotient of these two we get 

7re^ 


aw = 


k 


1)3 


From this we get for the kinetic energy of the electron 


E,, 


kin 


2ii;^ 


lih 


(^Vi6 ~ i)^ = iVm- - 0-88H/. 


( 21 ) 


(22) 


According to Note 5 the total energy W is of the same value but negative. 

This total energy W — -O-BSK/t is greater than the energy Wi= -Wi 
of the dissociated state, in which the ion is resolved into a neutral H-atom 
and an H-nucleus. 

The H^^-ion is unstable emrgetically ; it can dissociate into II + 
giving up energy. At the same time it follows from this for the ionisation 
of the Hg-molecule that if this happens in the sense of the scheme (19), 
it requires a greater ionisation potential than if it proceeds according to 
the scheme (16). This conclusion is independent of any assumptions 
about the model of the neutral Ho and also remains preserved if we pass 
from the H ^“-molecule considered so far to a more general molecule. 

The great advantage that the Il^-ion has above the neutral H^-molecule 
in analytical respects is that in the former we have mathematical control 
of the most general configurations. They all fall under the category of 
Jacobi’s problem of two fixed centres (cf. p. 279) and are of a conditionally 
periodic character. As a matter of fact, on account of the predominant 
mass of the two nuclei we may assume them fixed during the motion of 
the electron ; their distance apart is to be chosen so that the resulting 
force at the nuclei in the time-mean vanishes. 

On page 79 we stated that as regards these more general motions 
Bohr’s circular orbit in the median plane of the nuclei is more stable * 
energetically. But we must add a correction at this stage. The circular 
orbit is indeed stable energetically, but unstable dynamically, Bohr 
emphasised this as early as 1913. t And, indeed, in this case it is an 
impact, on the electron, perpendicular to the median plane that causes 
the spontaneous decay of the model. Consequently Bohr*s model of the 
is U7itenable, Here, too, just as in the case of the model of the 

*Gf. Pauli, Ann. d. Phys., 1922. 
fOf, Gosammelte Abhandl., j). 61. 
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He-atom and of the Hg-moleculf , it is shown that the dynamic stability 
plays the deciding part as compared with energetic stability. 

That there is a stable configuration of the Hg'^-ion among the more 
general types of motion is proved beyond objection by experiments with 
canal rays. This dynamically stable configuration is energetically instable 
both in comparison with the circular orbit model of and to a still 
greater degree in comparison (cf. above) with the dissociated state H + H+. 
But this does not prevent the configuration in question from being lasting 
if the impacts are sufficiently small ; only under the effect of greater 
impacts would it be transformed into the state of minimum energy, that 
is, finally, into the dissociated state. 


15. Hamilton’s Theory in the Mechanics of Relativity 

(To Chapter VI, § 1) 

In the theory of relativity the components of momentum ai;j [vide 
eqn. (24) on p. 463] 


mx ===== 




Vi - ^ 


my 




Vi - 




mn 


mz = 




( 1 ) 


In ordinary mechanics they are represented as derivatives of the kinetic 
energy with respect to the corresponding components of the velocity. 
This does not hold in the theory of relativity. We can confirm at once, 
however, that they are derivatives of the following (quantity with respect 
to i, 7y, i : 

F = - moC'-* Vl - yS'-' . . . . (2) 


We may designate F as the '‘kinetic potential/’ an expression due to 
Helmholtz. If we number the momentum components successively as 
Pi, • • • Viij • • •> more than one point-mass being present if so re- 
quired, and if we call the corresponding position co-ordinates q.,, . . . 
qiiy ...» the corresponding velocity co-ordinates q-^, q.,, . . . qu , . then 
the relation in question between F and the momentum components may 
be summarised thus : 

8F = (3) 


[When several point-masses are present we must clearly take F as standing 
for the sum of expressions of the form (1) for all the point-masses.] 

In contrast with F the relativistic expression of the kinetic energy 
[cf. p. 465, eqn. (27)] is, in particular, for one point-mass 

= ^ ^ ^ . (4) 


Since, expressed in terms of p and q, (1) is 

mo . 


V 





Vl - /8^ " 


it follows that 


( 5 ) 
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Prom the latter we can immediately confirm the relation 
F ~ T&jcin + const., const. = 


( 6 ) ^ 


Since in classical mechanics is equal to twice Ejkm [eqn. (5) on p. 541], 
but nof in the mechanics of the theory of relativity, we recognised that in 
the classical case F must be identical with Bjbm (except for a constant), 
but must differ from it in the relativistic case. 

We now go through the developments of Notes 4 and 7, which led to 
Hamilton’s theory. Written in the form (9) on page 542, d’Alembert’s 
principle remains valid, likewise the eqn. (11) that follows on it, if we 
replace io it by F. Consequently eqn. (12) also remains in force, 
except that now the “ Lagrange function” is to mean : 

L = F - B,,., (7) 


This is the only change which has to be made in our earlier developments 
for the sequel. The function of action S is defined by this L by means 
of eqn. (4) on page 556 ; 

/ 

jlidr = S - Wi . . . . (8) 

O 


and the relation 



(9) 


holds not only for rectangular, but also for arbitrary co-ordinates p/?, qk^ 
With the altered meaning of B^-^rt, the energy law, as compared with that 
of classical mechanics, has the form 


Bx-m + B,>,, = W .... (10) 


That is, not our F, but the relativistic value of (or, as circumstances 
demand, the sum of such values if several point-masses are present) 
occurs here. If Ave set the left-hand side of (10), expressed as a function 
of qjk and qk, equal to H (“ Hamilton’s function ”), the partial differential 
equation of relativistic mechanics becomes, in formal agreement with 
eqn. (10) on page 558 : 



(ii) 


All further inferences?, in particular those concerning the separation of 
variables, thus hold unchanged also in the relativistic case. They will 
be used in the next note. 

It is to be observed that our translation of results from classical to 
relativistic mechanics was effected so smoothly only because we wrote 
d’Alembert’s principle from the very outset in the rational form (9) on 
page 542, in which the changes of momentum and not the products of 
the mass by the acceleration muqk occurred. When written in the latter 
form the inertial resistances do not allow themselves to be generalised 
relativistically. Further, we must note that the quantity L here defined 
by (7) may, on account of (6), also be written : ^ 

L = =» ^!pq - H . . . . (12) 
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This relation, which we have already encountered in eqn. (13a) on page 543 
on the basis of classical mechanics, is thus not bound to the condition that 
H is a quadratic function of the As a matter of fact it holds quite 
generally and can serve to define the Hamiltonian function H, and, 
further, to set up the canonical equations, if the problem was originally 
present in the form involving variation, that is, if L was originally known. 
Conversely, if the problem was originally given in canonical equations, it 
can serve to calculate L and to transform the problem into the form 
involving variation. 


16. Quantising of Relativistic Elliptic Motion by the Method 
of Separation of Variables 

(To Chapter VTII, ^ 2) 


As in Note 8, so also in the relativistic Kepler problem, we lequire a 
minimum of calculation and thought if we start out iVoni the partial 
differential equation of mechanics and calculate the moduli of periodicity 
of the function of action as complex integrals. 

By eqn. (27) on page 465 the energy equation is : 




( Vi - IS 


\ - - i) - 


eE 


=:W 


(where E denotes the nuclear charge) or 


n/I -> 


- 1 + 


,,, eE 

W + — 

r 

7)lnC^ 


( 1 ) 


Now, on account of the meaning of and in view of eqn. (7) on 
page 469 : 




+ 



or, oil account of m = mj Ji - 


1 *->. = 1 + — 

1 - p- K r-* ' / 


Inserted in (1) this gives 


1 + 


+ -aiV) =1 

c‘m/\ ^ J 


I + 




mnC^ 


V'-' + .7a V = + 






( 2 ) 
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Hence we get the partial differential equation [of. the preceding note, 
eqn, (11)] : 

The fast term on the right is the relativistic supplementary term, which 
distinguishes this equation from eqn. (2) in Note 8. 

The equation allows itself to be separated in the co-ordinates r and <!> 
(and only in these). Since <j> is cyclic, the law of areas 

DS 

— = const. = p 


Rolds, and gives us the azimuthal (][uantum conditior 


TO , Dy 'uli' 
= nh, . = . 


Eqn. (3) changes into 


y r 


r / W \ - 

A = -l}j 

B = -f (l + !- . (da) 

~ ■■■ dTT-^' o--! " 4^^* n^\e 

The last of these results from the meaning of a, cf. eqn. (8) on page 213. 
The radial quantum condition which is to be calculated from (4) differs 
neithei’ in form nor in content from those contained in eqns. (6) and (7) 
of Note 8, and hence gives us 


. (5) 


SttZ ( - 


As a consequence qf the present meaning of A, B, C in (4a) we, however, 
have 

V ‘ ‘2 /TdK 'i 
^ ~ 7?' \ e / ’ 

JA c I \ ) 

Eqn. (5) then becomes 


39 
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After divisiion by h the expression before the bracket on tlic lelt-hand side 
lii 

is ia — ; it we square both sides of the last expression wc got 


( 


1 + 


w 






= + 


( 6 ) 


Here we have found the final representation of the energy for the^ 
relativistic Kepler ellipse, in agreement with eqn. (23) on page 472, 
which we communicated there as a generalisation of the formula for the 
circular orbit. The method by which it was reached was not the slightest 
degree longer than that in Note 8 for the corresponding non-i’elativistic 
problem. It is truly a royal road for quantum problems. 

If we wish to inform ourselves about the form of the orbital curve in 
addition to its energy, then by Note 7, eqn. (44) we should have to cal- 
culate the function of action B, and differentiate with respect to its 
integration constants. We, however, attain our object more simply 
thus. 

By eqn. (7) on page 4G9 

mf-€p ~ r- def) ” def)' • • • ; 

where we have set 

« - ^ TO 


By placing — p- outside the brackets on the left-hand side of 
eqn. (2) we get, in consequence of (7) : 


P' 






-f 2m^^eKs + + eEs*)- 


It is convenient to differentiate this equation with respect to <l> : 


V 






W{,|eE 


/ 

n 


1 + - , (W + 




By cancelling dfi/dej), on both sides and taking the terms involving s over 
to the left, we get tlie following linear differential equation for s : 


■ d-s /. Wo^E/. W \ 

d<j>- ^ \ pV / \ m^py ‘ ’ 

Its general integral is 

s = A cos + B sin y<j> + C 

Here A and B are constants of integration ; y has the significance : 

2 I 

y • . . . 


(9) 

(10) 


( 11 ) 
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in ag^^; 0 ment with eqns. f(2) and (3) on page 4^7. The significance of C, 
with which we are not specially conperned, i^ 

y V .\ . vii)C^J 

Bqnr (10) agrees with eqn. (1) on page 467, except that the latter is written 
somewhat more specially. 

The occurrence of y in (10) brings about, as we saw on page 467, the 
motion of the perihelion of the Kepler ellipse. We proceed to calculate 
the advance A<^ of the perihelion as defined in eqn. (4) on the page 
mentioned. Since differs very little from (1), we get from (11) to a 
sufficient degree of approximation 


1 _ 1 
y ^ 2 


== 27r 





From this we wish to pass on to the motion of Mercury’s perihelion 
which we touched on earlier, on page 468. For this purpose we write 
mM. in place of eE, thereby supposing Newton’s law to act instead of 
Coulomb’s, and we take m as the mass of the planet, and M as that of the 
sun. Further, we express the momentum constant p of the planet in 
-terms of the geometrical areal constant / thus : 

^ . irab ttcC- 


(r is the time of revolution of the planet, irah the surface swept out in the 
time t). Thus 


47ra'‘(l - (-)c- 


Finally we express the mass of the sun according to Kepler’s third law, 
which is, as we know : 

_ M 

T“ 


From (12) we then get, in conjunction with the latter ; 


A</> 


r^(l - 


(13) 


[f we insert in this the data of Mercury for a, t, and c, then we get 
the value A<^ = 7''^per century, quoted on page 468. The general theory 
of relativity gives almost the same formula as (13) but with the numerical 
factor 24 instead of 4. Hence, according to general relativity, we get 
six times greater value A<j!) = 43", also mj^ntioiied on page 468, which is 
in full agreement with the observed value as modified by Newcomb. 


17. Quantising of the Non -harmonic Oscillator during 
Simultaneous Rotation ^ 

Let us consider, for example, IICl ; let ’the ions have the charges 
+ e, - e, and the masses m^, Their centre of gravity remains at rest 

* A. Kratzer, Zcitschr. f. Pliys., 3, 289 (1920). 



612 


Mathematical Notes and Addenda 


and serves as the origin of a polar co-ordinate system : and are 

the co-ordinates of and Using the theorem of centres of gravity 
we introduce in their place the new co-ordinates of the point-mass by 
means of the equations : 

= fxr, 

7r==<jf). 

Here, as on page 220, fx denotes the ‘M’educed mass ” of both ions and r 
the distance between them : 


1 


1 i 

— + — , 
m, m., 


r = r, -4- r.,. 


The kinetic energy is easily expressed in the co-ordintiies r, </> : 






The potential energy is expressed electrostatically and depends nly on 
r == r, + 7'o : 




^piit 




1 + ■' + ‘k + '^ + 


( 2 ) 


The coefficients express the action of the electronic systems surrounding 
the ions and are to be regarded as arbitrary quantities, between which the 
following condition of equilibrium exists : 

d.. 

iorr-r, .... (3) 




Here denotes the normal distance between the two ions for a molecule 
at rest in space, at which the electrostatic attractions and repulsions 
between nuclei and electrons remain in equilibrium. Let us set 


/J 


Instead of (2) let ns write 


- /> - I 
i 


+ 


+ of ‘ + . . . ) 


(4) 


- a ( a + 

V ft 2f} 

This assumption already satisfies condition (3) and is just as general 
as (2). It has the advantage over (2) that the correction members with 
the coefficients b, r, . . . are small in the neighbourhood of the position 
of equilibrium and that the “principal members” preceding them can be 
taken accurately into account in the quantising later. The fact that the 
expansion in ^’s in. eqn. (5) begins with and not with nor with ^ is 
shown if we pass on to the mutual force acting on the ions. It is 

L) W P ) 

or, on account of (I) 


K — - ~ 




( 6 ) 
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where we may, further, replace in the denominator by (1 + Since 
all powers of f are represented here and .are furnished with arbitrary 
coefficients, we have, indeed, by using our assumption (5), arrived at the 
law of force of the most general non-harmonic oscillator. 

From the first member of the expansion (6) we deduce the vibration 
nurflber for an infinitely small amplitude, namely, 

.... (7) 

If we define 

.1 = (m,r,2 + . . . (8) 

as the moment of inertia of the molecules in the state of equilibrium, we 
► may also write eqn. (7) thus : 

27^V^^ = ... (9) 


On account of (4) and (8), (I) becomes 


= 9(p“ + 


. (10) 


From this it follows that 


Of) vcf> 

p is constant and is equal to mlij^Tr on account of the azlinuikal quantum 
condilhn. The energy equation is : 


ii ( + $) * 


It follows from this that 


/2JW - 


and the radial quantum condition is : 




2.T(W + aa) + + ^■‘) + ... dp = nh . (12) 

P P- 


The terms as far as they are written down under the root sign have the 
following form, familiar to us from eqns. (8) and (10) in Note 6 : 

+ 2^ + = - 2^-(VO - J^) 

and, indeed, if we divide (12) throughout by ^/aJ, the coefficients A, B, 0, 
have the significance 

A-2(,.h.^), li.l, C - - (1 + ^ (1 + (13) 
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Consequently (12) becomes 


nil 

\f 


- + 






+ 


4ir%J i^A> 

Here, by (12), (5), and (4), the supplementary term Z denotes 


( 14 ) 


7 (5 (tf + « (^ + 1) + l)^e nsi 

^ Tx/or-i- 21Q “ 25 >(cr+ 2B,^ + 


in which we have set 

Aj = A, B, = B + A, Cj = C + 2B + A . . (16) 

The integrals that occur in (15) have the form of K>j, and K', on pa^es 554 
and 555. We may therefore write (15) : 

7^ - bK, + {b + c)K, + . . . - -f (17) 


If as in eqn. (7) on page 418 wo take Av to stand for the distance 
I)etween neighbouring band-lines Ai/ = and as in eqn. (9) on 

page 613, to stand for the mutual vibration number j/q — v^6///27rv/j, then 

Ai/ li' 

" v„ ~ '2,rx7«l • • • . (1«) 


must under any circumstances be a small quantity, of which we may in 
general neglect all powers beyond the second. Later we shall show that 
the ratios B^/A^, are of the first order in n. We shall use this 

result at once here in calculating the K/s and Iv/s. From cqns. (27) and 
(29) on pages 563 and 564 it then follows that 




i\. - 


B, C, 

x/A,AiA,> 

Ibiri 

4A,x/Ai\Aij ’ 


'Siri /C,Y 
~ ~ 4x/A;\A,j ’ 




K, = K; = 0 


Kj, = 



(19) 


Thus the terms we omitted to write out in (17) may all be neglected in 
our approximation. 

We next wish to resolve the quantum condition (14). If we divide 
l)oth sides by -- 27r, then we get on the left - nn, and the first term on 
the .right becomes s/ 1 mhC-. For the second term which, by 

(13), contains the energy and hence may be selected as the term that is of 
interest to us, we write ?/ : 


• _ I „ ^ - L 

■- A = “ 2(« + VV/«)’ ■'> = 

(14) tlien becomes 

- nu = v^l + ~ y ~ 27 r 


(20) 

( 21 ) 
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By (17) and (19) the quantities B./A. and GJA, occur in Z. By (16), 
(13), and (20) these become: .. 

B, 


i + ®.i 




C, . 2B C. 

= 1 + A + A = ^ 


2y^ + (1 + = 1 - 


( 22 ) 


If as a first approximation we set ic = 0, eqn. (21) is satisfied by ^ = 1, 
since C^/Ap and also Z vanish for y — 1. Thus as our first ap- 

proximation we have y == 7/^ = 1. By setting as a second approximation 
7 / = = 1 + we conclude from (22) that B^/Aj and GJA^ vanish in 

the first order with u ; this fact we have already used above in calculating 
jLhe values (19). By (19) Z then vanishes in u to the second order. 
From (21) we then get 

p = 71 , 7/^ = 1 + nu 


and from (22) 


B^/A, = GJAj^ == ~ 2mL 


By proceeding step by step we get the following successive approximate 
values from (21) : 


?/i = 1 

V/., = 1 + ll.ll 


1 f 


15,., 

\) 

= 1 + 'im + u- “o- 

l ^ 

- 2‘^ + 2'" ~ 


)j 



IS,.. 

N) 

~ 1 p uu + //** y 

-,yl^^b + ^c - 

-rh- 

4 

)f 




The last approximation does not seem quite logical in that here a 
term with has been taken into consideration whereas we have usually 
stopped at the terms with u^. The reason is as follows : u is, indeed, a 
small quantity, but in the case of fully developed bands m may in given 
cases assume great values, so that is not to be neglected. We 

obtain the last term of 7/^, by setting y = in (22), that is, by setting 


- mhi? + 


+ . . . 


so that in the expression (19) of K 2 we get 


B C 

Ai 


It is not difficult to show that even when higher powers are taken into 
account the added member is the only one in with the factor 

To arrive at the energy expression W, we form, in accordance with 

(20) : 


1 W 

- 2^/4- = « + 

„/3 

+ -”"U + 


= - 2 + ?m I 

15 , 3 15 , „\) 3 » ( 

■jb + ^c- J - + 25) + . . .J 


(23) 
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By (18) and (9) we have 

7 / — ' ** 

au = gWj = ^ 

Thus we get from (23), except for a constant quantity, that is, one tliat is 
independent of n and m : 

W = nhvQ + ■“ + "2 ^ ^ 2^ ~ 4 ^ 

- -2^ivo7^‘^7im‘^(l + 2fe) + . . . 

If we set m = 0 in this, we get the pure energy of oscillation^ which was^ 
called in eqn. (10) on page 422, namely 

W” = nhv^{l - xn + . . .) . . . (25) 

From (24) we now get the following significance for the abbreviation x 
introduced earlier : 







) 


'IL 


The pure <?77^'?v/;/y 0 / 7ri//6i//‘rm is represented by the second member on the 
right-hand side of (24). It has the form of the Deslandres tei*m. Finally 
the last term in (24j represents the term expressing the mutual action 
between rotation and oscillation. If, as in eqn. (LI) on ])age 422, we write 
it as - niktuhy a,x acquires the meaning 

a„ ^^y;^//-(l + 2Z# + ...); 


as emphasised on page 422, a,, is proportional to the oscillation quantum n. 

In this note we have furnished all the necessary addenda for the 
detailed explanation of band-spectra. 
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Kiiipping, 314. 

Reiclio, 350. 

Steubing, 449. 

Fraunhofer lines, 203, 380. 

Frequency differences, 49(5. 

- condition of Bolir, 215, 228, 254, 26 

304. 

— proper and inipropor, 217. 

Fresnel, 253. 

Frickc, 184, 185. 

- K-limits, 189. 

Friedricli, 118, 134. 

— colieronco of scattered radiation, 536. 
Friiuan, L-series, 159, 161. 

Fuchtbanor, optic.al excitiition, 351. 

— and Hofmann, 365. 

Fues, 318, 376. 

FuudaiTiental series, 315. 

a 

(Iclircke and Lau, 209, 482. 

— — Seeliger, 338. 

(rcigor, d(41e(!tion of a-rays, 62. 

(lerlacb, 337. 

Clibbs, ]diasc space, 195. 

( Hooker, formula for absorpticni cf)cl1iciejH 
188, 190. 

(io(‘tlu', 3. 

(loldstein, canal rays, 14, 374, 440. 
Gotze, 368. 

Orammol, 4. 


Gypsum, lattice constant, 163. 
Gyroscopic motion, 441, 587. 


h, 37, 146, 193, 198, 202, 217, 262, 307, 
626, 555. « 

Haas, Rydberg’s number, 216. 

Half-value time, 46. 

Hahn, 48. 84. 

Hallwachs, photo- electric^ effect, 35. 
Hamilton’s canonical equations, 194, 280, 
466. 

j invariability of, 541. 

— function H, 194, 589, 607, 

modified, 546. 

— partial differential e(iuaty'*ns, 555, ^58. 

— theory in relativity, 606 ec y/. 

Hardness gauge, 192. 

— relative, 147. 

— Rontgon light, 28. 

3, Hard rays, 536. 

Harkins, 61 , 96. 

Harkins and Aronberg, s])ectra of lead 
isotojies, 102. 

Hartnianj), contiinioiis (jinission spectrum 
of II, 447. - 

Hauy, 117, 

Heat of coDjbiriation, 95. 

Heis<;nberg, 405, 412. 

Helium atom (ionised), 69. 

— ion (neutral), 68. 

— lines compared with Balincr scries, 223. 

— model of nucleus, 96, 231. 
llehriholtz, 3, 454. 

— kinetic potential, 60(>. 

Hertz, G., 472, 186. 

— law of irregular doublets, 509, 511, 512, 
, 524. 

!~ L-limits, 189. 

* Hertz, Heinrich, 1, 2, 35, 243, 276. 

I Ll<Tzfeld, 108. 

,s, ' Het(*rapolar dipoh^, 583. 

I Jtettiior, overto?ie hands, 424. 

! Hcurlingcr, band spectra, 413, 430, 431, 

' 435, 416. 

, ci'itcrion of intensity, 428. 

'j Hewlett, 188. 


Grating emssed, 1 13. 

7 -rays, 23. 

— coniicction with i3-rays, 43. 

Grebe and Holtz, bands of water-vapour, 
431. 

Grimm, curve of ionic; volumes, 107, 108. 
Grossmann, motion of Mercury’s perihelion, 
4(38. 

Grotrian, Bohr diagram, 351. 

— neon spocAmm, 383. 

Ground baud, 423. 

— orbit, 281, 321. 

— spectra, 374. 

Gruiulbakn. Sre Ground or iiatimil orbit. 
Guyo and Lavaiudiy, proof of relation istic 
change of mass, 464. 


- total coenicient of extinction, 536. 

‘ Hcxadecado of elements, 58. 

I H-ion, 7, 68. • 

Hjalmar, precision measurements of L 
series, 152, JfiO, Kil. 

— screen number, 607. 

, — weak K-Iinos, 525. 

I H-niys, 92. 

H-trjiUsforinations, 88. 

Hittorf, 8. 
t’HolT, van, 125. 

Holtzinark, 447, 448. 
i — absorption spectrum of Na, 203. 

I Homccopolar molecule, 425. 

I Hoiiigscbmid, 80. 

1 Horton, ionisation steps of He, 344. 
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excitation limits of the L-serics, 154, 
180, 181. 

Hull, crystal powder method, 130. 
Hydrogen, atom, 68, 473. 
ion, 7, 68. 

— mass, true and imagined, 139, 221. 

— spect^ of the type of {toasserstoffahn- 

lich), 209. 

— spectrum, 202 et seq, 

I 

lines, absorption spectra of halogen acids, 
419, 420. 

Impulse {se& Momentum), 195. 

— spectrum (Bremsatrahlwng)^ 25, 450. 
Inert gases, 103. 

InS:act combinations (Fowler), 332. 
Infra-red absorption spectra, 416. 

Initial or migratory electron (Aiifcleldron), 
325, 32i), 596. 

integration by complex variables, 548. 
Intensities, 273, 487, 491, 583, 580. 

— • rule of, 369, 490. 

— statistical, 583. 

Interference, 253. 

— »*af Kontgen rays, 115, 110. 

— photograplis, 118, 1 19. 

Intra-atomic, magnetic field, 303. 
Invariable plane, 251, 204, 269. 

Ion, 3', 08. 

Ionic sizes, curve of, 107. 

— - volume, 106. 

ionisation and photo-electric effect, 339. 

— metliod of X-ray spoc.troscopy, l.'if). 

— potentials, 09, 341. 

— - - of Bohr’s original models, 001 et aa 

Ionised atoms, 372. 


Knipping, electron aflinity of halogens, 
118, 449. 

Knotenlinieit *243. 

Koch, P. P., photometry, 111. 
Kohlbrausch, extinction coefficient, 536. 
Konen, 334. 

Kossel, 104, 143, 354. 

— addition relations, 623. 

! — explanation of successive maxima of 
I K-limits, 190. 

1 — and Sommerfeld, 373, 378. 

I K- radiation, 142. 

Kramers, intensity of spectral lines, 276, 
487, 491, 583, 580. 

Kratzer, 285, 291. 

— band speetra, 413, 422, 424, 434, 611. 
K-ring, 143, 227. 

Kroo, Besets iingszaltleHy 229. 

K-scries, 137, 140. 

1 - absorption limits, 185. 

— - Ag-leaf, 182. 

— j//K-values, 150, 157, 

— wave-lengths, 153. 

! K-shell, 143. 

! ^ 

1 Tjadenbnrg, lO'.l, 383. 

! — useful formula, 340. 

La-grange, 547. 

— function, 513, 007. 

Land^, crystal caleulatioiis, 101, 307, 383, 
393, 399, 400, 407, 503. 

Langevin, paramagnetism, 247, 250. 

1 Langmuir, work of dissociation of hydrogen, 

i 

Larmor, procession of orbits, 290, 301, 309, 
I 310. 


Ishiwara, jpiantising of several degrees 
freedom, 200. 

Isotopes, 84. 

J 


I I iatitnde, 243. 

Lattice, 113, 537. 

— constants, 117, 120, 110, 152. 

I — points, 115. 

1 - ])seAido-grap]iite, 127. 

I - - .spac(5-centred, 123. See also Crystal 


Jacobi, 547, 508, 005. 

— elliptic co-ordinates, 279. 

K 

Kunnelkrungen -- Ihitings, 440. 
Kaiifmann, deflection of /3-rays, 19, 34, 

— proof of variability of ma.ss, 404. 
Kayser, 378. 

— and Kunge, 380. 

K-doublots, 151, 101. 

— and L-doubJets, diiferouce in, 170. 
K-excitation, 604. 

Kent, doublet of Li, 361. 

— Paschen-Back effect, 401. 

Kepler laws, 212, 233, 529. 

— motions, 212, 303. 

— — relativistic, 466 et seq. 

Kinetic potential, GOG. 

Kirchlioff, 421. 


sti ucture. 

Lane, 8. 

— diffraction of Rontgen rays, 110, 118. 
Law of rational indices, 128. 

L-doublets, 160, 161, 496. 

table of, 102, 103,500. 

L-levols, 502 el seq. 

Le Bel, 125. 

Legendre transformations, 540, 

Lenard, 2, 8, 12, 13, 36, 02, 338. See 
Dyuaniide tlicor>\ 

Lenard window, 12, 

Lenz, 413, 430, 431, 445, 440, 528. 

— model of He-nuclciis, 90, 231. 

Levels, scheme of, 322, 619. See L-, M-, 

N-, 0-. P-levels. 

Libration limits, 282, 501. 

— periods, 450. 

‘ Liebert, coKibination scries in the electric 
field, 332. 
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Light quanta, il, 254. 

Line- element, 588. 

Ijinear oscillator, 195. « 

— polarisation, 261. 

Line intervals, 287. 

— Mercury lines, 352. 

— spectra, 202, 

Lippmann, colour photography, 

Lissajous curves, 561, 681. 

Lithium atom, 71. 

— fluoride, 137. 

Lobe, intensity differences of Kdntgen rays, 
84. 

Lohmann, Zeeman clTect of neon-lines, 
383, 390. 

Lolniizen, van, anomalous Zeeman effect 
and principle of combination, 390. 
Ijongitudinal vibrations, 23. 

Loomis, band-spectiTL and isotopes of 
chlorine, 424. 

Lorenser, term representation of arc spectra, 


Mass, reduced or resultant, 220, 210, 425, 
612. 

Maxwell, 1, 2. 

— equations, 254. 

Maxwoll-Boltzmann law, 420. 

M-doublets, 160, 506. 

Mehrlmienspectrum (morc-lincs spectrum), 
345. 

Meissner, composite doublets in the Berg- 
mann series of Cs, 359, 362. 

— neon spectrum, 382. 

— and Pascheu, hydrogen doublet, 482. 
Meitner, structure of nuclei, 84, 90. 
Mendoleef, periodic classification, 56, 98. 
Mercury lines, 352, 

Mercury s perihelion, 468, 011. 

Merton, dilTerencos in the spectra of isotof)os 
of Pb, 102. 

Meta-neon, 86. 

I Meta-stable states, 79, 350. 

I IkTcyer, Edgar, directional character of y- 


375. 


emission, 34. 


Lorentz, 2, 21, 95, 259, 400. 

— contraction, 468, 461. 

— - displacement, 296. 

— theory of Zeeman effect, 295, 304. 

— transformation, 457, 532. 

Loschmidt’s (or Avogadro’s) numb(‘r, 4, 

13‘9, 535, 603. 

Lo Suido, Stark etl’ect, 277. 

L-radiation, 142, 141. 

L-ring, 143, 227, 

L-series, 140, 354. 

— absorptioii limits, 180. 

— Ag-leaf, 183. 

— values, 166, 167. 
excitation limits, ISI, 

L-shell, 143. 

I j- terms, 497. 

Liinelund, Stark etTect of ll-canalmys, 313. 
Lyman, 378, 480, 487. 

— ultm -violet series of H, 207, 218. 
Uo, 224, 226. 

- and Fricke, nltra-viulet lines of helium, 
350. 


Mach, 3. 

McLennan and Uenderson, 

Magnetic, axis, 408. 

— (luantum number, 392, 407. 

— spectrum — voloi-ity spectrum, 13, 449. 
Magneton, 24? et 

-- Bohr, 249,, 407. 

— Weiss, 251. 

Magneto-optic law of resolution (Sommer 
fold’s), 390. 

Maimer, 152. 

Mandersloot, overtone bands, 423. 
;Mauy-lines spectiuin ( Vieliiniemi^ectrum)^ 
209, 344, 414, 440. 

Marsden, 62. 

Mass, variability of, 452, 4G1, 528. 


— Tiothar, atomic volumes, 56, 61, 106. . 

I Stefan, atomic volumes, 46, 99. 

MiclieJson, 482. 

1 - -- and Morley’s experiment, 454. 

I jMillcr, anomalous Zeeman cfTeet, 388. 

■ Millikan, electron, 15, 39, 527. 

! — extension of ultra-violet rc'gion, 161. 
j — reversing potential, 41. 

; — spectra, 207. 

, 'MinLnvski, four-dimensional world, 457. 

' Modified function, 646. 

] Moduli of pcriodic'ity, 555, 559. 

,, Mol, 4. 

! Molecule, hydrogen, 438. 

; — diatomic, 441, 413. 

1 Molecular si/e, 130. 

1 Moment of inertia of molecule, 415. 

; . models, 72. 

Momentum, 194, 257, 469. 

— co-ordinates, 233. 

— moment of, 199, 257, 258, 572. 

' Monochromatic vibrations, 216, 269. 
i Moore, anomalous Zeeman etTect, 388. 

I More-linos spectrum, 345. 
j Moseley, 135, 140, 149, 16 1, 509. 
i — - high Ireqiiency spoc^tra, 147, 149. 

— law of, 176. 

— nomenclature, 159, 177. 

Moving systems, 455. 

M-radiation, 142. 

M-riiig, 143. 

M -series, 140. 

— wave-lGngths, 172. 

— i//H-values, 174. 

M-sliell, 143, 507. 


Natural orbits (Orandhalineji), 284, 324. 

N -doublets, 160. 

Nernst and Eucken, specific heat of rota- 
tion, 439. 



Not planes, 130, 138. 

Newcomb, 168, 611. 

Nowiaiids, 56. 

Newton, J. 

— gravitational law, 65. 

— laws of motion, 193, 257, 452. 
Nicholson, group of ellipses, 502. 

— quaiftum condition for rotator, 212. 

~ ring systems, 602. 

Niggli, 127. 

Nilson, 59. 

Niveaux. See Levels. 

Normal levels, 516. 

N-shell, 607. 

Nuclear charge, 13, 64, 226. 

“effective,” 69, 73, 498. 

— defect, 603. 

— 4 )hy.sics, 89 et aeq. 

— theory of matter, 62. 

— vibrations, 416, 433. 

Nucleus, 13, 55, 63. 

— - relative motion of, 218, 240. 

Null line (— zero line) of rotation bands, 
. 419, 445. 


0 

One-liue spectrum, 345. 

Orbit, natural or ground, 281, 324. 
Orbital a/iniutb, 213. 

— equation, 569. 

— plane, 303. 

Order numbers (Ordnnngszahlen)^ 578. 

— of iuterfcrence, 116. 
Ordmwgszahlen. See Order numbers. 
Oscillator, linear, 196. 

— spatial, 195, 199, 560. 

0-shell, 512. 

Ostwald, 3. 

Overtone bands, 123. 

P 


Phase, integral , 198, 201. 

— orbits, 198. 

— points, 105. 

— space, Ilfs. 

Photo-electric effect, 35, 448. 

indirect, 339. 

laws of, 36. 

normal, 35. 

! selective, 35. 

i Pickering, spectra of nebular clusters, 207, 
208. 


■ — series, 208, 222, 223, 317, 373, 493. 
' Planck, 36, 200. 

' — oscillator, 193, 195, 196. 

' — rotator, 195, 199. 

Pleiads, 87. 

P-levels, 515. 
i Polil, 111. 

Poincare, 269. 


Poinsot motion, 442, 444. 

Point transformation, 541. 

Poisson, 547. 

Polarisation, 23, 289, 581, 

— in Zeeman effect, 294. 

— left circular and right circular, 265, 

272. 

— linear, 273. 

— of wave, 255, 261, 262. 

— rule of, 264 et scq.y 273. 

Popow, 363, 378. 

Positive ion, 13. 


— rays, 14, 86. 

Potential. See Dissociation. 

— Sec Ionisation, 

— See Resonance. 


Poyii ting’s vector of energy-flux, 260. 
Precession, Larmor, 296, 297, 301, 309, 
441, 586. 

l-Veston’s rule, 385, 388. 

Principal series, 207, 315. 

Probability, statistical, 263. 

- of orbits, 247. 

Prout’s hypothesis, 56, 59, 87. 


Parabolic co-urdinates, 571, 588. P-shell, 512. 

— quantum numbers, 283. Ptolemy, 466. 

Paramagnetic substances, 249, 413. 

Partial series, 319. 

Paschen, 318, 333, 340, 380, 383, 418, 420, ; Q 

483, 488, 490, 491, 527, 583. 

— He-lines, 53]. . Q-series, 431. 

— infra-red series, 200. 207, 218, 223, 487. ‘ Quantised orbits, 198, 212, 236. 
Paschen-Back effect, 286, 381, 388, 401, (Quantising of spatial position of orbits, 


409, 495. 

partial, 389, 409. 

Paschen and Back, 300, 363. 

Pauli, 79, 313, 605. 

— theory of magneton, 249. 

Periodicity and iion-poriodicity, 567. 

^ — conditional, 201, 307, 659, 561, 567, 577. 

— of atomic structure, 102. 

Periodic table, 57, 99. 

Permanency of multiplicities, 358. 

Phase, 195. 

— area, 195. 


: 243. 

--of elliptic motion, 569. 

— Py sejiaratioii of variables, 

: 608. 

: Quantum of action, 37. 

— ground, 520. 

' -- numbers, 67, 243, 283, 367, 520. 

1 inner, 358, 364, 520. 

I magnetic, 392, 409. 

j — orbits, 67, 236, 326. 

’ — sum, B34. 

; — theory, 36 ci seq. 
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K Kydberg-liit/, constaut. . 

Kadlal quantuiu condition, *2,^. 

' uuniVy?r, 8*2t». 

UiuViaUou, ‘2b, IV'2, \VH. 

c\A'AT\vcU‘t\<vv', 2i>, '2'<, WO, \ M. 
liomogrucnus, 1 t'J. 

- impnlsi\ 1 10, 107, l7iK 

- moinontiiin of, 067. 
fiatlioiictivo coristiuj^, HI. 

— equilibrium, 4:1. 

— iamWlcs, 46. 

-- substancos, 17. 

Radioactivity, 46. 

— decay, theory of, 63. 

— disintegration (table), 47. 

-- (lispla<*em(‘nti, laws of, 81. 

Radium, doublet, 377. 

— - emanation, 53. 
lialcigh and Ramsay, 50. 

Ramsauor, linear law, 39. 

Rational units, i^59. 

Rail, 839. 

Rawlinson, 42. 

Rayleigh, intensity of scattered light, 585. 
Reducjod or resultant mass (rednziertc 

n/m'.sr), 220, 240, 425, 012. 

Relieetion of Rbntgcn rays, 180. 

Reiclie, specific heat of rotation of lb, 
421, 489. 

Relative motion of nucleus, 218, 219. 
Relativistic Kepler motion, 400 et seq. 
Relativity, 452 et setf. 

— correction, 158, 10 1, 203, 187. 

- Hamilton’s theory in, 000. 

Resolution of series terms, 477 <‘t seq., 187. 
Resolving pow(;r of lattice, 1 18. 

Resonance line, 341. 

- iiotimtial, 811. 

Rev(‘rsible processes, 305. 

Revolving crystals, method t)f, 131, 
Riemann surface, 551. 

Uitehmeyer, nou-cxistenee of J-radiation, 
144.' 

Rit/, 815, 829, 375, 000. 

— - principle of e,omhinali<ni, 205. 
llohinson, 42. 

Rock salt, Rontgen sjiectrum of, 137. 
Rojdostvensky, 829, 830, 832. 
lihntgcn rays, 15, 23, 110, 11 1, 139, 853. 

photographs (mc'.lical), 191. 

primary,' secfuidary, tertiary, 23. 

— spectra, 512. 

— spectrum (white), 29. 

Rotating systems, 400. 

Rotation and oscillation, 430, 010. 

— - number (Umlaiifazahl), 275. 

spectra, 410 et seq. 

— vibration spectra, 410 et acq. 

Rotation less mohicubg 587. 

Rotator, 195, 199, 211, 143. 

— (magneton), 248. 

— of Rjerrum and Schwarzschild, 414. 


Howland, 458, 

— grating, 117. 

H-sories, 481, 

Hubens, 41H. 

Uuhens and Wartenberg, 410. 
UxiVnnowicy., 818, 407. 

principle ol eovtcspondencc, ‘>75 
Hungo, 891. J 

and i Irotrian, iOil. 

J^ist'Jirn, 000. 

- Pmdit (lia-doiihlot), 377. 

— douaminator, 305. 

— uumorator, 387. 

— rule of, 385. 

Russell, 81. 

Rutherford, Sir Ernest, 18, 02, 79, 149, 
282. 

— disintegration of nitrogim, 88, 91. • 

— and Andrade, 7- ray spectrum of Ra, 

1^5, 172, 449. 

-- and Chadwick, 01. 

— Geiger, and IMarsdeii, dellcctioiis of a- 

ray. 02, 05. 

— - and Richardson, coefficient of scattor- 

ing of 7-rays, 580. 

— Robinson, and Rawlinson, secondary 

a- and j3-rays, 42. 

-- and Soddy, d(K-ay theory of radioactive 
substances, 53. 

Rydberg, 59, 71, 329, 359, 379, 381. 

- constant, 201, 329, 375. 

— fr(‘quency, 155, 173. 

Rydherg-Ritz constant, 151, 204, 220, 310. 
Rydberg-Sehustcr law, 818. 


s 

Sadler, 31. 

Saimdcus, 362, 375, 409. 

Scandium, 149. 

Scath'riiig power, 121, 533. See Electrons. 

■ Schafer and Neumann, 401. 

Schillinger, 374. 

Schmid, 71. 

Schonfiies, arc spectra of alkalies, 117, 
126. 

I Schrodiugor, .s-term and ground spectra of 
1 alkalies, 3‘29. 

Seliuinaim, 358. 

Schuster. See Uydberg-Schuster. 
Schwarzschild, 413, 417. 

— degenerate cases, 501, 607, 568. 

— and Epstein, c.hoicc of co-ordinates, 

270, 550, 592. 

couditioually periodic motions, 

201 . 

Schwcidler, 40. 

Screen constant or number (J6sc/ti>7;z ?mr)rs- 
zaU), 498, 502, 507, 508, 609. 

Second subsidiary series of H, 207. 

Soeligt‘r and Thaor, 379. 

Soeman, 134. 

Selection of inner quantum numbers, 365. 



Index 


Selection, principle of, 217, 240, 2G4 et seq , 
273, 351, 483, 485, 521, 522, 581. 
Semi-spectroscopic units, 527. 

Serienfremd, 389. 

Scries, 202, 201, mi ct seq. 

•— doul)lot, 231. 

— law of system, 437. 

— pattial, 310. 

— principal, 207, 315. 

— Kontgen, 354. 

— sclieme of, 330. 

„ and (ilectronie imimct, 339. 

■— subsidiary, 207, 315, 333. 

— terms, 187. 

-- theorems, 321. 

Shadow i)ictiires, 191. 

Sliells, electrons in, 108, 109, 143. 
iiegbalin, 102, 127, 140, 151, 152, 173, 177, ‘ 
525. I 

- and Frinian, 152. I 

— Jbnsson, 135, 185. ' 

— - — Stenstrom, 152. 

Sieg])alin’s nomenclature, 159. 

.Silver band, 184. 

SiniultaiK'ity, 45i). 

Sleator, infra-red absorption spectia, 419. 
^Smekal, non-existence of A-doublet, 172. 

-- sclicnK; of levels of llcintgen rays, 514, 
515. 

Soddv, displacement laws of radioactivity, 

. ^ 1 - 

Solinke, 117. 

Soinrnerfeld, 70, 230, 304, 313, 302, 373, 
400, 400, 594. 

— fiiu! structure, 213, 237, 474, 521. 

— generation of Balmcr lines, 237. 

— law of magneto-optic resolution, 390. 

— ((uaiitum integral, 200. 

Stark effect, 592. 

Sonimerfeld and Debye, 44. 

Wentzel, 507. 

Space-latti(u!, 115. 

Space-red eeti on, 128. 

Spark current, 333. 

— spcctrinu, 372. 

Spatial quantising, 242. 

Spocilic charge, 5, 14, 16. 

Spectra not of the H type (wassersioffmi- 
(ihnlicli), 596. 

Spectral lines, sharpness of, 502. 
Spectroscopic units, 217. 

— — semi-, 527.) 

Spectrum, flame, arc, spark, 372, 481. 
Splicrical top, 442. 

— wave, 255, 572. 

S-series, 431. 

Stark, 14, 313, 332, 333, 447. 

— effect, 237, 270, 276 et seq., 310, 485. 
according to method of Hamilton 

and Jacobi, 687. 

components of, 291-295, 

Static lengtli {liuhldnge), 459. 

— mass {R^ihmasse) 6, 21, 461. 

— system of reference, 297, 301. 

40 


Slatioiictry orbits, 202. 

Statistics of intensity, 583. 

Stay, lengtli of {Verweilzeit), 262, 353. 
Stensson,*weak K-lines, 152, 525. 
Stenstrom, 102, 133, 173. 

■ — M-liniits, 189. 

I — mle, 141. 

! Stokes’ fluoresceneo nile, 141, 159, 179, 184. 
1- lag, 179. 

Stoney, 5. 

I Strengths of .shells (= distribution numbers 
; or BesetzmigszahJen), 108, 143. 

■ Subsidiary series, 207, 316. 

I Surface, in (/-}- Ij-dimensions, 546. 

' Jlicmann, 661. 

’ — of atom, 448, 451. 

Swinne, relation betwc('n Ij- and M-series 
174. 


Takaminc and Kokubu, Stark efiect of 
second order, 504. 

1 — — Yamada, Zeeman effect of neon 
lines, 383, 391. 

: target point {Trejjpinilt), 557. 
j Tat(* and Foote, 345. 

/i'enns, 187, 314, 510. 

— constant and variable, 205, 314. 

!T]iiclc, meaning of licad of baud, 428. 

I Thomson, Sir J. J., researches on canal 
I my.s, 68. 
j Tliorium series, 45. 

' Time-dilatation, Einstein’s, 460. 

Time equation, 669. 

I Time of .stay {VenccU^eit), 202, 353, 431. 
Time, lialf-value, 46. 

Transformation potential, 349. 

Treffpunht — target point, 557. 

I Triad ol elements, 58. 

I Triplets, 381. 

{- Hydrogen, .506. 

Tri])let systems, 866, 375, 401. 

differences of level, 371. 

Troutoii and Noble, oxperimenl, 154. 
Tungsten anti-cathode, 183. 

u 

Ubrey’s intensity law, 179. 
IJltra-Bergmann series, 379. 

IJmlaufzaM = rotation numhor, 275. 
UmwmuJhmgsspanmmg — transformation 
potential, 349. 

Units, electromagnetic, 15, 25. 

I — electrostatic, 15, 213. 

I — rational, 256. 

— semi -spectroscopic, 527. 

— .spectroscopic, 217, 525. 

Uranium series, 45, 50. 


Vacuum spectrograph, 135, 152. 
Valency electrons, 103. 
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Variables, separation of, 555, 569, 590, 608. 
Variations, calculus of, 542, 557,. 

Vogard, distribution numbers, 230. 

Velocity spectrum (=: magnetic spectrum), 
43, 449. 

Vorweilzeit (= length of stay), 2G2, 353, 
431. 

Vibmtiou circle, 261. 

— ellipse, 261, 572, 602. 

— fundamental piano of, 2G1, 2G4, 572. 

— numbers (frequencies), 154. 
Vielliniempektrum (Many lines spectrum), 

209, 344. 

Violet shift of helium lines, 223. 

Virtual work, 512. 

Voigt, theory of anomalous ZiOOAnan effect 1 
of : alkalies, 400, 401 ; quantum in- 
interpretation, 405. 

Voltaic current, 21. 

w 

Wagner, L-serios, 140. 

— Stokes’ lag, 178. 

— wave-lengtii of Uontgon rays, 127. 
Wagner and J3rentano, bromine and silver 

edge, 183. 

Walter and Polil, diffraction of llontgoii 
rays, 110. 

Warburg, 305. 

Wari)wtimnn() , 819. 

Wasser staff ahnVich — of tlic hydrogen 
type, 209, 222. 

Wave, oohcreiKje of, 255, 2G2. 

— intcusiby of, 255. 

— length, measurement of, 129. 

— lengths, equal (lifferoncos of, IGl, 109. 

— numbers, 151, 175, 217, 294. 

— polarisation, 255. 

— • theory, 253. also Spherical wave. 
Weak fields, 388, 19G. 

Weber, magnetic moment, 247. 

Webster, 178, 179, 180. 

Webster and Clarke, determinatiou of li 
from excitation limits, 178. 

excitation limits, 180. 

Webster and Duane, ionisation method, 
135. 

Wehmdt tube, 9, 35. 

— hardness gauge, 192. 


Weinacht, spectra of atoms not of the 
hydrogen typo, 600. 

Weiss, magnetic moment, 247. 

Weiss and Piccard, number of magnetons 
in paramagnetic gases, 251. 

Wentzol, irregular doublets, 510. 

— scheme of levels of Eoutgoii spectra, • 

515. 

— scloction principle of Rontgen spectra , 

522. 

. — spark lines of llbntgen spectra, 525. 

. Werner, 101. 

j Width of impulse, 28, 111. ** 

Wien, researches on canal rays, 11. 

Wiener, 130. 

Wlcss (nb/cUuyt'u), 202. 

Wilson, G. R., paths of a and ^ rays hi 
gases, 17, 02. 

— patlis of Rontgen rays, 28. 

Wilson, W., quantising several degrees of 
freedom, 9G, 200, 235. 

Wind, 111. 

Winkler, 59. 

Wolf-Rayct nebulae, 225. 

Wood, 430, 447. 

Work of es(5aj)e, 39, 418. 

World, 161, 


X-rays ( — Rontgen rays) 15, 23. 
- - hard, 32. 

X-units, 151. 


Young, 253. 


Zeeman cfToct, 237, 270, 310, 495. 

— — anomalous, 294 et seg., 368, 381. 

of band spectra, 411, 446. 

longitudinal, 294. 

Lorentz’s tlieory of, 295. 

transverse, 294. 

triplet, 294. 

— — types, anomalous, 29G. 

Zenker, 130. 

Zero-lino ~ null line of rotation bands, 
419, 445. 
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